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Preface to the Second Edition 

Writing this book and observing its widespread use and acceptance has been a very grati- 
fying experience. We are very pleased and thankful for the many favorable comments we 
received over the years from colleagues around the world. Educators who used the book 
in their teaching of composite materials found it well organized, clear, and brief. Many of 
them offered valuable suggestions for corrections, revisions, and additions for this new 
edition. 

After writing a textbook, one always thinks of ways in which it could be improved. 
Besides correcting some inevitable errors that appeared in the first edition, we wanted 
to revise, update, and expand the material in keeping with our teaching experience, the 
feedback we received, and the continuously expanding field of composite materials tech- 
nology and applications. 

This edition has been expanded to include two new chapters dealing with microme- 
chanics. Materials in wide use today, such as textile-reinforced composites, are discussed 
in more detail. The database in the original Chapter 2 has been expanded to include more 
fabric composites, high-temperature composites, and three-dimensional properties, and 
it has been moved to an appendix for easier reference. A description has been added of 
processing methods since the quality and behavior of composite materials is intimately 
related to the fabrication process. 

Chapter 3, a new chapter, gives a review of the micromechanics of elastic behavior, 
leading to the macromechanical elastic response of a composite lamina discussed in 
Chapter 4. Recognizing the current interest in three-dimensional effects, we included 
transformation relations for the three-dimensional case as well. 

Chapter 5 describes the micromechanics of failure, including failure mechanisms and 
prediction of strength. Chapter 6 is a treatment and discussion of failure of a composite 
lamina from the macromechanical or phenomenological point of view. An updated review 
and description of macromechanical failure theories is given for the single lamina. Basic 
theories discussed in detail include maximum stress, maximum strain, phenomenological 
(interaction) theories (Tsai-Hill and Tsai-Wu), and mechanistic theories based on specific 
single or mixed failure modes (Hashin-Rotem). Their extension to three dimensions and 
their application to textile composites are described. Comparisons with experimental data 
have been added for the unidirectional lamina and the basic fabric lamina. 

Chapter 7, which deals primarily with the classical lamination theory, has been 
expanded to include effects of transverse shear and application to sandwich plates. Except 

xv 



xvi PREFACE TO THE SECOND EDITION 

for some updating of data, few changes were made in Chapter 8, which describes 
hygrothermal effects. Chapter 9, which deals with stress and failure analysis of laminates 
has been revised extensively in view of the ongoing debate in technical circles on the 
applicability of the various failure theories. The discussion emphasizes progressive failure 
following first ply failure and evaluates the various theories based on their capability to 
predict ultimate laminate failure. Applications to textile composites are described, and 
comparisons between theoretical predictions and experimental results are discussed. 

Chapter 10 has been revised primarily by adding test methods for fabric composites 
and for determination of three-dimensional properties. The book retains the same overall 
structure as the first edition. New problems have been added in the Problem sections. 

We aimed to make this new edition more relevant by emphasizing topics related to 
current interests and technological trends. However, we believe that the uniqueness of this 
book lies primarily in its contribution to the continuously expanding educational activity 
in the field of composites. 

We have tried to accomplish all of the above revisions and additions without expand- 
ing the size of the book significantly. We believe in placing more emphasis on the macro- 
mechanics of composite materials for structural applications. 

We would like to acknowledge again, as with the first edition, the dedicated, expert, 
and enthusiastic help of Mrs. Yolande Mallian in typing and organizing the manuscript. 
We would like to thank Dr. Jyi-Jiin Luo for his assistance with the preparation of new 
illustrations, the evaluation of the various failure theories, and the writing of a new com- 
prehensive and user-friendly computer program for predicting the failure of composite 
laminates and Drs. Jandro L. Abot, Patrick M. Schubel, and Asma Yasmin for their help 
with the preparation of new and revised illustrations. The valuable suggestions received 
from the following colleagues are greatly appreciated: John Botsis, Leif A. Carlsson, 
Kathleen Issen, Liviu Librescu, Ozden 0. Ochoa, C. T. Sun, and George J. Weng. 

Evunston, IL 
Huijiu, Israel 

I.M.D. 
0.1. 



Preface to the First Edition 

Although the underlying concepts of composite materials go back to antiquity, the tech- 
nology was essentially developed and most of the progress occurred in the last three 
decades, and this development was accompanied by a proliferation of literature in the 
form of reports, conference proceedings, journals, and a few dozen books. Despite this 
plethora of literature, or because of it, we are constantly faced with a dilemma when asked 
to recommend a single introductory text for beginning students and engineers. This has 
convinced us that there is a definite need for a simple and up-to-date introductory textbook 
aimed at senior undergraduates, graduate students, and engineers entering the field of com- 
posite materials. 

This book is designed to meet the above needs as a teaching textbook and as a self- 
study reference. It only requires knowledge of undergraduate mechanics of materials, 
although some knowledge of elasticity and especially anisotropic elasticity might be 
helpful. 

The book starts with definitions and an overview of the current status of composites 
technology. The basic concepts and characteristics, including properties of constituents 
and typical composite materials of interest and in current use are discussed in Chapter 2. 
To keep the volume of material covered manageable, we omitted any extensive discussion 
of micromechanics. We felt that, although relevant, micromechanics is not essential in the 
analysis and design of composites. In Chapter 3 we deal with the elastic macromechanical 
response of the unidirectional lamina, including constitutive relations in terms of mathe- 
matical stiffnesses and compliances and in terms of engineering properties. We also deal 
with transformation relations for these mechanical properties. We conclude with a short 
discussion of micromechanical predictions of elastic properties. In Chapter 4 we begin 
with a discussion of microscopic failure mechanisms, which leads into the main treatment 
of failure from the macroscopic point of view. Four basic macroscopic failure theories are 
discussed in detail. Classical lamination theory, including hygrothermal effects, is devel- 
oped in detail and then applied to stress and failure analyses of multidirectional laminates 
in Chapters 5, 6, and 7. We conclude Chapter 7 with a design methodology for structural 
composites, including a design example discussed in detail. Experimental methods for 
characterization and testing of the constituents and the composite material are described in 
Chapter 8. 

Whenever applicable, in every chapter example problems are solved and a list of 
unsolved problems is given. Computational procedures are emphasized throughout, and 
flow charts for computations are presented. 

xvii 



xviii PREFACE TO THE FIRST EDITION 

The material in this book, which can be covered in one semester, is based on lecture 
notes that we have developed over the last fifteen years in teaching formal courses and 
condensed short courses at our respective institutions, and we have incorporated much of 
the feedback received from students. We hope this book is received as a useful and clear 
guide for introducing students and professionals to the field of composite materials. 

We acknowledge with deep gratitude the outstanding, dedicated, and enthusiastic sup- 
port provided by two people in the preparation of this work. Mrs. Yolande Mallian typed 
and proofread the entire manuscript, including equations and tables, with painstaking 
exactitude. Dr. Cho-Liang Tsai diligently and ably performed many computations and pre- 
pared all the illustrations. 

Evanston, IL 
Haifa, Israel 
May 1993 

I.M.D. 
0.1. 



1 Introduction 

1.1 DEFINITION AND CHARACTERISTICS 

A structural composite is a material system consisting of two or more phases on a macro- 
scopic scale, whose mechanical performance and properties are designed to be superior 
to those of the constituent materials acting independently. One of the phases is usually 
discontinuous, stiffer, and stronger and is called the reinforcement, whereas the less stiff 
and weaker phase is continuous and is called the matrix (Fig. 1.1). Sometimes, because 
of chemical interactions or other processing effects, an additional distinct phase called 
an interphase exists between the reinforcement and the matrix. The properties of a 
composite material depend on the properties of the constituents, their geometry, and the 
distribution of the phases. One of the most important parameters is the volume (or weight) 
fraction of reinforcement or fiber volume ratio. The distribution of the reinforcement 
determines the homogeneity or uniformity of the material system. The more nonuniform 
the reinforcement distribution, the more heterogeneous the material, and the higher the 

Continuous phase 
(matrix) 

Fig. 1.1 Phases of a composite material. 

1 



2 1 INTRODUCTION 
~ - - - _ ( - ~ _ - - ~ ~ ~ - - i - i l ^ - - ~ ~ - - ~ i i - - c  ~~ i ~ = 1_111__ - _ 1  _ X _ l i . X I X  - - - l . ” - “ . I X I I 1 1 1 - - c  

scatter in properties and the probability of failure in the weakest areas. The geometry and 
orientation of the reinforcement affect the anisotropy of the system. 

The phases of the composite system play different roles, which depend on the type and 
application of the composite material. In the case of low- to medium-performance com- 
posite materials, the reinforcement, usually in the form of short fibers or particles, may 
provide some stiffening but only limited strengthening of the material. The matrix, on 
the other hand, is the main load-bearing constituent governing the mechanical properties 
of the material. In the case of high-performance structural composites, the normally con- 
tinuous fiber reinforcement is the backbone of the material, which determines its stiffness 
and strength in the fiber direction. The matrix phase provides protection for the sensitive 
fibers, bonding, support, and local stress transfer from one fiber to another. The interphase, 
although small in dimensions, can play an important role in controlling the failure mech- 
anisms, failure propagation, fracture toughness and the overall stress-strain behavior to 
failure of the material. 

1.2 HISTORICAL DEVELOPMENT 

Conventional monolithic materials can be classified into three broad categories: metals, 
ceramics, and polymers. Composites are combinations of two or more materials from one 
or more of these categories. Human development and civilization are closely related to 
the utilization of materials. In the stone age primitive man relied primarily on ceramics 
(stone) for tools and weapons and on natural polymers and composites (wood). The use of 
metals started with gold and proceeded with copper, bronze, and iron. Metals, especially 
steel and aluminum, became dominant starting in the last century and continue to the 
present. A new trend is taking place presently where polymers, ceramics, and composites 
are regaining in relative importance. Whereas in the early years man used natural forms 
of these materials, the newer developments and applications emphasize man-made or 
engineered materials.’ 

Historically, the concept of fibrous reinforcement is very old, as quoted in biblical 
references to straw-reinforced clay bricks in ancient Egypt (Exodus 5:7). Achilles’s 
shield is an example of composite laminate design as described in Homer’s Iliad (verses 
468-480). Iron rods were used to reinforce masonry in the nineteenth century, leading to 
the development of steel-reinforced concrete. Phenolic resin reinforced with asbestos 
fibers was introduced in the beginning of the last century. The first fiberglass boat was 
made in 1942, accompanied by the use of reinforced plastics in aircraft and electrical com- 
ponents. Filament winding was invented in 1946, followed by missile applications in the 
1950s. The first boron and high-strength carbon fibers were introduced in the early 1960s, 
followed by applications of advanced composites to aircraft components in 1968. Metal- 
matrix composites such as boron/aluminum were introduced in 1970. Dupont developed 
Kevlar (or aramid) fibers in 1973. Starting in the late 1970s, applications of composites 
expanded widely to the aircraft, marine, automotive, sporting goods, and biomedical 
industries. The 1980s marked a significant increase in high-modulus fiber utilization. The 
1990s marked a further expansion to infrastructure. Presently, a new frontier is opening, 
that of nanocomposites. The full potential of nanocomposites, having phases of dimen- 
sions on the order of nanometers, remains to be explored. 
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1.3 A P P L I CAT I0 N S 

Applications of composites abound and continue to expand. They include aerospace, 
aircraft, automotive, marine, energy, infrastructure, armor, biomedical, and recreational 
(sports) applications. 

Aerospace structures, such as space antennae, mirrors, and optical instrumentation, 
make use of lightweight and extremely stiff graphite composites. A very high degree of 
dimensional stability under severe environmental conditions can be achieved because 
these composites can be designed to have nearly zero coefficients of thermal and hygric 
expansion. 

The high-stiffness, high-strength, and low-density characteristics make composites 
highly desirable in primary and secondary structures of both military and civilian aircraft. 
The Boeing 777, for example, uses composites in fairings, floorbeams, wing trailing edge 
surfaces, and the empennage (Figs. 1.2 and 1.3).* The strongest sign of acceptance of com- 
posites in civil aviation is their use in the new Boeing 787 “Dreamliner” (Fig. 1.4) and the 
world’s largest airliner, the Airbus A380 (Fig. 1.5). Composite materials, such as carbon/ 
epoxy and graphite/titanium, account for approximately 50% of the weight of the Boeing 
787, including most of the fuselage and wings. Besides the advantages of durability and 
reduced maintenance, composites afford the possibility of embedding sensors for on-board 
health monitoring. The Airbus A380 also uses a substantial amount of composites, including 
a hybrid glass/epoxy/aluminum laminate (GLARE), which combines the advantages and 
mitigates the disadvantages of metals and composites. Figure 1.6 shows a recently certified 
small aircraft with the primary structure made almost entirely of composite (composite 
sandwich with glass fabric/epoxy skins and PVC foam core). The stealth characteristics of 

Fig. 1.2 Boeing 777 commercial air- 
craft. (Courtesy of Boeing Commer- 
cial Airplane Group.) 
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Nose gear doors 

Fig. 1.3 Diagram illustrating usage of composite materials in various components of the Boeing 777 aircraft. (Courtesy of 
Boeing Commercial Airplane Group.)’ 

Fig. 1.4 Boeing 787 “Dreamliner” 
with most of the fuselage and 
wings made of composite materials. 
(Courtesy Boeing Commercial Air- 
plane Group.) 
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Fig. 1.5 Airbus A380 containing a 
substantial amount of composite 
materials including glass/epoxy/ 
aluminum (GLARE). (Image by 
Navjot Singh Sandhu.) 

Fig. 1.6 Small aircraft with primary structure 
made of composite materials. (Courtesy of 
Dr. Paul Brey, Cirrus Design Corporation.) 
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Fig. 1.7 B-2 stealth bomber made 
almost entirely of composite mater- 
ials. (Courtesy of Dr. R. Ghetzler, 
Northrop Corporation.) 

carbon/epoxy composites are highly desirable in military aircraft, such as the B-2 bomber 
(Fig. 1.7). Small unmanned air vehicles are also made almost entirely of composites 
(Fig. 1.8). The solar-powered flying wing Helios shown in Fig. 1.9, used by NASA for 
environmental research, was made of carbon and Kevlar fiber composites. It had a wing 
span of 75 m (246 ft) and weighed only 708 kg (1557 lb). 

Composites are used in various forms in the transportation industry, including auto- 
motive parts and automobile, truck, and railcar frames. An example of a composite leaf 
spring is shown in Fig. 1.10, made of glass/epoxy composite and weighing one-fifth of the 
original steel spring. An example of an application to public transportation is the Cobra 
tram in Zurich (Fig. 1.11). 

Ship structures incorporate composites in various forms, thick-section glass and 
carbon fiber composites and sandwich construction. The latter consists of thin composite 
facesheets bonded to a thicker lightweight core. Applications include minesweepers and 
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Fig. 1.8 Unmanned reconnaissance 
aircraft made of composite materials. 
(Courtesy of MALAT Division, Israel 
Aircraft Industries.) 

. 
Fig. 1.9 Solar-powered flying wing 
Helios. (Courtesy of Stuart Hindle, 
Sky Tower, Inc.; NASA Dryden 
Flight Center photograph.)’ 

Fig. 1.10 Corvette rear leaf spring made of 
glass/epoxy composite weighing 3.6 kg (8 lb) 
compared to original steel spring weighing 
18.6 kg (41 lb). (First production application of 
structural composite in automobiles; courtesy of 
Nancy Johnson, GM Research and Development 
Center, General Motors.) 

I 
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Fig. 1.11 Cobra tram in Zurich, 
Switzerland, incorporating compos- 
ite sandwich construction. (Courtesy 
of Alcan Airex AG, photograph by 
Bombardier Transportation.) 

Fig. 1.12 Royal Danish Navy stan- 
dard Flex 300 corvette: length, 55 m; 
displacement, 350 tons; materials, 
glass/polyester and PVC foam. 
(Courtesy of Professor Ole Thomsen, 
Aalborg University, Denmark.) 

. 
corvettes (Figs. 1.12 and 1.13). Composite ship structures have many advantages such as 
insulation, lower manufacturing cost, low maintenance, and lack of corrosion. 

In the energy production field, carbon fiber composites have been used in the blades 
of wind turbine generators that significantly improve power output at a greatly reduced 
cost (Fig. 1.14). In offshore oil drilling installations, composites are used in drilling risers 
like the one installed in the field in 2001 and shown in Fig. 1.15. 
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Fig. 1.13 Royal Swedish Navy Visby 
class corvette: length, 72 m; displace- 
ment, 600 tons; materials, carbon/ 
vinylester and PVC foam. (Courtesy 
of Professor Christian Berggreen, 
Technical University of Denmark 
and Kockums AB, Malmo, Sweden.) 

Fig. 1.14 Composite wind turbine blade used for 
energy production. (Courtesy of Professor Ole 
Thomsen, Aalborg University, Denmark.) 
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Fig. 1.15 Composite drilling riser for offshore oil drilling: 15 m (49 ft) long, 59 cm (22 in) inside diameter, 315 bar pressure; 
manufactured for Norske Conoco A/S and other oil companies. (Courtesy of Professor Ozden Ochoa, Texas A&M 
University, and Dr. Mamdouh M. Salama, ConocoPhillips.) 

Biomedical applications include prosthetic devices and artificial limb parts (Figs. 1.16 
and 1.17). Leisure products include tennis rackets, golf clubs, fishing poles, skis, and 
bicycles. An example of a composite bicycle frame is shown in Fig. 1.18. 

Infrastructure applications are a more recent development. Composites are being used 
to reinforce structural members against earthquakes, to produce structural shapes for 
buildings and bridges, and to produce pipes for oil and water transport. An 80 cm (32 in) 
composite pipeline, made of glass/polyester composite is shown in Fig. 1.19. An example 
of a composite bridge is the 114 m (371 ft) long cable-stayed footbridge built in Aberfeldy, 
Scotland, in 1992 (Fig. 1.20). The deck structure rails and A-frame towers are made of 
glass/polyester, and the cables are Kevlar ropes.' 
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Fig. 1.16 Foot and leg prostheses in- 
corporating carbon/epoxy components. 
(Courtesy of Otto Bock Health Care.) 

Fig. 1.17 Carbon/polysulfone hip prosthesis proto- 
type (bottom, before implantation; top, implanted 
and ready for testing). (Courtesy of Professor Assa 
Rotem, Technion, Israel.) 
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Fig. 1.18 Bicycle frame made of car- 
bon/epoxy composite and weighing 
1.36 kg (3 lb), which is much less 
than the 5 kg (1 1 lb) weight of the 
corresponding steel frame. 

' Fig. 1.19 Composite pipe used for transport of drinking 
water: 80 cm (32 in) diameter glass/polyester pipe. 
(Courtesy of FIBERTEC Fiberglass Pipe Industry, Israel.) 
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Fig. 1.20 Footbridge in Aberfeldy, Scotland, using 
composite decking sections. (Courtesy of Maunsell 
Ltd., UK.) 

~ ~ - ~ - ~ - ~ ~ - - ~ - ~ - ~ - " - ~ - ~ ~ ~ ~ ~ ~  -----_1- ---- 

. 
1.4 OVERVIEW OF ADVANTAGES AND LIMITATIONS OF COMPOSITE MATERIALS 

Composites have unique advantages over monolithic materials, such as high strength, high 
stiffness, long fatigue life, low density, and adaptability to the intended function of the 
structure. Additional improvements can be realized in corrosion resistance, wear resistance, 
appearance, temperature-dependent behavior, environmental stability, thermal insulation 
and conductivity, and acoustic insulation. The basis for the superior structural performance 
of composite materials lies in the high specific strength (strength to density ratio) and high 
specific stiffness (modulus to density ratio) and in the anisotropic and heterogeneous char- 
acter of the material. The latter provides the composite with many degrees of freedom for 
optimum configuration of the material system. 

Composites also have some limitations when compared with conventional monolithic 
materials. Below is a brief discussion of advantages and limitations of composites and 
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conventional structural materials (mainly metals) when compared on the basis of various 
aspects, that is, micromechanics, macromechanics, material characterization, design and 
optimization, fabrication technology, maintenance and durability, and cost effectiveness. 

1.4.1 Micromechanics 

When viewed on the scale of fiber dimensions, composites have the advantage of high- 
stiffness and high-strength fibers. The usually low fracture toughness of the fiber is 
enhanced by the matrix ductility and the energy dissipation at the fibedmatrix interface. 
The stress transfer capability of the matrix enables the development of multiple-site and 
multiple-path failure mechanisms. On the other hand, the fibers exhibit a relatively high 
scatter in strength. Local stress concentrations around the fibers reduce the transverse ten- 
sile strength appreciably. 

Conventional materials are more sensitive to their microstructure and local irregular- 
ities that influence the brittle or ductile behavior of the material. Their homogeneity makes 
them more susceptible to flaw growth under long-term cyclic loading. 

1.4.2 Macromechanics 

In macromechanical analysis, where the material is treated as quasi-homogeneous, its 
anisotropy can be used to advantage. The average material behavior can be controlled and 
predicted from the properties of the constituents. However, the anisotropic analysis is more 
complex and more dependent on the computational procedures. On the other hand, the 
analysis for conventional materials is much simpler due to their isotropy and homogeneity. 

1.4.3 Mechanical Characterization 

The analysis of composite structures requires the input of average material characteristics. 
These properties can be predicted on the basis of the properties and arrangement of the 
constituents. However, experimental verification of analysis or independent characteriza- 
tion requires a comprehensive test program for determination of a large number (more than 
ten) of basic material parameters. On the other hand, in the case of conventional isotropic 
materials, mechanical characterization is simple, as only two elastic constants and two 
strength parameters suffice. 

1.4.4 Structural Design, Analysis, and Optimization 

Composites afford the unique possibility of designing the material, the manufacturing 
procedure, and the structure in one unified and concurrent process. The large number of 
degrees of freedom available enables simultaneous material optimization for several given 
constraints, such as minimum weight, maximum dynamic stability, cost effectiveness, 
and so on. However, the entire process requires a reliable database of material properties, 
standardized structural analysis methods, modeling and simulation techniques, and models 
for materials processing. The numerous options available make the design and optimiza- 
tion process more involved and the analysis more complex. In the case of conventional 
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materials, optimization is limited usually to one or two geometric parameters, due to the 
few degrees of freedom available. 

1.4.5 Manufacturina Technoloav 

The fabrication process is one of the most important steps in the application of composite 
materials. Structural parts, rather than generic material form, are fabricated with relative- 
ly simple tooling. A variety of fabrication methods suitable for various applications are 
available. They include autoclave molding, filament winding, pultrusion, fiber placement, 
and resin transfer molding (RTM). Structural components consisting of different mater- 
ials, such as honeycomb sandwich structures, can be manufactured in one step by the 
so-called cocuring process. Thus, the number of parts to be assembled and joints required 
can be reduced significantly. On the negative side, composite fabrication is still dependent 
to some extent on skilled hand labor with limited automation and standardization. This 
requires more stringent, extensive, and costly quality control procedures. 

In the case of conventional materials, material and structure fabrication are two sepa- 
rate processes. Structures usually necessitate complex tooling and elaborate assembly, with 
multiple elements and joints. 

1.4.6 Maintainability, Serviceability, and Durability 

Composites can operate in hostile environments for long periods of time. They have long 
fatigue lives and are easily maintained and repaired. However, composites and especially 
thermoset polymer composites suffer from sensitivity to hygrothermal environments. 
Service-induced damage growth may be internal, requiring sophisticated nondestructive 
techniques for its detection and monitoring. Sometimes it is necessary to apply protective 
coatings against erosion, surface damage, and lightning strike. 

Conventional materials, usually metals, are susceptible to corrosion in hostile envi- 
ronments. Discrete flaws and cracks may be induced in service and may grow and propa- 
gate to catastrophic failure. Although detection of these defects may be easier, durable 
repair of conventional materials is not simple. 

1.4.7 Cost Effectiveness 

One of the important advantages of composites is reduction in acquisition and/or life cycle 
costs. This is effected through weight savings, lower tooling costs, reduced number of 
parts and joints, fewer assembly operations, and reduced maintenance. These advantages 
are somewhat diluted when one considers the high cost of raw materials, fibers, prepreg 
(resin preimpregnated fibers), and auxiliary materials used in fabrication and assembly of 
composite structures. Composite manufacturing processes are expensive, because they are 
not yet fully developed, automated, and optimized. They are labor intensive, may result in 
excessive waste, and require costly quality control and inspection. Affordability remains 
the biggest factor controlling further utilization of composites: 

In the case of conventional structural materials, the low cost of raw materials is more 
than offset by the high cost of tooling, machining, and assembly. 
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1.5 SIGNIFICANCE AND OBJECTIVES OF COMPOSITE MATERIALS SCIENCE AND TECHNOLOGY 

The study of composites is a philosophy of material and process design that allows for the 
optimum material composition, along with structural design and optimization, in one con- 
current and interactive process. It is a science and technology requiring close interaction 
of various disciplines such as structural design and analysis, materials science, mechanics 
of materials, and process engineering. The scope of composite materials research and 
technology consists of the following tasks: 

1 . investigation of basic characteristics of the constituent and composite materials 
2. material optimization for given service conditions 
3. development of effective and efficient fabrication procedures and evaluation of 

their effect on material properties 
4. development of analytical procedures and numerical simulation models for deter- 

mination of composite material properties and prediction of structural behavior 
5. development of effective experimental methods for material characterization, 

stress analysis, and failure analysis 
6. nondestructive evaluation of material integrity and structural reliability 
7 .  assessment of durability, flaw criticality, and life prediction 

1.6 CURRENT STATUS AND FUTURE PROSPECTS 

The technology of composite materials has experienced a rapid development in the last 
four decades. Some of the underlying reasons and motivations for this development are 

1.  significant progress in materials science and technology in the area of fibers, poly- 

2. requirements for high-performance materials in aircraft and aerospace structures 
3. development of powerful and sophisticated numerical methods for structural 

4. the availability of powerful desktop computers for the engineering community. 

mers, and ceramics 

analysis using modem computer technology 

The initial driving force in the technology development, dominated by the aerospace 
industry, was performance through weight savings. Later, cost competitiveness with more 
conventional materials became equally important. In addition to these two requirements, 
today there is a need for quality assurance, reproducibility, and predictability of behavior 
over the lifetime of the structure. 

New developments continue in all areas. For example, new types of carbon fibers have 
been introduced with higher strength and ultimate strain. Thermoplastic matrices are used 
under certain conditions because they are tough, have low sensitivity to moisture effects, 
and are more easily amenable to mass production and repair. Woven fabric and short-fiber 
reinforcements in conjunction with liquid molding processes are widely used. The design 
of structures and systems capable of operating in severe environments has spurred 
intensive research in high-temperature composites, including high-temperature polymer- 
matrix, metal-matrix, ceramic-matrix and carbon/carbon composites. Another area of 
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interest is that of the so-called smart composites and structures incorporating active and 
passive sensors. A new area of growing interest is the utilization of nanocomposites and 
multiscale hybrid composites with multifunctional characteristics. 

The utilization of conventional and new composite materials is intimately related to 
the development of fabrication methods. The manufacturing process is one of the most 
important stages in controlling the properties and assuring the quality of the finished 
product. A great deal of activity is devoted to intelligent processing of composites aimed 
at development of comprehensive and commercially viable approaches for fabrication of 
affordable, functional, and reliable composites. This includes the development and use of 
advanced hardware, software, and online sensing and controls. 

The technology of composite materials, although still developing, has reached a stage 
of maturity. Prospects for the future are bright for a variety of reasons. The cost of the basic 
constituents is decreasing due to market expansion. The fabrication process is becoming 
less costly as more experience is accumulated, techniques are improved, and innovative 
methods are introduced. Newer high-volume applications, such as in the automotive 
industry and infrastructure, are expanding the use of composites greatly. The need for 
energy conservation motivates more uses of lightweight materials and products. The need 
for multifunctionality is presenting new challenges and opportunities for development 
of new material systems, such as nanocomposites with enhanced mechanical, electrical, 
and thermal properties. The availability of many good interactive computer programs and 
simulation methods makes structural design and analysis simpler and more manageable for 
engineers. Furthermore, the technology is vigorously enhanced by a younger generation of 
engineers and scientists well educated and trained in the field of composite materials. 
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2 Basic Concepts, Mater ia ls,  Processes, 
a n d  Character is t ics  

2.1 STRUCTURAL PERFORMANCE OF CONVENTIONAL MATERIALS 

Conventional monolithic materials can be divided into three broad categories: metals, 
ceramics, and polymers. Although there is considerable variability in properties within 
each category, each group of materials has some characteristic properties that are more dis- 
tinct for that group. In the case of ceramics one must make a distinction between two 
forms, bulk and fiber. 

Table 2.1 presents a list of properties and a rating of the three groups of materials with 
regard to each property. The advantage or desirability ranking is marked as follows: super- 
ior (++), good (+), poor (-), and variable (v). For example, metals are superior with regard 
to stiffness and hygroscopic sensitivity (++), but they have high density and are subject to 
chemical corrosion (-). Ceramics in bulk form have low tensile strength and toughness 
(-) but good thermal stability, high hardness, low creep, and high erosion resistance (+). 
Ceramics in fibrous form behave very differently from those in bulk form and have some 
unique advantages. They rank highest with regard to tensile strength, stiffness, creep, and 
thermal stability (++). The biggest advantages that polymers have are their low density 
(++) and corrosion resistance (+), but they rank poorly with respect to stiffness, creep, 
hardness, thermal and dimensional stability, and erosion resistance (-). The observations 
above show that no single material possesses all the advantages for a given application 
(property) and that it would be highly desirable to combine materials in ways that utilize 
the best of each constituent in a synergistic way. A good combination, for example, would 
be ceramic fibers in a polymeric matrix. 

2.2 GEOMETRIC AND PHYSICAL DEFINITIONS 

2.2.1 Type of M a t e r i a l  

Depending on the number of its constituents or phases, a material is called single-phase 
(or monolithic), two-phase (or biphase), three-phase, and multiphase. The different phases 

18 
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TABLE 2.1 Structural Performance Rankina of Conventional Materials 

Ceramics 

Property Metals Bulk Fibers Polymers 

++ - Tensile strength + V 

Fracture toughness + V + 
Impact strength + V + 
Fatigue endurance + V + + 
Creep V V ++ 

Density - + + ++ 
Dimensional stability + + 
Thermal stability + ++ 
Hygroscopic sensitivity ++ V + V 

Weatherability V V V + 
Erosion resistance + + + 
Corrosion resistance - 

- Stiffness ++ V ++ 
- 
- 

- 
- Hardness + + + 

V - 

V - 

- 

V V + 
++ Superior 
+ Good 
- Poor 
v Variable 

of a structural composite have distinct physical and mechanical properties and character- 
istic dimensions much larger than molecular or grain dimensions. 

2.2.2 Homoaeneitv 

A material is called homogeneous if its properties are the same at every point or are inde- 
pendent of location. The concept of homogeneity is associated with a scale or characteristic 
volume and the definition of the properties involved. Depending on the scale or volume 
observed, the material can be more homogeneous or less homogeneous. If the variability from 
point to point on a macroscopic scale is low, the material is referred to as quasi-homogeneous. 

2.2.3 Heterogeneity or lnhomogeneity 

A material is heterogeneous or inhomogeneous if its properties vary from point to point, 
or depend on location. As in the case above, the concept of heterogeneity is associated with 
a scale or characteristic volume. As this scale decreases, the same material can be regarded 
as homogeneous, quasi-homogeneous, or heterogeneous. 

2.2.4 Isotropy 

Many material properties, such as stiffness, strength, thermal expansion, thermal con- 
ductivity, and permeability are associated with a direction or axis (vectorial or tensorial 
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quantities). A material is isotropic when its properties 
are the same in all directions or are independent of the 
orientation of reference axes. h 0 

2.2.5 An is0 t ro p y/O r t hot r o p y 

A material is anisotropic when its properties at a point 
vary with direction or depend on the orientation of ref- 
erence axes. If the properties of the material along any 
direction are the same as those along a symmetric 
direction with respect to a plane, then that plane is 
defined as a plane of material symmetry. A material 
may have zero, one, two, three, or an infinite number of 
planes of material symmetry through a point. A mater- 
ial without any planes of symmetry is called general 
anisotropic (or aeolotropic). At the other extreme, an 

isotropic material has an infinite number of planes of symmetry. 
Of special relevance to composite materials are orthotropic materials, that is, mater- 

ials having at least three mutually perpendicular planes of symmetry. The intersections of 
these planes define three mutually perpendicular axes, called principal axes of material 
symmetry or simply principal material axes. 

As in the case of homogeneitylheterogeneity discussed before, the concept of 
isotropy/anisotropy is also associated with a scale or characteristic volume. For example, 
the composite material in Fig. 2.1 is considered homogeneous and anisotropic on a macro- 
scopic scale, because it has a similar composition at different locations (A and B) but 
properties varying with orientation. On a microscopic scale, the material is heterogeneous 
having different properties within characteristic volumes a and b. Within these character- 
istic volumes the material can be isotropic or anisotropic. 

Fiber 

Fig. 2.1 Macroscopic (A, B) and microscopic (a, b) scales 
of observation in a unidirectional composite layer. 

2.3 MATERIAL RESPONSE UNDER LOAD 

Some of the intrinsic characteristics of the materials discussed before are revealed in their 
response to simple mechanical loading, for example, uniaxial normal stress and pure shear 
stress as illustrated in Fig. 2.2. 

An isotropic material under uniaxial tensile loading undergoes an axial deformation 
(strain), E.,, in the loading direction, a transverse deformation (strain), cY, and no shear 
deformation: 

&=x 
" E  

"0, 
Y E  

& = -- 
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Isotropic 

Orthotropic 

(loaded along 
principal 
material 

directions) 

Anisotropic 

(or orthotropic 
material 

loaded along 
nonprincipal 
directions) 

Normal stress 
0" 

VOX 

EY= -- E 

Yxy = 0 

0 1  
E l  =- 

El 
v12c1 E p = - -  

El 

Y 1 z = O  

Shear stress Fig. 2.2 Response of various 
types of materials under uniaxial 
normal and pure shear loadings. 

71 2 
Yl2= - 

Giz 
El = Ep = 0 

where 

E,, E,,, y, = axial, transverse, and shear strains, respectively 

9, = axial stress 

E = Young's modulus 

v = Poisson's ratio 

Under pure shear loading, z,, the material undergoes a pure shear deformation, that 
is, a square element deforms into a diamond-shaped one with equal and unchanged side 
lengths. The shear strain (change of angle), yo, and the normal strains, E, and E ~ ,  are 

y =2.y= 22,(1+ v) 
o G  E 

Ex = E, = 0 
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where 

zri = shear stress 

G = shear modulus 

As indicated in Eq. (2.2) the shear modulus is not an independent constant, but is related 
to Young’s modulus and Poisson’s ratio. 

An orthotropic material loaded in uniaxial tension along one of its principal 
material axes (1) undergoes deformations similar to those of an isotropic material and 
given by 

& v1201 

El 
2 -  (2.3) 

Y12 = 0 

where 

E,, E,, yI2 = axial, transverse, and shear strains, respectively 

(rl = axial normal stress 

vI2 = Poisson’s ratio associated with loading in the 1-direction 
and strain in the 2-direction 

Under pure shear loading, T,,, along the principal material axes, the material under- 
goes pure shear deformation, that is, a square element deforms into a diamond-shaped one 
with unchanged side lengths. The strains are 

=I 2 
Y12 = - 

GI2 

& , = E 2 = 0  

Here, the shear modulus GI, is an independent material constant and is not directly re- 
lated to the Young’s moduli or Poisson’s ratios. 

In both cases discussed before, normal loading does not produce shear strain and pure 
shear loading does not produce normal strains. Thus, normal loading and shear deforma- 
tion (as well as pure shear loading and normal strains) are independent or uncoupled. 

A general anisotropic material under uniaxial tension, or an orthotropic material under 
uniaxial tension along a direction other than a principal material axis, undergoes axial, 
transverse, and shear deformations given by 
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O X  Y,= q x s -  
EX 

where 

E,, E ~ ,  y, = axial, transverse, and shear strains, respectively 

ox = axial normal stress 

Ex = Young’s modulus in the x-direction 

v, = Poisson’s ratio associated with loading in the x-direction 

q, = shear coupling coefficient (The first subscript denotes 

and strain in the y-direction 

normal loading in the x-direction; the second subscript 
denotes shear strain.) 

This mode of response characterized by qxs, is called the shear coupling effect and will be 
discussed in detail in Chapter 4. 

Under pure shear loading, zq, along the same axes, the material undergoes both shear 
and normal deformations, that is, a square element deforms into a parallelogram with 
unequal sides. The shear and normal strains are given by 

where 

G, = shear modulus referred to the x- and y-axes 

qsx, q, = shear coupling coefficients (to be discussed in Chapter 4) 

The above discussion illustrates the increasing complexity of material response with 
increasing anisotropy and the need to introduce additional material constants to describe 
this response. 



*- 
24 2 BASIC CONCEPTS, MATERIALS, PROCESSES, AND CHARACTERISTICS 
l ~ l _ X  I I " I I I x _ I ~ x I _ - _ _ ~ ~ ~ - - - - - ~ - - - - - ~ - - ~ - - - ~ ~ _  

2.4 TYPES AND CLASSIFICATION OF COMPOSITE MATERIALS 

Two-phase composite materials are classified into three broad categories depending on 
the type, geometry, and orientation of the reinforcement phase, as illustrated in the chart 
of Fig. 2.3. 

Particulate composites consist of particles of various sizes and shapes randomly 
dispersed within the matrix. Because of the usual randomness of particle distribution, 
these composites can be regarded as quasi-homogeneous and quasi-isotropic on a scale 
much larger than the particle size and spacing (macro scale). In some cases, such as 
polymer/clay nanocomposites, the silicate platelets can attain some degree of parallelism, 
thus making the material anisotropic. Particulate composites may consist of nonmetallic 
particles in a nonmetallic matrix (concrete, glass reinforced with mica flakes, brittle 
polymers reinforced with rubberlike particles, polymer/clay nanocomposites, ceramics 

Particulate Discontinuous 
fibers or whiskers 

L A Matrix 

Particulate 
composite 

A 

Randomly oriented 
discontinuous 

fiber composite 

Unidirectional 
discontinuous 
iber composite 

Quasi-isotropic 
composite 

Unidirectional 
continuous 

Crossply or fabric 
continuous fiber composite 

Multidirectional 
continuous fiber composite 

Fig. 2.3 Classification of composite material systems. 

reinforced with ceramic particles); 
metallic particles in nonmetallic 
matrices (aluminum particles in 
polyurethane rubber used in rock- 
et propellants); metallic particles 
in metallic matrices (lead particles 
in copper alloys to improve 
machinability); nonmetallic par- 
ticles in metallic matrices (silicon 
carbide particles in aluminum, 
SiC(p)/Al). 

Discontinuous or short-fiber 
composites contain short fibers, 
nanotubes, or whiskers as the 
reinforcing phase. These short 
fibers, which can be fairly long 
compared to their diameter (i.e., 
have a high aspect ratio), can be 
either all oriented along one 
direction or randomly oriented. 
In the first instance the composite 
material tends to be markedly 
anisotropic, or more specifically 
orthotropic, whereas in the second, 
it can be regarded as quasi- 
isotropic. Nanocomposites rein- 
forced with carbon nanotubes 
(approximately 1 nm in diameter 
and 1000 nm in length) are an ex- 
ample of this group of composites. 

Continuous-jiber composites 
are reinforced by long continuous 
fibers and are the most efficient 
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TABLE 2.2 Types of Fiber Composite Materials 

Matrix l h e  Fiber Matrix 

Polymer E-glass 
S-glass 
Carbon (graphite) 
Aramid (Kevlar) 
Boron 

Metal Boron 
Borsic 
Carbon (graphite) 
Silicon carbide 
Alumina 

Ceramic Silicon carbide 
Alumina 
Silicon nitride 

Carbon Carbon 

EPOXY 
Phenolic 
Polyimide 
Bismaleimide 
Polyester 
Thermoplastics (PEEK, polysulfone, etc.) 
Aluminum 
Magnesium 
Titanium 
Copper 

Silicon carbide 
Alumina 
Glass-ceramic 
Silicon nitride 

Carbon 

from the point of view of stiffness and strength. The continuous fibers can be all parallel 
(unidirectional continuous-fiber composite), can be oriented at right angles to each other 
(crossply or woven fabric continuous-fiber composite), or can be oriented along several 
directions (multidirectional continuous-fiber composite). In the latter case, for a certain 
number of fiber directions and distribution of fibers, the composite can be characterized as 
a quasi-isotropic material. 

Fiber-reinforced composites can be classified into broad categories according to 
the matrix used: polymer-, metal-, ceramic-, and carbon-matrix composites (Table 2.2). 
Polymer-matrix composites include thermoset (epoxy, polyimide, polyester) or thermo- 
plastic (poly-ether-ether-ketone, polysulfone) resins reinforced with glass, carbon 
(graphite), aramid (Kevlar), or boron fibers. They are used primarily in relatively low- 
temperature applications. Metal-matrix composites consist of metals or alloys (aluminum, 
magnesium, titanium, copper) reinforced with boron, carbon (graphite), or ceramic fibers. 
Their maximum use temperature is limited by the softening or melting temperature of the 
metal matrix. Ceramic-matrix composites consist of ceramic matrices (silicon carbide, 
aluminum oxide, glass-ceramic, silicon nitride) reinforced with ceramic fibers. They are 
best suited for very high-temperature applications. Carbonlcarbon composites consist 
of carbon or graphite matrix reinforced with graphite yam or fabric. They have unique 
properties of relatively high stiffness and moderate or low strength at high temperatures 
coupled with low thermal expansion and low density. 

In addition to the types discussed above, there are laminated composites consisting of 
thin layers of different materials bonded together, such as bimetals, clad metals, plywood, 
Formica, and so on. 
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2.5 LAMINA AND LAMINATE-CHARACTERISTICS AND CONFIGURATIONS 

3 
2 (fill) 

A lamina, or ply, is a plane (or curved) layer of unidirectional fibers or woven fabric in 
a matrix. In the case of unidirectional fibers, it is also referred to as unidirectional 
lamina (UD). The lamina is an orthotropic material with principal material axes in the 
direction of the fibers (longitudinal), normal to the fibers in the plane of the lamina 
(in-plane transverse), and normal to the plane of the lamina (Fig. 2.4). These principal 
axes are designated as 1, 2, and 3, respectively. In the case of a woven fabric composite, 
the warp and the fill directions are the in-plane 1 and 2 principal directions, respectively 
(Fig. 2.4). 

A laminate is made up of two or more unidirectional laminae or plies stacked 
together at various orientations (Fig. 2.5). The laminae (or plies, or layers) can be of vari- 
ous thicknesses and consist of different materials. Since the orientation of the principal 
material axes varies from ply to ply, it is more convenient to analyze laminates using a 
common fixed system or coordinates (x, y ,  z) as shown. The orientation of a given ply 
is given by the angle between the reference x-axis and the major principal material axis 
(fiber orientation or warp direction) of the ply, measured in a counterclockwise direction 
on the x-y plane. 

Composite laminates containing 
plies of two or more different types of 
materials are called hybrid composites, 
and more specifically interply hybrid 
composites. For example, a composite 
laminate may be made up of unidirectional 
glass/epoxy, carbon/epoxy and armid/ 
epoxy layers stacked together in a 
specified sequence. In some cases it may 
be advantageous to intermingle different 
types of fibers, such as glass and carbon 
or aramid and carbon, within the same 
unidirectional ply. Such composites are 
called intraply hybrid composites. Of 
course one may combine intraply hybrid 
layers with other layers to form an 
intraplylinterply hybrid composite. 

Composite laminates are designated 
in a manner indicating the number, type, 
orientation, and stacking sequence of the 
plies. The configuration of the laminate 
indicating its ply composition is called 
the layup. The configuration indicating, 
in addition to the ply composition, the 
exact location or sequence of the various 
plies, is called the stacking sequence. 
Following are some examples of laminate 
designations: 

2 (transverse) 

3 

1 (warp) 

Fig. 2.4 Lamina and principal coordinate axes: (a) unidirectional re- 
inforcement and (b) woven fabric reinforcement. 

(b) 
1 (longitudinal) 

(a) 

Z 

X 

Fig. 2.5 Multidirectional laminate and reference coordinate system. 
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Unidirectional six-ply : [O/O/O/O/O/O] = [O,] 

Crossply symmetric: [0/90/90/0] = [0/90], 

[0/90/0/90/90/0/90/0] = [0/9012, 

[0/90/0] = [O/m], 
Angle-ply symmetric: [+45/-45/-45/+45] = [f45], 

[ 30/-30/30/-30/-30/30-30/30] = [*3O] 2 , 
Angle-ply asymmetric: [30/-30/30/-30/30/-30/30/-301 = [*30l4 

Multidirectional: [0/45/-45/-45/45/01 = [0/*451, 

[ 0/0/45/- 45/0/0/0/0/- 45/45/0/0] = [ O2/* 45/02] , 
[0/15/- 1 5/15/-15/0] = [0/*15/* 1 5/01, = [O/(f 1 5)2/O]~ 

C -G Hybrid: [0K/0K/4~c/-4~c/90G/~/-4~C/4~c/~K/OK]T = [0!/*45 /90 1, 

where subscripts and symbols signify the following: 

number subscript = multiple of plies or group of plies 

s = symmetric sequence 

T = total number of plies 

-(overbar) = laminate is symmetric about the midplane of the ply 

In the case of the hybrid laminate, superscripts K, C, and G denote Kevlar (aramid), 
carbon (graphite), and glass fibers, respectively. 

2.6 SCALES OF ANALYSIS-MICROMECHANICS AND MACROMECHANICS 

Composite materials can be viewed and analyzed at different levels and on different scales, 
depending on the particular characteristics and behavior under consideration. A schematic 
diagram of the various levels of consideration and the corresponding types of analysis is 
shown in Fig. 2.6. 

At the constituent level the scale of observation is on the order of the fiber diameter, 
particle size, or matrix interstices between reinforcement. Micromechanics is the study of 
the interactions of the constituents on this microscopic level. It deals with the state of 
deformation and stress in the constituents and local failures, such as fiber failure (tensile, 
buckling, splitting), matrix failure (tensile, compressive, shear), and interfacehterphase 
failure (debonding). The last two failure modes are referred to as interfiber failure. An 
example of the complex stress distributions on the transverse cross section of a trans- 
versely loaded unidirectional composite is illustrated in Fig. 2.7. Micromechanics is 
particularly important in the study of properties such as failure mechanisms and strength, 
fracture toughness, and fatigue life, which are strongly influenced by local characteristics 
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Fig. 2.6 Levels of observation and types of ana- 
lysis for composite materials. 
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Fig. 2.7 Isochromatic fringe patterns in a model of 
transversely loaded unidirectional composite. 

that cannot be integrated or averaged. Micromechanics also allows for the prediction of 
average behavior at the lamina level as a function of constituent properties and local 
conditions. 

At the lamina level it is usually more expeditious to consider the material homo- 
geneous, albeit anisotropic, and use average properties in the analysis. This type of analysis 
is called macromechanics and considers the unidirectional lamina as a quasi-homogeneous 
anisotropic material with its own average stiffness and strength properties. Failure criteria 
may be expressed in terms of average stresses and overall lamina strengths without refer- 
ence to any particular local failure mechanisms. This approach, which assumes material 
continuity, is recommended in the study of the overall elastic, viscoelastic, or hygrother- 
ma1 behavior of composite laminates and structures. 

At the laminate level the macromechanical analysis is applied in the form of lamina- 
tion theory dealing with overall behavior as a function of lamina properties and stacking 
sequence. Finally, at the component or structure level, methods such as finite element 
analysis coupled with lamination theory may predict the overall behavior of the structure 
as well as the state of stress in each lamina. 
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2.7 BASIC LAMINA PROPERTIES 

The approach emphasized in this textbook is based on macromechanics. The unidirec- 
tional lamina or ply is considered the basic building block of any laminate or composite 
structure. In the case of textile composites, the basic ply contains the fabric layer. The 
basic material properties necessary for analysis and design are the average ply properties. 
With reference to Fig. 2.4 the unidirectional ply is characterized by the following 
properties: 

El ,  E,, E ,  = Young’s moduli along the principal ply directions 

GI,, G23, GI, = shear moduli in 1-2,2-3, and 1-3 planes, respectively 
(These are equal to G21, G,,, and G,,, respectively.) 

v,,, v,,, v,, = Poisson’s ratios (The first subscript denotes the loading direction, 
and the second subscript denotes the strain direction; these 
Poisson’s ratios are different from v,,, ~ 3 2 ,  and v,,, that is, 
subscripts are not interchangeable.) 

F,,, FZr, F3< = tensile strengths along the principal ply directions 

F,,, F2c, F,, = compressive strengths along the principal ply directions 

F,,, F23, F13 = shear strengths in 1-2,2-3, and 1-3 planes, respectively 
(These are equal to F,,, F32, and F,,, respectively.) 

a,, a,, a, = coefficients of thermal expansion along principal ply directions 

PI, P,, P3 = coefficients of moisture expansion along principal ply directions 

K,,  K ~ ,  K~ = coefficients of thermal conductivity along principal ply directions 

In addition to the above, the composite lamina is characterized by the following 
properties: 

volume of fibers 
Fiber volume ratio: V -  

f -  volume of composite 

weight of fibers 
Fiber weight ratio: W - 

- weight of composite 

volume of matrix 
volume of composite 

Matrix volume ratio: Vm = 

weight of matrix 
Matrix weight ratio: W, = 1 - W - 

- weight of composite 

volume of voids Void volume ratio: V, = 1 - V - V = 
f m  volume of composite 
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TABLE 2.3 Degrees of Anisotropy 

ElIEZ ElIG,, F;*IFZ, azla, 

Silicon carbide/ceramic 1.09 2.75 17.8 1.04 
Boron/aluminum 1.71 5.01 11.6 3.33 
Silicon carbide/aluminum 1.73 5.02 17 1.96 
S-glass/epoxy 4.1 10.0 35 4.3 
E-glass/epox y 4.0 9.5 29 3.7 
Boron/epox y 9.3 37.4 24.6 5.0 
Carbon/epox y 14.2 21.3 40 -30 
Kevlar/epox y 14.5 37 49 -30 
Graphite (GY-70)/epoxy 46 60 34 -250 

2.8 DEGREES OF ANISOTROPY 

Some material properties, such as density, specific heat, absorptivity, and emittance, 
have no directionality associated with them and are described by one scalar quantity for 
both isotropic and anisotropic materials. On the other hand, properties such as stiffness, 
Poisson's ratio, strength, thermal expansion, moisture expansion, permeability, thermal 
conductivity, and electrical conductivity are associated with direction and are described 
by vector or tensor quantities. They are a function of orientation in anisotropic materials. 
Fiber composite materials can exhibit various degrees of anisotropy in the various 
properties. The largest differences occur between properties in the longitudinal (fiber) and 
transverse (normal to the fiber) directions in unidirectional composites. Ratios of some 
properties along these two directions for some typical composite materials are listed in 
Table 2.3. 

2.9 CONSTITUENT MATERIALS 

2.9.1 Re in forcement  

The reinforcement phase of a composite may be in the form of continuous or short fibers, 
particles of various shapes, and whiskers. It contributes to or determines the composite 
stiffness and strength. 

A large variety of fibers are available as reinforcement for composites. The desirable 
characteristics of most reinforcing fibers are high strength, high stiffness, and relatively 
low density. Each type of fiber has its own advantages and disadvantages as listed in 
Table 2.4. Table A. 1 in Appendix A lists specific fibers with their properties of strength, 
modulus, and density. Additional properties of some fibers are given in Table A.2. More 
extensive discussions of fiber reinforcements for composite materials can be found 
elsewhere. 'M 

Glass fibers are the most commonly used in low- to medium-performance composites 
because of their high tensile strength and low cost. They are limited in high-performance 
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TABLE 2.4 Advantages and Disadvantages of Reinforcing Fibers 

Fiber Advantages Disadvantages 

E-glass, S-glass High strength Low stiffness 
Low cost Short fatigue life 

High temperature sensitivity 
Aramid (Kevlar) High tensile strength Low compressive strength 

Low density High moisture absorption 
Boron High stiffness High cost 

High compressive strength 
Carbon (AS4, T300, IM7) High strength Moderately high cost 

High stiffness 
Graphite (GY-70, pitch) Very high stiffness Low strength 

High cost 
Ceramic (Silicon High stiffness Low strength 

carbide, alumina) High use temperature High cost 

composite applications because of their relatively low stiffness, low fatigue endurance, 
and rapid property degradation with exposure to severe hygrothermal conditions. Glass 
fibers are produced by extrusion of a molten mixture of silica (SiO,) and other oxides 
through small holes of a platinum alloy bushing! A coupling agent, or sizing, is applied 
to the fibers to protect their surface and ensure bonding to the resin matrix. An assembly 
of collimated glass fibers is called a yarn or tow and a group of collimated yams is 
called a roving. Fiber diameters for composite applications are in the range of 10-20 pm 
(0.4 x 10-3-0.8 x in). Glass fibers are amorphous; therefore, they are considered 
isotropic. 

Curbon fibers are the most widely used for advanced composites and come in many 
forms with a range of stiffnesses and strengths depending on the manufacturing process. 
Carbon fibers are manufactured from precursor organic fibers, such as rayon or polyacry- 
lonitrile (PAN), or from petroleum pitch. In the former process (PAN), molten thermo- 
plastic resin is spun into thin filaments in textile manufacturing equipment. The precursor 
fibers are initially drawn and oxidized under tension in air at temperatures between 200 "C 
(400 OF) and 315 "C (600 OF). Then, they are carbonized by pyrolysis at a temperature 
above 800 "C (1500 OF) in a nitrogen atmosphere. At this stage most fibers undergo surface 
treatment and sizing for use in composites manufacturing. This process yields high- 
strength and high-stiffness carbon fibers (AS4, T300, IM6, IM7). Graphite fibers, a subset 
of carbon fibers, are produced by further processing at temperatures above 2000 "C (3600 OF). 
This process, called graphitization, results in enhanced crystallinity and produces ultrahigh- 
stiffness graphite fibers with moduli over 410 GPa (60 Msi) and increased thermal 
conductivity in the axial direction. The increase in stiffness is achieved at the expense of 
strength as seen in Table A.l. Carbon fibers are anisotropic mechanically and thermally 
due to the nature of the manufacturing process. In the radial direction the stiffness is much 
lower and the coefficient of thermal expansion much higher than in the axial direction. 

Aramid (or Kevlur) fibers are organic fibers manufactured by dissolving the polymer 
(aromatic polyamide) in sulfuric acid and extruding through small holes in a rotating 
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device. The fiber diameter is typically 12 pm (0.5 x in). Kevlar fibers have higher 
stiffness than glass fibers. Kevlar 49 and 149 are referred to as high- and ultruhigh- 
modulus grades. The former is the most commonly used for composites. Kevlar fibers have 

low density, about half that of glass, 
high tensile strength, and excellent 

5 o,7 toughness and impact resistance. 
However, Kevlar composites have 

0.6 very low longitudinal compressive 
and transverse tensile strengths and 

h 0.5 are sensitive to moisture absorption. 
a 3  V1 Because of their high molecular ori- 2 
D 0.4 5 entation they are very anisotropic 
6 6 mechanically and thermally. 

0.3 E Boron and other ceramic fibers, 5 G 
such as silicon carbide (Sic) and 0.2 

1 4. Carbon (AS4) alumina (A1203), are characterized by 
0.1 high stiffness, high use temperature, 

and reasonably high strength. They are 
0 0 not commonly used with polymeric 

5 6 matrices but rather with metal or 
ceramic matrices for high-temperature 
applications. Boron/polymer compos- 
ites find limited applications in local 

stiffening and repair patching because of their 
high stiffness. 

Most fibers behave linearly to failure 
as shown in Fig. 2.8. Carbon fibers, such as 
the AS4 fiber, however, display a nonlinear 
stiffening effect. One important property of 
the fiber related to strength and stiffness is 
the ultimate strain or strain to failure, because 
it influences greatly the strength of the com- 
posite laminate. 

As mentioned previously, the basis of the 
superior performance of composites lies in 
the high specific strength (strength to density 
ratio) and high specific stiffness (modulus to 
density ratio). These two properties are con- 
trolled by the fibers. A two-dimensional com- 
parative representation of some typical fibers 
from the point of view of specific strength 
and specific modulus is shown in Fig. 2.9. 
Here, these values are defined as the ratios 
of strength and modulus to specific weight 
of the material, respectively. Thus, they are 
expressed in units of length. 

4 

m e 

; 2  

6. Boron silicon carbide 
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Fig. 2.8 Stress-strain curves of typical reinforcing fibers. 
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Fig. 2.9 Performance map of fibers used in structural composite 
materials. 
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I Fi9.2.10 Examples of fabric 
weave styles: (a) plane weave, 
(b) 2 x 2 twill, and (c )  eight- 
harness satin weave. 

(b) (c)  

The various fibers discussed before are not always used as straight yams, but they are 
often used in the form of woven fabrics or textiles. An orthogonal woven fabric consists 
of two sets of interlaced yarns. The longitudinal direction of the fabric is called warp and 
the transverse direction weft orfill. The various types or styles of fabric are characterized 
by the repeat pattern of the interlaced regions as shown in Figs. 2.10 and 2.11. In the plain 
weave, for example, each yam is interlaced over every other yam in the other direction, 
that is, the smallest number of yarns involved in the repeat pattern in any direction is 
two (ng = 2). In the twill fabric, each yam is interlaced over every third yam in the other 
direction (ng = 3). In satin weaves each yam is interlaced over every fourth, fifth, and 
so on, yam in the other direction. These weaves are referred to asfour-harness (4H),five- 
harness (5H), and so on, satin weaves. In addition to the fiber yam type and weave style, 
the behavior of fabric reinforcement in a composite is characterized by the fabric crimp, 
which is a measure of the yam waviness. The crimp fraction decreases and the drapeabil- 
ity of the fabric increases as we move from plain to twill and multiharness satin weaves. 
Although woven fabrics are usually two-dimensional and have warp and fill yams normal 
to each other, it is possible to obtain fabrics with different yam orientations and three- 
dimensional weaves. In addition to woven fabrics, other possible forms of reinforcement 
include knitted, braided, and nonwoven mats. 

2.9.2 Matrices 

As mentioned in Section 1.1, the main role of the matrix, especially in the case of high- 
performance composites, is to provide protection and support for the sensitive fibers and 
local stress transfer from one fiber to another. As shown in Table 2.2, the following four 
types of matrices are used in composites: polymeric, metallic, ceramic, and carbon. The 
most extensively used matrices are polymeric, which can be thermosets or thermoplastics. 
The other matrices are considered for high-temperature applications, with increasing use 
temperature from metallic to ceramic and carbon matrices. 

Thermoset polymers are the most predominant types of matrix systems. Thermoset 
resins undergo polymerization and cross-linking during curing with the aid of a hardening 
agent and heating. They do not melt upon reheating, but they decompose thermally at high 
temperatures. The most commonly used thermosets are unsaturated polyesters, epoxies, 
polyimides, and vinylesters. Polyesters are used in large quantities with glass fiber 
reinforcement for quick-curing and room-temperature-curing systems in a variety of com- 
mercial products (automotive, boats, ships, structural components, storage tanks, and so 
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Fig. 2.12 Stress-strain curves of epoxy matrix resins of different moduli. 

on). Polyester-matrix composites have good mechanical proper- 
ties and low cost, but they are sensitive to elevated temperatures. 

The most highly developed of the thermoset polymers are 
epoxies of DGEBA type (diglycidyl ether of bisphenol A). They 
have better mechanical and thermal properties than polyesters. 
They can be formulated with a range of stiffnesses as shown 
in Fig. 2.12. Depending on the type of hardening agent, that is, 
amine or anhydride, epoxies can be cured at different tempera- 
tures, typically 120 "C (250 O F )  or 175 "C (350 O F ) .  The lower- 
temperature-curing epoxies are used in components exposed to 
low or moderate temperature variations (e.g., sporting goods). 
Those cured at a higher temperature are used in high-performance 
components exposed to high temperature and moisture variations 
(aircraft structures). 

Vinylesters, being closely related to both polyesters and 
epoxies, combine some of the desirable properties of both, fast 
and simple curing with good mechanical and thermal properties. 
Vinylester-matrix composites are preferred in corrosive indus- 
trial and marine applications. Phenolics, originally used primarily 
with short-fiber reinforcement, are lately being used in higher- 
performance applications with continuous reinforcement because 
of improved processability. They are usually reinforced with 

glass fibers, and their composites are more heat and fire resistant. 
Most thermosets are limited by their relatively low temperature resistance. Thermoset 

polyimides (PI) and bismaleimides (BMI) can be used in higher-temperature applications 
in excess of 300 "C (570 O F ) .  However, these polymers have relatively lower strength and 
are more brittle at room temperature than epoxies. Table A.3 in Appendix A lists me- 
chanical and physical properties of typical thermoset polymers. 

(C)  

~ i ~ .  2-11 photographs of fabrics: (a) 
plain-weave UD (unidirectional) glass fabric, 
(b) plain-weave glass fabric, and (c) five- 
harness satin-weave carbon fabric. 
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Thermoplastics are fully polymerized 
polymers and can be altered physically by 

- 35 softening or melting them with heat. 
Thermoplastics used as matrices for 

v) composites include polypropylene (PP), 
- 25 polyphenylene sulfide (PPS), polysulfone, 
- 20 $ poly-ether-ether-ketone (PEEK), and ther- 
- ?? moplastic polyimides. They are more 

EPOXY l5 ' compatible with hot-forming and injection- 
molding fabrication methods. Compared 

- 5  to epoxies and thermoset polyimides, 
thermoplastics can be processed more 
quickly and have much higher glass tran- 
sition and maximum use temperatures (up 
to 400 OC, 750 OF). They exhibit higher 
fracture toughness and are much less sensi- 
tive to moisture absorption. On the negative 

side, processing is not easily controlled, especially with crystalline or semicrystalline ther- 
moplastics. They exhibit appreciable temperature-dependent behavior (viscoelasticity) and 
shorter fatigue life. Polypropylene is usually reinforced with glass fibers in mass-produced 
automotive and structural applications. Polyphenylene sulfide (PPS) is resistant to chem- 
icals and fire and has reasonable mechanical properties. It is reinforced with glass or 
carbon fibers and used in some high-performance applications. Poly-ether-ether-ketone 
(PEEK) has high mechanical properties and high use temperature (see Table A.3). It is 
reinforced with glass or carbon fibers and used in some high-performance applica- 
tions. Polysulfone has similar properties and used under similar conditions as PEEK. 
Thermoplastic polyimides have the highest temperature and environment resistance of the 
thermoplastics mentioned before. They have good mechanical properties but are costly. 
Polyimide composites are used in applications similar to those of PPS and PEEK. 

Metal matrices are recommended for high-temperature applications up to approxi- 
mately 800 "C (1500 OF). Commonly used metal matrices include aluminum, magnesium, 
and titanium alloys. Their use temperature is limited by the melting point. 

Ceramic and carbon matrices are used for higher-temperature applications exceed- 
ing 1000 "C (1800 O F ) .  They include glass, glass-ceramic, ceramic, and carbon matrices. 
Glass-ceramic matrices, such as lithium aluminosilicate (LAS) and calcium aluminosili- 
cate (CAS), and ceramics such as reaction-bonded silicon nitride, are used with silicon 
carbide fibers. Carbon matrix is produced by vapor deposition of pyrolitic graphite onto a 
graphite fiber preform. The resulting composite can be used at temperatures up to 2600 "C 
(4700 OF). Stress-strain curves of three typical matrices, epoxy, aluminum, and glass- 
ceramic, are shown in Fig. 2.13. 

40 
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Fig. 2.13 Stress-strain curves of three typical matrices. 

2.10 MATERIAL FORMS-PREPREGS 

Matrix and reinforcement can be combined in the so-called prepreg form and made ready 
for fabrication of composites. A prepreg tape consists of a layer of parallel or woven fibers 
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Resin hopper preimpregnated with resin partially cured 
(advanced) to a certain degree. Prepreg 
tapes are made to meet certain specifica- 
tions, such as fiber volume ratio, ply 
thickness, and degree of partial cure (B- 
staging). The manufacturing of prepregs 
by the hot-melt impregnation system is 
illustrated in Fig. 2.14. It consists of fiber 
control, fiber collimation, resin impregna- 
tion, and tape production. Prepregs come 
in rolls of various widths with the resin- 
impregnated fibers supported on backing/ 
release paper. They are characterized by 
the resin content (usually 32-42% by 
weight), tack (self-adhesion), drapeability 
or ability to conform to shapes, shelf life, 
out time, and gel time. The prepreg must 
be kept refrigerated at approximately 
-18 "C (0 OF) until final use. 

s paper 

Composite backing Prepreg 
paper supply 

Fig. 2.14 Hot-melt system for prepreg manufacturing. 

2.11 MANUFACTURING METHODS FOR COMPOSITE MATERIALS 

The manufacturing process is one of the most important steps in the application of 
composite materials. Ideally, the manufacturing method should be selected concurrently 
with material selection and structural design in a unified and interactive process. The 
manufacturing process is governed by the matrix used. This section deals only with 
polymer-matrix composites. The fabrication technology was originally developed in a 
semiempirical fashion, driven first by military applications and later by many and various 
civilian applications. The high cost of composite materials is the single most significant 
barrier to their more extensive utilization. Most of the expense is attributed to lack of 
cost-effective fabrication methods and the necessity for postprocess inspection to ensure 
quality of the material. The properties of the finished product are closely related to the 
manufacturing method. 

The finished product must meet some general requirements. It must be free of defects 
(voids, cracks, fiber waviness), uniform in properties, fully cured (having expected 
properties, for example, stiffness, strength, fatigue endurance), and reproducible. Some 
of the specific goals of manufacturing are control of reinforcement location/orientation, 
ply thickness, fiber volume ratio, voids, residual stresses, and final dimensions. Regarding 
the process itself, the temperature must not exceed preset values, temperature distribution 
must be reasonably uniform throughout the part, and complete and uniform cure must be 
accomplished in the shortest possible time. 

A large number of fabrication methods are in use today.' They include autoclave, 
vacuum bag and compression molding, filament winding, fiber placement, injection mold- 
ing, pultrusion, and resin transfer molding (RTM). A brief description is given below of 
three of these methods. 
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Fig. 2.15 Layup assembly for auto- 
claw molding of composite lami- 
nates. 
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The autoclave molding process is used for fabrication of high-performance advanced com- 
posites for military, aerospace, transportation, marine, and infrastructure applications. The 
method has few restrictions on size and shape and yields products with good dimensional 
tolerances. It is a low-volume process and labor intensive and therefore costly. Materials 
used are typically thermoset and thermoplastic resins reinforced with glass, carbon, and 
aramid fibers and fabrics. The autoclave process uses materials in prepreg form. Prepreg 
sheets are cut to size, oriented as desired, and stacked to form a layup. A bleededbreather 
system consisting of dry glass fiber fabric or mat is used to absorb excess resin and allow 
the escape of volatiles during curing. The entire assembly of prepreg layup and auxiliary 
materials is sealed with a vacuum bag onto a tool plate (Fig. 2.15). Curing is effected by 
application of a prescribed temperature-pressure-vacuum-time cycle inside a chamber 
(autoclave). A typical curing cycle for a carbon/epoxy system is illustrated in Fig. 2.16. 
The layup is heated initially at a rate of 2-4 "C/min (3-7 "F/min) up to 110-125 "C 
(225-260 OF) under full vacuum in order to melt the resin and remove volatiles, but without 
causing excessive resin bleeding. Vacuum is maintained during a dwell period of approx- 
imately one hour at 110-125 "C (225-260 OF). At the end of this period, a pressure of 

Vacuum Pressure 
(0.7 MPa) 

-!< 
2 hours 

1 hour 

1 2 3 4 5 6 
Time (hr) 

Fig. 2.16 Typical curing cycle for carbon/epoxy composites. 
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550-690 kPa (80-100 psi) is applied, fol- 
lowed by removal of the vacuum. Then, 
the temperature is raised at 2-4 "C/min 
(3-7 "F/min) up to 175 OC (350 OF) and 
maintained at that level for approximately 
two hours. The cooldown is gradual and 
may be controlled to minimize residual 
stresses and prevent microcracking. 

2.11.2 Filament Winding 

Filament winding consists of the winding 
under tension of preimpregnated or resin- 
coated reinforcement around a rotating 
mandrel (Fig. 2.17). By its nature, the 
process is best suited to products having 
surfaces of revolution, for example, 
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Fiber 
spool Resin bath 

Rotating mandrel 

Fig. 2.17 Schematic of filament winding process. 
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Fig. 2.18 Schematic of RTM process. 

pipes, containers, pressure vessels, rocket 
motor cases, and other tubular and conical 
structures. Compaction is achieved through 
fiber tension. The process yields products with 
high specific strength and well-controlled 
fiber orientation and uniformity. Fiber strands 
may be preimpregnated with partially cured 
resin (dry winding) or wetted by passing 
them through a resin bath (wet winding). 
In planar winding, the mandrel remains 
stationery while the fiber feeding arm rotates 
about it along the longitudinal axis. In helical 
winding, the mandrel rotates while the fiber 
feed carriage shuttles back and forth at a 
controlled speed to generate the desired 
helical angle. The method can also be applied 

to products not having surfaces of revolution. 
Helicopter rotor blades are made by a combination 
of filament winding (off-axis plies) and tape layup 
(longitudinal plies). Hat parts can be made by tape 
winding (dry winding). The wound mandrels may be 
cured in an oven or autoclave under a prescribed 
curing cycle. 

2.11.3 Resin Transfer Molding 

The resin transfer molding (RTM) process is 
suitable for high-volume production of complex or 
thick composite parts. It is a cost-effective process 
requiring low hardware and maintenance costs. The 
RTM process is used to produce military, aerospace, 
transportation, marine, and infrastructure products. 
Reinforcements used are glass, carbon and Kevlar 
fibers, fabrics, mats, and textiles; resins used include 
epoxies, unsaturated polyesters, and vinylesters. 

The process consists of material selection (resin 
and reinforcement or preform), mold design, mold 
filling, curing, and controls. The dry fiber reinforce- 
ment assembly, or preform, forming the “skeleton” 
of the structure is prepared in the shape of the final 
part and placed into the mold (Fig. 2.18). The mold, 
or tool, is designed to provide for resin injection, 

venting, and optimized resin flow. During the injection stage, the resin, hardener, and 
accelerator (when applicable) are metered, mixed, heated, and injected at a specified pres- 
sure and/or flow rate through one or more gates into the closed mold. After completion of 
mold filling, the prescribed time-temperature curing cycle is applied until complete cure. 
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Fig. 2.19 RTM processing parameters. 

The part is then removed from the mold and is evaluated nondestructively. The various 
relevant parameters at different stages of the RTM process are shown in Fig. 2.19.' 

The process starts with product design, which takes into consideration design require- 
ments, stress analysis, and materials selection. The selected materials are characterized by 
determining the preform permeability, resin viscosity as a function of temperature and 
degree of cure, and resin cure kinetics. 

The mold is designed by selecting the location of injection gates, vents and vacuum 
ports, and heating and cooling lines. Process parameters, such as temperature, pressure, 
resin viscosity, and degree of cure can be monitored by in-mold sensors. Based on the 
material properties, that is, preform permeability, resin viscosity, and cure kinetics, a 
flow/cure model can be employed to predict the flow of the resin up to complete mold 

This type of modeling helps in determining the desired injection pressure and 
flow rate, injection resin temperature, and gate/vent opening sequence for optimum mold 
filling. Model predictions are checked with online monitoring sensors, which can also be 
used for control purposes. The cure cycle can be optimized, based on the kinetic model for 
the resin, for the purpose of achieving uniform and fast curing and minimizing residual 
stresses and dimensional distortions." The cure progress can be monitored by temperature, 
degree of cure, and strain sensors, which can also be used for control purposes. 

A state-of-the-art RTM system is shown in Fig. 2.20. It is capable of independent 
control of resin metering, mixing, heating, and injection. The system uses low-pressure 
syringe pumps and a holding tank for more effective mixing and degassing. Replaceable 
plastic tubing simplifies building, maintenance, and resin switchover. All functions of the 
system are computer controlled with a graphical user interface including supervisory con- 
trol and data acquisition. 

A variation of the RTM process is the vacuum-assisted resin transfer molding 
(VARTM). The preform is laid over an open mold surface, covered by a peel ply and/or a 
resin distribution fabric. The stack is covered with a vacuum bag sealed to the mold 
periphery. The resin is injected at one point while drawing vacuum at another point. The 
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Fig. 2.20 RTM system. (Center for 
Intelligent Processing of Composites, 
Northwestern University.) 

resin flow through the preform (and resin distribution blanket) is assisted by the vacuum. 
The VARTM process requires less expensive tooling and is suitable for fabrication of large 
components. However, only one side of the composite has a mold finish. The resins used 
must have very low viscosity, thus compromising on mechanical properties. 

2.12 PROPERTIES OF TYPICAL COMPOSITE MATERIALS 

Composite materials incorporating the various constituents discussed before display a 
wide range of characteristics. As mentioned before, the quality of performance of com- 
posite materials can be ranked on the basis of specific strength and specific modulus. A 
comparative representation of the performance of typical structural composites from 
the point of view of these properties is shown in Fig. 2.21. The range shown for the 
composites corresponds to the variation between quasi-isotropic and unidirectional lami- 
nates. As can be seen in the figure, most composites have higher specific modulus and 
specific strength than metals. Among the various composites, carbon/epoxy in its uni- 
directional form seems to provide the best combination of high specific modulus and 
strength. 

The behavior of unidirectional composites in the fiber direction, especially the 
stiffness, is usually dominated by the fiber properties. Stress-strain curves of typical uni- 
directional composites in the fiber direction are shown in Fig. 2.22 and compared with that 
of aluminum. Some general trends can be observed. As the stiffness increases, the ultimate 
strain decreases. For a certain group of materials (identified as materials 4, 5, 6, and 7 in 
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Fig. 2.21 Performance map of structural composites. 
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Fig. 2.22 Stress-strain curves of typical uni- 
directional composites in the fiber direction. 

the figure) the increase in stiffness is accompanied by a drastic decrease in strength and 
ultimate strain. The behavior of unidirectional composites in the transverse to the fiber 
direction, especially the strength, is dominated by the matrix and interfacial properties. 
Stress-strain curves of typical unidirectional composites in the transverse to the fiber direc- 
tion are shown in Fig. 2.23. All of these materials exhibit quasi-linear behavior with rela- 
tively low ultimate strains and strengths. In particular, the four polymer-matrix composites 
depicted in this figure show almost the same transverse strength. 
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Fig. 2.23 Stress-strain curves of typical unidirectional composites in 
the transverse to the fiber direction. 

A more comprehensive list of properties 
of typical composite materials is given in 
Tables A.4-A.7 in Appendix A. The com- 
posite properties listed are at ambient tem- 
perature (24 “C; 75 OF) and dry conditions. 
The values listed are typical for the material 
systems but can vary from batch to batch 
of the same material. They can be used for 
instructional and preliminary design pur- 
poses. For a final design of a component, it 
is recommended that the designer obtain by 
direct testing more exact properties for the 
particular batch of material used. Table A.8 
shows for comparison corresponding prop- 
erties of three structural metals, aluminum, 
steel, and titanium. 

REFERENCES 

1. E. Fitzer, Carbon Fibres and Their Composites, Springer-Verlag, Berlin, 1985. 
2. A. R. Bunsell, Ed., Fiber Reinforcements for Composite Materials, Elsevier, Amsterdam, 1988. 
3. K. K. Chawla, Ceramic Matrix Composites, Chapman and Hall, London, 1993. 
4. J. C. Watson and N. Raghupati, “Glass Fibers,” in Engineered Materials Handbook, Volume 1, 

5. R. J. Diefendorf, “Carbon/Graphite Fibers,” in Engineered Materials Handbook, Volume I ,  

6. J. W. S. Hearle, P. Grossberg, S. Backer, Structural Mechanics of Fibers, Yarns and Fabrics, 

7 .  B. T. Astrom, Manufacturing of Polymer Composites, Chapman and Hall, London, 1997. 
8. J. M. Fildes and I. M. Daniel, “Intelligent RTM Processing of Composites,” Proc. of SAMPE 

’99, Long Beach, CA, 1999. 
9. I. M. Daniel, M. K. Um, B. W. Childs, and D. H. Kim, “Permeability and Resin Flow 

Measurements and Simulations in Composite Preforms,” Proc. of 45th International SAMPE 
Symposium, May 21-25,2000, pp. 761-775. 

10. M. K. Um and I. M. Daniel, “A New Kinetic Model for Degree of Cure and Viscosity in Liquid 
Molding Applications,” Proc. of 45th International SAMPE Symposium, May 21-25, 2000, 

11. Y. K. Kim and I. M. Daniel, “Cure Cycle Effect on Composite Structures Manufactured by 

Composites, ASM International, Metals Park, OH, 1987, pp. 107-11 1. 

Composites, ASM International, Metals Park, OH, 1987, pp. 49-53. 

Wiley-Interscience, New York, 1969. 

pp. 1598-1610. 

Resin Transfer Molding,” J. Composite Materials, Vol. 36,2002, pp. 1725-1743. 





3 Elastic Behavior of Composite 
Lamina-Micromechanics 

3.1 SCOPE AND APPROACHES 

As mentioned before, composite materials can be viewed and analyzed on different scales. 
On the micromechanical scale cognizance is taken of the local states of deformation and 
stress of the constituents (reinforcement and matrix) and their interaction. Such local states 
of stress may be complex, as illustrated by the photoelastic fringe pattern in Fig. 2.7. 
The behavior of a composite lamina, which forms the basic building block of composite 
laminates and structures, is a function of the constituent properties and geometric charac- 
teristics, such as fiber volume ratio and geometric parameters. 

Typical transverse cross sections of unidirectional composites are shown in Fig. 3.1. 
It is shown that composites with low fiber volume ratio tend to have a random fiber distri- 
bution, whereas fibers in composites with high fiber volume ratio tend to nest in nearly 
hexagonal packing. One objective of micromechanics is to obtain functional relationships 
for average elastic properties of the composite, such as stiffness, in the form 

where 

C* = average composite stiffness 

C,, C ,  = fiber and matrix stiffnesses, respectively 

= fiber volume ratio 

S, A = geometric parameters describing the shape 
and array of the reinforcement, respectively 

A variety of methods have been used to predict properties of composite materials.'V2 
The approaches used fall into the following general categories: 

43 
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Fig. 3.1 Photomicrographs of typical transverse cross sections of unidirectional composites: (a) silicon carbide/ 
glass-ceramic (SiC/CAS), average fiber diameter 15 pm, fiber volume ratio V,= 0.40 and (b) carbon/epoxy (AS4/3501- 
6), fiber diameter 8 pm, fiber volume ratio V, = 0.70. 

1 .  mechanics of materials 
2. numerical 
3. self-consistent field 
4. bounding (variational approach) 
5. semiempirical 
6. experimental 

The mechanics of materials approach is based on simplifying assumptions of either 
uniform strain or uniform stress in the  constituent^.^ The mechanics of materials predic- 
tions are adequate for longitudinal properties such as Young’s modulus El and major 
Poisson’s ratio v,, of a unidirectional continuous-fiber composite. These properties are not 
sensitive to fiber shape and distribution. On the other hand, the mechanics of materials 
approach underestimates the transverse and shear properties, that is, transverse modulus E,  
and shear modulus GI, of such unidirectional materials. 

Numerical approaches using finite difference, finite element, periodic cell, or bound- 
ary element methods yield the best predictions; however, they are time consuming and do 
not yield closed-form expressions. Results are usually presented in the form of families 
of  curve^.^'^ In the periodic cell model described by Aboudi, a two-phase characteristic 
volume element is analyzed, consisting of a fiber cell and surrounding matrix cells.6 
The model satisfies equilibrium and continuity conditions between cells and neighboring 
volume elements. The model is capable of predicting the overall behavior of a composite 
material with elastic or nonelastic constituents. 

In the self-consistent field approach, a simplified composite model is considered, 
consisting of a typical fiber surrounded by a cylindrical matrix phase (Fig. 3.2). This 
composite element is considered embedded in a larger (infinite), homogeneous medium 
whose properties are identical to the average properties of the composite material. 
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,---. Classical elasticity theory has been used to obtain 
closed-form solutions for the various elastic con- 
stants of the composite.7s8 This approach, because 
of the gross geometric simplifications involved, 
neglects interaction effects between fibers and as 
a result tends to underestimate composite proper- 

Variational methods based on energy prin- 
ciples have been developed to establish bounds 
on effective proper tie^.'.'^ The bounds are close 
to each other in the case of longitudinal properties 
( E l ,  v,,), but they can be far apart in the case of 
transverse and shear properties (E,, GI,). 

Semiempirical relationships have been 
developed to circumvent the difficulties with 
the theoretical approaches above and to facilitate 
computation.'' The so-called Hulpin-Tsui relution- 
ships have a consistent form for all properties and 
represent an attempt at judicious interpolation 
between the series and parallel models used in 
the mechanics of materials approach or between 
the upper and lower bounds of the variational 
approach. This is expressed in terms of a param- 

eter t, which is a measure of the reinforcing efficiency (or load transfer) and can be 
determined with the aid of experiment. 

The micromechanics of load transfer and the correlation between constituent proper- 
ties and average composite properties must be ultimately verified experimentally. 
Photoelastic models have proven useful in illustrating stress transfer and determining local 
stress distributions and stress concentrations for composites of various constituents and 
various geometric parameters." 
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Fiq. 3.2 Self-consistent field model. 

3.2 MICROMECHANICS METHODS 

The objective of these methods is to characterize the elastic response of a representative 
volume element of the lamina as a function of the material and geometric properties of the 
constituents. Specifically, it is required to determine average properties that characterize 
the response of the representative volume element under simple loadings, such as longi- 
tudinal, transverse, in-plane shear, and transverse shear. The relevant engineering elastic 
properties are 

Young's moduli: E l ,  E,, E,  

Shear moduli: G,,, G23, GI3 

Poisson's ratios: v12, v,,, v,, 



46 3 ELASTIC BEHAVIOR OF COMPOSITE LAMINA-MICROMECHANICS 

3.2.1 Mechanics of Materials Methods 

In the mechanics of materials approach, the composite can be described either by a paral- 
lel (Voigt) model or a series (Reuss) model. In the former it is assumed that the reinforce- 
ment and matrix are under equal uniform strain. This leads to the following expression for 
the stiffness: 

c *  = yc, + v,c, (3.2) 

where 

C*, C,, C, = composite, fiber, and matrix stiffnesses, respectively 

In the series model it is assumed that the phases are under equal and uniform stress. 
The resulting expression for the compliance is of the form 

s* = ys, + v,s, (3.3) 

where 

S*, S,, S, = composite, fiber, and matrix compliances, respectively 

Assuming the compliance to be the inverse of the stiffness, S* = l/C*, Eq. (3.3) gives 
the following relation for the stiffness: 

1 C* = 
y/c, + KIC, 

(3.4) 

In reality the state of stress or strain in the composite is not uniform and the relations 
above represent limits bounding the true value of the stiffness, 

I c *  I qc,+ V,C, 
1 

y/c, + K/C, 

3.2.2 Bounding Methods 

(3.5) 

The bounding methods aimed at improving (narrowing) the above primitive bounds are 
based on energy principles. The actual stored energy in a representative volume of the 
material is 

or, in terms of the strain field, 
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U(E) = - (CijEj)EidV : jV 
and in terms of the stress field, 

U(0) = - 0,(Sjjoj)dV 1 

(3.7) 

(3.8) 

(Here, a contracted notation, to be discussed later (Eqs. (4.5)-(4.7) in Section 4.1.1), has 
been used for the stress, strain, stiffness, and compliance tensors.) 

Bounds for the stiffness or the compliance are obtained by using the following energy 
theorems. 
Theorem of Least Work (Complementary Energy) 
For any state of stress that satisfies prescribed traction boundary conditions and equilib- 
rium throughout the body, but not necessarily compatibility, the stored elastic energy is 
greater than or equal to the actual energy 

u I U(0) (3.9) 

or 

lvo;(SfOj)d" I 0;(S;oj)dV 1 (3.10) 

where S$ is the actual compliance and S; is the compliance obtained by assuming a state 
of stress. Then, 

S$ I s; (3.11) 

or 

c; 2 C" (3.12) 

This result indicates that the stiffness obtained by assuming a state of stress (e.g., series 
model) is a lower bound. 

Theorem of Minimum Potential Energy 
For any state of strain that satisfies prescribed displacement boundary conditions and strain 
compatibility, but not necessarily equilibrium, the stored elastic energy is greater than or 
equal to the actual energy: 

u I U(E) (3.13) 

or 

(3.14) 
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where Cis is the actual stiffness and Ci is the stiffness obtained by assuming a state of 
strain. Then, 

c; I c; (3.15) 

This result indicates that the stiffness obtained by assuming a state of strain (e.g., parallel 
model) is an upper bound. Combining Eqs. (3.12) and (3.15) we obtain 

c; I c; I c; (3.16) 

Specific values for the bounds are obtained by assuming trial stress and strain fields. 
Simple forms of stress or strain fields lead to primitive bounds (too far apart). More real- 
istic fields lead to tighter bounds. 

3.2.3 Semiempirical Methods 

Semiempirical methods, exemplified by the Halpin-Tsai relations, represent an attempt 
to make a judicious interpolation between the upper and lower bounds. The general com- 
posite property P* is obtained as 

where 

6 = estimated parameter or “reinforcing efficiency” 

Pf, Pm = fiber and matrix properties, respectively 

The relations above can be written as 

For 5 + w we obtain the parallel (Voigt) model 

P* = bPf + VmPm 

For 5 = 0 we obtain the series (Reuss) model 

(3.17) 

(3.18) 

(3.19) 

(3.20) 
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The appropriate value of parameter 5 can be determined by experiment. For an experi- 
mental value of a composite property P* for a given fiber volume ratio V,, the parameter 5 
is given by 
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3.3 GEOMETRIC ASPECTS AND ELASTIC SYMMETRY 

(3.21) 

Most micromechanical analyses deal with the simplest type of composite, one consisting 
of continuous parallel fibers in a matrix. The properties of the unidirectional lamina, as 
discussed previously, depend not only on the fiber volume ratio, but also on the packing 
geometry of the fibers. The three idealized packing geometries, rectangular, square, and 
hexagonal, are illustrated in Fig. 3.3. The fiber volume ratios for the three fiber packing 
geometries are related to the fiber radius and fiber spacing as follows: 

(rectangular packing) 

(square packing) (3.22) 

2 x: 
V, = - ( L, (hexagonal packing) 

2& R 

The maximum values of the fiber volume ratios for the three cases above are 0.785,0.785, 
and 0.907, respectively. Laminae with rectangular, square, and hexagonal fiber packing are 
characterized by nine, six, and five independent elastic constants, respectively (Fig. 3.3). 

3.4 LONG ITU D I N AL ELASTIC PROPERTI ES-CON TI N UOUS FI B ERS 

Longitudinal properties associated with loading in the fiber direction are dominated by 
the fibers that are usually stronger, stiffer, and have a lower ultimate strain (Fig. 3.4). 
Assuming a perfect bond between matrix and fibers, longitudinal strains are uniform 
throughout and equal for the matrix and fibers. This leads to the so-called rule of mixtures, 
or parallel model, for the longitudinal modulus: 

E ,  = + V,E, (3.23) 

where E,f and En, are longitudinal fiber and matrix moduli, respectively, and V, and V, are 
the fiber and matrix volume ratios, respectively. In the relation above it is assumed that the 
fiber can be anisotropic with different properties in the axial and transverse (radial) direc- 
tions and that the matrix is isotropic. 
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Fig. 3.3 Idealized fiber packing geometries and elastic symmetry. 

Fig. 3.4 Unidirectional con- 
tinuous fiber composite under 
longitudinal tension. 

The same assumptions lead to a similar relation for the major (longitudinal) Poisson's 
ratio: 

where vIzf is the longitudinal Poisson's ratio of the fiber and vm is Poisson's ratio of the 
matrix. In the case of isotropic fibers (e.g., glass fibers), Elf and vIzf in the above equations 
are replaced by Ef and y, respectively. 
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The self-consistent field method in this case (Fig. 3.2) uses strain-displacement and 
constitutive relations, continuity conditions at the fibedmatrix interface, and regularity 
conditions at the center of the fiber. The solution of the elasticity problem yields more 
refined expressions for the longitudinal modulus and Poisson’s ratio: 

(3.25) 

(3.26) 

where Kf and Km are the plane strain bulk moduli of the fiber and matrix, respectively. The 
plane strain bulk modulus for an isotropic material of modulus E and Poisson’s ratio v is 

E - E +-- G E 
3 3(1 - 2 ~ )  6(1 + V )  2(1 + v ) ( l  - 2 ~ )  

K(e, = K + - = (3.27) 

The last terms in Eqs. (3.25) and (3.26) are not significant for most composites; there- 
fore, the rule of mixtures relations in Eqs. (3.23) and (3.24) are very good approximations. 

The variational approach described by Hashin gives the following improved bounds 
for the longitudinal modulus:’ 

(3.28) 

In this case the lower bound is identical to the solution of the self-consistent field 
method, Eq. (3.25). The upper bound is obtained from the lower one by interchanging the 
“fiber” and “matrix” designations in the expression for the lower bound. 

The semiempirical approach using the Halpin-Tsai relation, Eq. (3.17), yields exactly 
the rule of mixtures predictions of Eqs. (3.23) and (3.24) when the parameter 6 + 00. 

In the case of longitudinal properties, predictions by all methods are very close to each 
other and in very good agreement with experimental results. 

3.5 TRANSVERSE ELASTIC PROPERTIES-CONTINUOUS FIBERS 

In the case of transverse normal loading, the state of stress in the matrix surrounding 
the fibers is very nonuniform and is influenced by the interaction with neighboring fibers, 
as illustrated in the photoelastic fringe pattern of Fig. 2.7. The transverse modulus is a 
matrix-dominated property and sensitive to the local state of stress. Approaches based on 
assumptions of simplified stress states do not yield accurate results. 

In the mechanics of materials approach, the unidirectional lamina can be idealized as 
a plate consisting of rectangular cross section fiber and matrix strips in series (Fig. 3.5). 
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0 2  0 2  0 2  Thus, it is assumed that both matrix and 
fibers are under equal and uniform stress. 
This leads to the following relation for the 
transverse modulus: 

or 

(3.30) E2fEm 
vr Em + Vm E2f 

0 2  0 2  0 2  E2 = 
Fig. 3.5 Mechanics of materials idealization of transversely loaded 
unidirectional composite. where E ,  is the transverse modulus of the 

fiber. The matrix modulus Em in Eqs. (3.29) 
and (3.30) is usually replaced by 0 2  

0 2  

(3.31) 

where v, is Poisson's ratio of the matrix. 
This accounts for the constraint imposed on 
the matrix by the fibers in the fiber direction. 
Thus, Eq. (3.30) is modified as follows: 

V w  

0 2  

(3.32) E2f E:, 
Vf E:, + Vm&f 

0 2  Representative volume element E2 = 

Fig. 3.6 Geometric idealization for combined series and parallel 
model (combination model). The mechanics of materials prediction above 

tends to underestimate the transverse modulus. 
A refinement of the above approach was proposed by Shaffer in the form of a com- 

bined series and parallel model.3 The transverse cross-sectional slice of the material is 
assumed to consist of columns of matrix and fiber elements in series acting in parallel with 
columns of pure matrix between them (Fig. 3.6). The resulting modulus for the composite 
is obtained as 

where E,, is the modulus of the series portion of the element given by 

and 

Vmp = overall volume ratio of parallel matrix columns 

V,, Vms = fiber and matrix volume ratios of series portion, respectively 

(3.33) 

(3.34) 
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The Halpin-Tsai semiempirical relation for the transverse modulus is" 

where 

(3.35) 

(3.36) 

The parameter 5 can be treated as a curve-fitting parameter and can be obtained from 
an experimental value of E,. Experimental results fall within a band of 1 < 5 < 2. Usually, 
it is assumed that 5 = 1 for hexagonal arrays (glass and carbon composites with high fiber 
volume ratios) and 5 = 2 for square arrays (boron composite). For 5 = 1 the above equa- 
tions yield 

(3.37) 

In the case of isotropic fibers, E ,  is replaced by Ep The variation of transverse modulus as 
a function of fiber volume ratio for several composite materials obtained by the Halpin- 
Tsai relation is shown in Fig. 3.7. Similar results have been obtained by Adams and Doner 
using numerical  method^.^ 

The self-consistent field model yields a complex expression for the transverse com- 
posite modulus in terms of the bulk and transverse shear moduli,' 

Material rn = €,/Em 

Boronlepoxy 120 r = l 2 O  
E-glass/epoxy 20 
Boron/aluminum 6 

5 
0 .s - 
u) Kevlar/epoxy 

. SiClCAS 

Carbonlepoxy 4.3 m = 20 

m = 6  
m = 5  
m = 4.3 

2 -  m = 2  
m = 1.85 

- 
4 -  2 .  

(3.38) 

Fig. 3.7 Transverse modulus of unidirectional com- 
posites as a function of fiber volume ratio (Halpin- 
Tsai equations"). 

0 4  I I I I 

0 0.2 0.4 0.6 0.8 1 .o 
Fiber volume ratio, V, 
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where 

(3.39) 

and 

The transverse plane strain bulk modulus, K2, is obtained from the relationship 

6 = 2K2E 

where 

6 = +(O, + 03) = p  

E = +(E2 + E 3 )  

when the material is under a loading of o2 = (3, = p and an axial stress 6, resulting in 

The transverse Poisson’s ratio, ~ 2 3 ,  is also related to the other moduli and longitudinal 
El = 0. 

(major) Poisson’s ratio as follows: 

E2 

El 
E2 

v2, = 1 - - - 2v2 - 
2K2 

12 (3.41) 

0 2  
For a transversely isotropic material (with 2-3 as 
the plane of isotropy), it has been proven that 
the transverse shear modulus is related to the 
transverse Young’s modulus and Poisson’s ratio 
by the familiar isotropic relation’ 

i l l 4 l l l i + + 4  
Em 3 02 

E m  

(3.42) &, g 02 E2 Matrix 
G23 = 

2(1 + v23) 
E m  

Et 
Fiber E, I 2  < Em 

The energy principles used in the bounding 
method can be clearly illustrated in the case of 
the transverse modulus. Figure 3.8 shows a 
representative unit volume element containing 
a fiber subelement embedded in the matrix. If a 
uniform state of stress is assumed throughout 
(satisfying equilibrium and traction boundary 
conditions) it is seen that, by considering the 
free body diagrams in Fig. 3.8, the deformation 

Em g 02 
E m  

t t t t t t t t t t t  
0 2  

Fig. 3.8 Loading and deformation of representative unit volume 
element of composite under uniform stress (compatibility not 
satisfied). 
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Matrix 

Fiber 

of the middle block containing the fiber does not satisfy compatibility, that is, after 
deformation, the three slices do not fit together. The associated strain energy is 

(3.43) 

which should be greater than or equal to the strain energy U of a corresponding homo- 
geneous unit volume element of modulus E,, 

Therefore, 

0: 5 3[!i + 3 
2E, 2 Ef 

or 

(3.44) 

The above lower bound is identical to the mechanics of materials prediction, Eq. (3.30). 
An upper bound is found by assuming a uniform state of strain throughout (Fig. 3.9). 

In order to maintain the state of constant uniform strain, different stresses must be 
applied to the matrix and fiber elements of the middle block. The stresses at the inter- 

om I Emc2 

Fig. 3.9 Deformation and loading of representative unit volume ele- 
ment of composite under uniform strain (equilibrium not satisfied). 

faces between the fiber element and the top 
and bottom blocks are of z Ef Q, and the stresses 
on all other matrix elements are om z Em&. 
Therefore, the top and bottom blocks are not 
in equilibrium. The associated strain energy 

U E  = -  

E2 

2 

(3.45) 
2 v  ' I  

= ' ( E f v f  + EmVm) 

is greater than or equal to the strain energy U 
of an equivalent homogeneous unit volume 
element of modulus E,, 
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30 I 1 Therefore, 

(I) $!? E2 I EfVf + EmVm (3.46) 

The above upper bound is identical to the par- 2 
+ allel model prediction of the longitudinal mod- 

ulus El, Eq. (3.23). The bounds obtained above 
0.2 0.4 0.6 0.8 1 by assuming oversimplified states of stress or 

strain are “primitive” bounds and may be far 
apart. These bounds can be improved (nar- 

stress or strain based on elastic stress analysis. 
rowed) by assuming realistic states of 

Improved bounds obtained by Hashin are 
in very good agreement with experimental 
results, with the upper bound being a closer fit, 
as shown in Fig. 3.10.13 The experimental 

results in this figure were obtained by Tsai.14 For comparison, results from the Halpin-Tsai 
predictions for 6 = 1 and 6 = 2 are plotted in the same figure and shown to bracket the 
experimental results. The prediction for 5 = 0, which corresponds to the series model of 
the mechanics of materials approach, falls far below the experimental data. 

(I) > ’ 
0 

Fiber volume ratio, V, 

Fig. 3.10 Comparison of predicted and experimental results for 
transverse modulus of unidirectional glass/epoxy composite. 
(Predictions are based on Hashin’s” improved upper and lower 
bounds and Halpin-Tsai relation for given values of 5; experimental 
results were obtained by Tsai.I4) 

0 
0 

3.6 IN-PLANE SHEAR MODULUS 

The behavior of a unidirectional composite under in-plane (longitudinal) shear loading is 
also dominated by the matrix properties and the local stress distributions. In the mechanics 
of materials approach, the response of a unidirectional composite layer under shear parallel 
to the fibers can be idealized as that of a series model consisting of alternating matrix and 
fiber layers under constant shear stress, T,,, (Fig. 3.11). Each matrix and fiber element is 

subjected to the same shear stress, but their - 712 712 shear deformations, ym and yIzf, are different. 
The average shear deformation of the rep- 
resentative volume element is the volume 
average of the individual shear strains: 

ym 

1’12 = ~ l ~ f v f  + YmVm (3.47) 

or 

7,, = -vf 712 +-vm 712 

I 
712 

Fig. 3.11 Unidirectional composite element under in-plane shear. GIZ Gl2f G m  



This leads to the series model relation 

or 

(3.48) 

(3.49) 

where GI, and G, are the shear moduli of the fiber and matrix, respectively. In the case 
of isotropic fibers, GI, is replaced with GI. As in the case of transverse modulus, this 
approach tends to underestimate the in-plane shear modulus. 

The Halpin-Tsai semiempirical relation in this case is 

(3.50) 

where 

Best agreement with experimental results has been found for 5 = 1, when the relation 
in Eq. (3.50) becomes 

The self-consistent field model gives the following relation for the shear modulus: 

(1 + Vf)GIZf + VmGm 
VmGl2f + (1 + V,)Gm 

GI2 = Gm 

And the bounding method gives the following improved bounds:’ 

(3.52) 

The upper bound is obtained from the lower one by interchanging matrix and fiber 
designations. 

It is noteworthy that the predictions of GI, by the Halpin-Tsai relation for 5 = 1, the 
self-consistent field method, and the lower bound above are identical. Despite this agree- 
ment, all predictions of GI, tend to underestimate the experimentally measured values. 
Figure 3.12 shows the variation of the in-plane shear modulus with fiber volume ratio for 
several composite materials obtained by numerical analysis by Adams and Doner.’ 
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I T  

Material m = G12,/Gm 
l 2  Boronlepoxy 130 

E-glasslepoxy 23 
$ 10 - Carbonlepoxy 22 
N .  Kevlarlepoxy 16 

(3 

F 
8 - Boronlaluminum 6.4 

S i Clal u mi n u m 5.5 .- c 
V) 6 - SiClCAS 3 
3 
U 
- 

r” 4 -  

2 -  

0 1  

Fig. 3.12 In-plane shear modulus of unidirectional 
composites as a function of fiber volume ratio. 
(From Adams and Doner.’) 

0 0.2 0.4 0.6 0.8 1 .o 
Fiber volume ratio, V, 

3.7 LONGITUDINAL PROPERTIES-DISCONTINUOUS (SHORT) FIBERS 

3.7.1 Elastic Stress Transfer Model-Shear Lag Analysis   COX'^) 

The easiest case to analyze is that of short aligned fibers of equal length (Fig. 3.13). One 
classical approach is the elastic stress transfer model developed by Cox.” It is assumed 
that fibers and matrix behave elastically and that the interface transfers stress from the fiber 
to the matrix without yielding or slippage. 

E~ = Average composite strain 

___ _ _ _ _ _ _ _ _ _ _ _ _ _  - .  [:IL: __._~_____.___ r - - - - - - - - -  E g u : l m  
f u’ 

-_  ________..___ 

h m  
2r 

Fig. 3.13 Composite with short aligned fibers 
under uniform longitudinal loading and displace- 
ment variation on cross section of characteristic 
volume element. 

Figure 3.13 shows a composite with short aligned fibers under 
uniform stress 0, producing an average strain E ~ .  Figure 3.14 
shows a representative cylindrical volume element of radius r, 
before and after deformation. The radius r, is related to the fiber 
radius and the fiber volume ratio as follows: 

nr 
nr 

y = -  

or 

r 
(3.54) 

ro= E 
It is assumed that the strain at the outer surface of the cylindrical 
volume element is equal to the average composite strain E,. The 
shear lag analysis described by Cox leads to the following solu- 
tion for the axial stress in the fiber: 

cosh px cosh (nxlr) 
cosh (ns) 
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Matrix 

Fiber 1 
r~ I 

A b: 
I 

Before deformation 

4- + 
4- -P 
4- -P 
4- 
4- 
4- -P 
4- -P 
4- -P 

z 61, El  

After deformation 

Fig. 3.14 Representative volume element before and 
after deformation. 

‘ t  
4- -P 
4- -P 
4- -P + 4- 
4- 
4- -P 
4- -P 
4- -P 

+ 6 1 ,  El 

Fig. 3.15 Representative volume element after de- 
formation and distributions of interfacial shear and 
axial fiber stresses. 

where 

(fiber aspect ratio) 
1 1  

2r d 
s = - = -  

r, d = fiber radius and diameter, respectively 

The interfacial shear stress is 

(3.56) 
sinh px - nE, E, sinh (nxlr) 

2 If Icosh(pl/2) 2 cosh(ns) 
T ~ = - E  Pr E - 

The distribution of these stresses along the fiber is illustrated 
in Fig. 3.15. 

The average stress in the composite volume element is 
obtained by a rule of mixtures of the average fiber and matrix 
stresses, elf and em, as 

o1 = 66, + vmam 

from which we obtain the following expression for the lon- 
gitudinal composite modulus: 

where 

(3.59) 
tanh(pU2) - tanh (ns) 

p1/2 ns 
q / =  1 -  -1-- 

The term ql is a “length correction” factor for the rule of mixtures. For very stiff fibers com- 
pared to the matrix, Elf  + Em, and sufficiently high V,, the above expression leads to the relation 

E,(short fibers) 
E,(continuous fibers) rlr = (3.60) 

As ns increases, tanh(ns) and ql approach unity, that is, as the aspect ratio s = 1/2r 
increases, the behavior of the discontinuous-fiber composite approaches that of a continuous- 
fiber composite. 



3.7.2 Semiempirical Relation (Halpint6) 

The longitudinal modulus of a short-fiber composite can also be estimated by a semi- 
empirical approach using the Halpin-Tsai relation. By setting the parameter 5 as 

we obtain from Eq. (3.18) 

or 

(3.61) 

As the fiber aspect ratio increases (s + m), the material becomes a continuous-fiber 
composite, and the above equation reduces to the parallel model prediction of Eq. (3.23). 

As the fibers get shorter (i.e., as s + 0), Eq. (3.60) is reduced to the series model 
prediction of Eq. (3.30). This would be the predicted modulus of a composite reinforced with 
thin parallel platelets in the direction normal to the platelets, for example, the transverse 
modulus of a polymer/clay nanocomposite with exfoliated and parallel clay platelets. 
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3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

3.8 

3.9 

Derive the expressions in Eqs. (3.22) for fiber 
volume ratio and determine its maximum value in 
each case. 
Plot clear fiber spacing, s/r, versus fiber volume 
ratio for the square and hexagonal packings. 
The fibers of a carbon/epoxy composite are 8 pm in 
diameter and are coated with a 1 pm thick epoxy 
coating. Determine the maximum fiber volume 
ratio, y ,  that can be achieved by bonding them with 
a similar epoxy matrix. 
Arrange carbon fibers with half as many glass fibers 
in the closest possible packing in an epoxy matrix 
and determine the maximum longitudinal modulus 
El  that can be achieved if Elf  (glass) = 72.5 GPa, 
E ,  (carbon) = 235 GPa, Em = 3.45 GPa, d, (glass) = 
13 pm, and d, (carbon) = 8 pm. 
In the general Halpin-Tsai expression for composite 
properties, prove that the value of parameter 6 = 0 
corresponds to the series model and 6 + 00 corre- 
sponds to the parallel model. 
In the general Halpin-Tsai expression, find the 
limiting values of parameter q and corresponding 
composite properties for the cases of rigid inclu- 
sions (fibers), homogeneous material (fibers of the 
same material as the matrix), and voids (or totally 
debonded fibers). 
Derive the relations in Eqs. (3.23) and (3.24). 
Derive the relation in Eq. (3.29). 
Derive the expression for the transverse modulus E, 
using the combination model for a unidirectional 
composite with square array, in terms of constituent 
properties Em, E,,, and V,. 

3.1 0 

3.11 

3.12 

3.13 

3.14 

Derive the expression for the transverse modulus E, 
using the combination model for a unidirectional 
composite with hexagonal array, in terms of con- 
stituent properties Em, EZf, and V,. 
Determine the transverse modulus E, of a unidirec- 
tional carbon/epoxy composite with the properties 

E, = 14.8 GPa (2.15 Msi) 
Em = 3.45 GPa (0.5 Msi) 
V, = 0.36 
V, = 0.65 

using the mechanics of materials approach and the 
Halpin-Tsai relationship with 5 = 1. 
Determine the transverse modulus E, of a unidirec- 
tional silicon carbide/aluminum (SiC/Al) composite 
with properties 

E, = 366 GPa (53 Msi) 
Em = 69 GPa (10 Msi) 
V, = 0.33 
V,= 0.40 

using the mechanics of materials approach and the 
Halpin-Tsai relationship with 5 = 2. 
Plot curves of EJE, versus Vf for a unidirectional 
carbon/epoxy material with the constituent properties 

E,= 14.8 GPa (2.15 Msi) 
Em = 3.45 GPa (0.5 Msi) 
V, = 0.36 

using 
(a) the mechanics of materials approach, Eq. (3.32), 

(b) the Halpin-Tsai relation, Eq. (3.37), with 6 = 1 
The measured transverse modulus E, of a unidi- 
rectional carbon/epoxy composite is E, = 10.3 GPa 

and 
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3.15 

3.16 

3.17 

3.1 8 

3.19 

3.20 

3.21 

(1.49 Msi). Given that Em = 3.45 GPa (0.5 Msi) and 
V, = 0.65, determine the transverse fiber modulus 
E,, of the fiber using the Halpin-Tsai relation with 
5 = 1.5. 
A unidirectional glass/epoxy composite with prop- 
erties Em = 3.45 GPa (0.5 Msi), E,, = 69 GPa (10 
Msi), and V, = 0.55 has a transverse modulus of E2 
= 8.56 GPa (1.24 Msi). Determine the appropriate 
value of 5 in the Halpin-Tsai relation and sub- 
sequently determine the transverse modulus of a 
composite of the same constituents but with a dif- 
ferent fiber volume ratio of V, = 0.65. 
Derive the relation for shear modulus in Eq. (3.48). 
Determine the in-plane shear modulus GI,  of a 
glass/epoxy composite with the properties 

G f =  28.3 GPa (4.10 Msi) 
G, = 1270 MPa (1 84 ksi) 
V,= 0.55 

using the mechanics of materials approach and the 
Halpin-Tsai relationship with 5 = 1 .  
Derive the expression for the in-plane shear modu- 
lus G , ,  using the combination model for a unidirec- 
tional composite with square array in terms of G I ,  
G,, and V’ Determine the value of GI, for the prop- 
erties given in the previous problem. 
Plot curves of GI2/G, versus V, for a unidirectional 
glass/epoxy composite with the properties 

G,= 28.3 GPa (4.10 Msi) 
G, = 1.27 GPa (184 ksi) 

using 
(a) the mechanics of materials approach, Eq. (3.49), 

(b) the Hashin upper and lower bounds, Eq. (3.53) 
The in-plane shear modulus of a unidirectional 
carbon/epoxy composite was measured to be GI, = 
6.9 GPa (1.0 Msi). Determine the value of param- 
eter 5 in the Halpin-Tsai relation for the following 
properties: 

G, = 1.27 GPa (0.18 Msi) 
GI,= 13.1 GPa (1.9 Msi) 

The in-plane shear modulus of a unidirectional 
carbon/epoxy composite was measured to be GI, = 
6.9 GPa ( 1  .O Msi). Using the Halpin-Tsai relation 
for 5 = 10 and the properties 

G ,  = 1.27 GPa (1 84 ksi) 

and 

V, = 0.60 

V, = 0.60 

determine the in-plane shear modulus of the fiber 

3.22 The measured shear modulus of a boron/epoxy 
composite with a fiber volume ratio of V, = 0.50 
is GI, = 5.4 GPa (0.78 Msi). Using the Halpin-Tsai 
relation, determine the appropriate value of 6 and 
shear modulus G,,  for a similar material with V, = 
0.70 and the following constituent properties: 

G,,= 165 GPa (23.9 Msi) 
G, = 1.27 GPa ( 1  84 ksi) 

3.23 The longitudinal modulus of a glass/epoxy compos- 
ite containing short aligned fibers of length 1 is El = 
40 GPa (5.8 Msi). Using Halpin’s semiempirical 
relation, determine the length 1 of the fibers for the 
properties 

GlZf. 

V, = 0.60 
df= 10 pm (4 x 10-4in) 
Ef= 70 GPa (10.1 Msi) 
Em = 3.5 GPa (0.51 Msi) 

3.24 Given a glass/epoxy composite containing short 
aligned fibers of length 1 and radius r, with E, = 69 
GPa (10 Msi), Em = 3.45 GPa (0.5 Msi), v, = 0.36, 
and V, = 0.50, determine l / r  by Cox’s and Halpin’s 
approaches so that El  (discont.)/E, (cont.) = 0.9. 

3.25 The longitudinal modulus of a unidirectional glass/ 
epoxy composite containing short aligned fibers, is 
E l  = 39.1 GPa (5.7 Msi). Using Cox’s theory, deter- 
mine the length of the fibers for the properties 

V, = 0.60 
df= 10 pm (4 x 104in) 
Ef= 70 GPa (10.1 Msi) 
Em = 3.5 GPa (0.5 1 Msi) 
V, = 0.36 

3.26 Determine the necessary fiber volume ratios V, of two 
different composites having the same matrix and the 
same longitudinal modulus El  equal to ten times the 
matrix modulus. The first is a nanocomposite con- 
sisting of parallel carbon nanotubes dispersed in 
the matrix; the second is a continuous-fiber Kevlar/ 
epoxy composite. The following properties are given: 

Nanotubes 
Modulus: El,= 1000 GPa (145 Msi) 

Length: 
Diameter: 

Kevlar Fibers 
Modulus: 

Matrix 
Modulus: 

1 = 1 pm (40 p in) 
d = 1 nm (0.04 p in) 

El,= 130 GPa (18.8 Msi) 

Em = 3.33 GPa (480 ksi) 
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4.1 STRESS-STRAIN RELATIONS 
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4.1.1 General Anisotropic Material 

The state of stress at a point in a general continuum can be represented by nine stress com- 
ponents oil (where i , j  = 1, 2, 3) acting on the sides of an elemental cube with sides paral- 
lel to the 1-, 2-, and 3-axes of a reference coordinate system (Fig. 4.1). Similarly, the state 
of deformation is represented by nine strain components, E? In the most general case the 
stress and strain components are related by the generalized Hooke’s law as follows: 
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033 or, in indicia1 notation 

3 

-2 

(3.. = c.. & 
I ]  qkl  kl 

&iJ = sijk/Ok/ 

( i , j ,  k,  1 = 1, 2, 3) 

where 

C,],, = stiffness components 

So,, = compliance components 

(4.3) 

1 

Fig. 4.1 State of stress at a point of a continuum. 
Repeated subscripts in the relations above imply summation 
for all values of those subscripts. The compliance matrix 
[S,,,] is the inverse of the stiffness matrix [C,,,]. 

Thus, in general, it would require 81 elastic constants 
to characterize a material fully. However, the symmetry of the stress and strain tensors 

(4.4) 

reduces the number of independent elastic constants to 36. 

strain, stiffness, and compliance tensors as follows: 
l t  is customary in mechanics of composites to use a contracted notation for the stress, 

(4.6) 
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Thus, the stress-strain relations for an anisotropic body can be written in the contracted 
notation as 

‘11 ‘12 ‘13 ‘14 ‘15 ‘16 

‘2, ‘22 ‘23 ‘24 ‘25 ‘26 

‘31 ‘32 ‘33 ‘34 ‘35 ‘36 

‘41 ‘42 ‘43 ‘44 ‘45 ‘46 

‘51 ‘52 ‘53 ‘54 ‘55 ‘56 

‘61 ‘62 ‘63 ‘64 ‘65 ‘66 

sll s12 s13 s14 s15 s16 

’21 ’22 s23 s24 s25 s26 

’31 s32 s33 ‘34 ’35 ’36 

’41 ’42 ’43 ’44 ’45 ’46 

s51 ’52 ’53 ’54 ’ 5 5  s56 

’61 ’62 s63 ’64 ’65 ‘66 

or, in indicia1 notation, 

6. = ‘..&. 

& = ’..o. 
I ‘I I ( i , j=  1 ,2 ,3 , . .  . ,6) 
I 11 I 

(4.8) 

(4.9) 

(4.10) 

Energy considerations require additional symmetries. The work per unit volume is 
expressed as 

The stress-strain relation, Eq. (4. lo), can be obtained by differentiating Eq. (4.11): 

(4.1 1) 

(4.12) 

By differentiating again we obtain 
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In a similar manner, by reversing the order of differentiation, we obtain 

(4.13) 

(4.14) 

Since the order of differentiation of W is immaterial, Eqs. (4.13) and (4.14) yield 

In a similar manner we can show that 

that is, the stiffness and compliance matrices are symmetric. Thus, the state of stress (or 
strain) at a point can be described by six components of stress (or strain), and the stress- 
strain Eqs. (4.8) and (4.9) are expressed in terms of 21 independent stiffness (or compli- 
ance) constants. 

4.1.2 Specially Orthotropic Material 

In the case of an orthotropic material (which has three mutually perpendicular planes of 
material symmetry) the stress-strain relations in general have the same form as Eqs. (4.8) 
and (4.9). However, the number of independent elastic constants is reduced to nine, as vari- 
ous stiffness and compliance terms are interrelated. This is clearly seen when the reference 
system of coordinates is selected along principal planes of material symmetry, that is, in 
the case of a specially orthotropic material. Then, 

and 

(4.17) 

(4.18) 
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It is clearly shown that an orthotropic material can be characterized by nine indepen- 
dent elastic constants. This number does not change by changing the reference system of 
coordinates to one in which the stiffness and compliance matrices in Eqs. (4.17) and (4.18) 
are fully populated. The terms of either the stiffness or compliance matrix can be obtained 
by inversion of the other. Thus, relationships can be obtained between C, and S,. 

Three important observations can be made with respect to the stress-strain relations in 
Eqs. (4.17) and (4.18): 

~-~ - 

1. No coupling exists between normal stresses oI, (J~, (J, and shear strains y,, y,, y6; 
that is, normal stresses acting along principal material directions produce only nor- 
mal strains. 

2. No coupling exists between shear stresses T,, T,, T~ and normal strains E ~ ,  E ~ ,  E ~ ;  
that is, shear stresses acting on principal material planes produce only shear 
strains. 

3. No coupling exists between a shear stress acting on one plane and a shear strain 
on a different plane; that is, a shear stress acting on a principal plane produces a 
shear strain only on that plane. 

4.1.3 Transversely Isotropic Material 

An orthotropic material is called transversely isotropic when one of its principal planes is 
a plane of isotropy, that is, at every point there is a plane on which the mechanical prop- 
erties are the same in all directions. Many unidirectional composites with fibers packed in 
a hexagonal array, or close to it, can be considered transversely isotropic, with the 2-3 
plane (normal to the fibers) as the plane of isotropy (Fig. 4.2). This is the case with uni- 
directional carbon/epoxy, aramid/epoxy, and glass/epoxy composites with relatively high 
fiber volume ratios. 

The stress-strain relations for a transversely isotropic material are simplified by not- 
ing that subscripts 2 and 3 (for a 2-3 plane of isotropy) in the material constants are inter- 
changeable in Eqs. (4.17) and (4.18), that is, 

f 2  

of isotropy 

c,, = c 1 3  

c 2 2  = c 3 3  

(4.19) 

and 

s12 = s13 

s 2 2  = s 3 3  

Also, subscripts 5 and 6 are interchangeable; 
thus, 

Fig. 4.2 Orthotropic material with transverse isotropy. 
(4.20) 
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3 Furthermore, the simple stress transformation 
illustrated in Fig. 4.3 shows that stiffness C, (or 
compliance S,) is not independent. Consider- 
ing an element with sides parallel to the 2- and 
3-axes (Fig. 4.3a) under pure shear stress z, = 723 
and resulting shear strain yo = ~ 2 3 ,  we have from 
Eq. (4.17), 

2' 

00000000000 

00000000000 00000000000 
00000000000 

00000000000 
00000000000 
00000000000 
00000000000 

2, = 723  = C4~23 = C,y, = 2, (4.21) (4 (b) 

The state of stress shown in Fig. 4.3a is 
equivalent to that of an element rotated by 45" 

I 
70 

Fig. 4.3 Stress transformations on plane of isotropy of trans- 
versely isotropic material. 

and subjected to equal tensile and compressive normal stresses (Fig. 4.3b), 

O2t = 2, 

6,. = -2, 

resulting in normal strains 

E, = o  

Then, from Eq. (4.17), 

6,. = C2'2'E2' + C2','E3' = CZ2E2' - C23E2' 

or 

since 

due to transverse isotropy. 
From Eqs. (4.21), (4.22), and (4.24), we obtain 

(4.22) 

(4.23) 

(4.24) 

c22 - c23 C, = 
2 

(4.25) 
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- 
SII SI2 s,2 0 0 0  
s,2 s22 s23 0 0 0  
s12 s23 s22 0 0 0  

0 0 0  0 sss 0 
0 0 0  0 0 SSS-  

0 0 0 2(S22 - & 3 )  0 0 

Thus. the stress-strain relations for a transversely isotropic material are reduced to 

0 2  

(33  

2 4  

7, 

76 - 

CII CI2 CI2 0 0 0  
c12 c22 c23 0 0 0  
c12 c23 c22 0 0 0  

0 0 0  0 css 0 
0 0 0  0 0 css 

0 0 0 (CZ2 - CZ3)/2 0 0 

(4.27) 

and the inverse relations are reduced to 

The relations above show that an orthotropic material with transverse isotropy is 
characterized by only five independent elastic constants. 

4.1.4 Orthotropic Material Under Plane Stress 

In most structural applications, composite materials are used in the form of thin laminates 
loaded in the plane of the laminate. Thus, composite laminae (and laminates) can be con- 
sidered to be under a condition of plane stress, with all stress components in the out-of- 
plane direction (3-direction) being zero, that is, 

The orthotropic stress-strain relations, Eq. (4.17), are reduced to 

c12 c13 

c12 c22 c23 

c13 c23 c33 

0 0 o c , o  0 
0 0 0 o c s s o  
0 0 0 0 o c , ,  

El 

E2 

E3 

Y4 

Y S  

Y6 

(4.28) 

(4.29) 
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which, in expanded form, are 

= C I I E l  + C12E2 + C13E3 

OZ = C12EI + C22E2 + C23E3 

0 = C13~1 + C 2 3 ~ 2  + C 3 3 ~ 3  

Y4 = Y5 = 0 

z6 = c66y6 

Eliminating strain E, from Eq. (4.30), we obtain 

(3, = ( c,, - - cF:3) El + ( c,, - - ‘c)~, = QllEl  + Q,,E, 

(3, = ( c,, - - cz:3) E, + ( c,, - - cz:)~2 = QlzEl + QZ2&, 

or 

or, in brief, 

[ ~ I i , z  = [Qli,, [EIi,z 

where the reduced stiffness matrix components are 

( i , j= 1,2,6)  Ci3Cj3 Q.. = C.. - - 
c 3 3  

IJ ‘J 

The inverse relation is written as 

(4.30) 

(4.31) 

(4.32) 

(4.33) 

or, in brief, 
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TABLE 4.1 IndeDendent Elastic Constants for Various TVDeS of Materials 

Material No. of independent Elastic Constants 

General anisotropic material 
Anisotropic material considering symmetry of 

stress and strain tensors (oil = oji, qj = E ~ J  

Anisotropic material with elastic energy considerations 
General orthotropic material 
Orthotropic material with transverse isotropy 
Isotropic material 

81 

36 
21 
9 
5 
2 

Thus, the in-plane stress-strain relations for an orthotropic layer under plane stress 
can be expressed in terms of only four independent elastic parameters, that is, the reduced 
stiffnesses Q,,, Q,,, Q,,, and Q66 or the compliances S,,, S,,, S,,, and s66. It should be noted 
that, under plane stress, the nonzero out-of-plane strain c3 (or E,) is related to the in-plane 
stresses 6, and oz through the compliances SI3 and Sz3. This requires two additional inde- 
pendent elastic parameters over and above the four needed for the in-plane stress-strain 
relations. 

4.1.5 Isotropic Material 

An isotropic material is characterized by an infinite number of planes of material sym- 
metry through a point. For such a material, subscripts 1, 2, and 3 in the material constants 
are interchangeable. Then, the stress-strain relations in Eq. (4.17) are reduced to 

(4.34) 

Thus, an isotropic material is fully characterized by only two independent constants, for 
example, the stiffnesses C,, and C,,. 

The conclusions discussed before regarding the required number of independent elas- 
tic constants for the various types of materials are summarized in Table 4.1. 

4.2 RELATIONS BETWEEN MATHEMATICAL AND ENGINEERING CONSTANTS 

The stress-strain relations discussed before acquire more physical meaning when 
expressed in terms of the familiar engineering constants, that is, moduli and Poisson’s 
ratios. Relations between mathematical and engineering constants are obtained by con- 
ducting imaginary elementary experiments as illustrated in Figs. 4.4 and 4.5. 
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3 

k1 

Longitudinal 
tension 

If an orthotropic material element is subjected to uniaxial 
tensile loading in the longitudinal direction, ol, then from Eq. 
(4.18) we have 

y4 = "Is = y6 = Transverse 
in-plane 
tension From engineering considerations we have 

i 
Transverse 
out-of-plane 
tension 

01 
El = - 

El 

(4.35) 

VI 2 

El 
E, = --0, 

(4.36) 
"13 E3 = --ol 
El 

Fig. 4.4 Elementary experiments for obtaining 
relations between mathematical and engineer- 
ing constants (normal stress loading). 

Recall that the first and second subscripts in Poisson's ratio 

From Eqs. (4.35) and (4.36) we obtain the relations 
denote stress and strain directions, respectively. 

3 

k1 If a material element is subjected to uniaxial tensile loading 
o2 in the in-plane transverse direction, we have in a similar fashion 

Out-of-plane shear 

v2 1 
El = s1202 = --0, 

7 4  E2 

Out-of-plane shear 

0 2  
E, = Sz2o2 = - 

E2 

v23 
E, = S23O2 = --0, 

E2 

y4 = y5 = y6 = 
76 In-plane shear 

from which we obtain the relations 
Fig. 4.5 Elementary experiments for obtaining 
relations between mathematical and engineer- 
ing constants (shear loading). 

1 
s 2 2  = 

s v23 
23 - 

E2 

(4.38) 

(4.39) 
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Uniaxial normal loading 0, in the out-of-plane transverse direction yields 

'31 E, = SI3G3 = --0, 
E3 

6 3  
E3 = s3303 = - 

E3 

from which we obtain the relations 

In-plane pure shear loading, 26, yields 

E, = E2 = E3 = y4 = y5 = 0 

=6 
y6 = s6626 = - 

GI2 

from which we obtain 

1 
s66 = 

Out-of-plane pure shear loading 2, on the 2-3 plane yields 

El = E2 = E3 = y5 = y6 = 0 

2 4  y4 = S4T4 = - 
G23 

from which we obtain 

1 
S&$= - 

G23 

Finally, out-of-plane pure shear loading T~ on t..: 3 p n e  yie 

El = E2 = E3 = y4 = y6 = 0 

(4.40) 

(4.41) 

(4.42) 

(4.43) 

(4.44) 

(4.45) 

Is 

(4.46) 
25 y5 = SssZ5 = - 

3 
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from which we obtain 

1 
s 5 5  = (4.47) 

The stress-strain relations in Eq. (4.18) can then be expressed in terms of engineering 
constants as follows: 

1 v21 v31 0 0 0 - -_ -- 
E l  E 2  E 3  

E, E2 4 

E l  E 2  E 3  

0 0  

0 0 0  

v12 1 v32 0 -- - -- 

v13 ' 2 3  -- -- - 

0 0 0 -  l o o  

0 0 0 0 -  l o  

G23 

Gl 3 

1 
0 0 0 0 0 -  

GI 2 

From the symmetry of the compliance matrix [S,] and the above we conclude that 

and in general 

(4.48) 

(4.49) 

(Note: The above can also be deduced from Betti's reciprocal law, according to which 
transverse deformation due to a stress applied in the longitudinal direction is equal to the 
longitudinal deformation due to an equal stress applied in the transverse direction.') 

As seen above, the relations between compliances S, and engineering constants are 
fairly simple. This, however, is not the case for the relations between stiffnesses C, and 
engineering constants. To obtain such relationships, we need first to invert the compliance 
matrix [S,] and express the stiffnesses C,  as a function of the compliances S, as follows: 
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c - s22s33 - s:3 

S 
11 - 

s33sll - s?3 
S 

c 2 2  = 

c - S l J 2 2  - s:, 
S 

33 - 

s13s23 - s12s33 

S c , 2  = 

s12s13 - s23sll 

S c23 = 

s12s23 - s13s22 

S c13 = 

1 1 1 
c44= s,, c66 = 

where 

S =  

(4.50) 

(4.51) 

Substituting the relations between S, and engineering constants in the above, we obtain2 

- '23'32 

E2E3A 
CII = 

- '13'31 
El E3 A 

c 2 2  = 

c 3 3  = 
1 - 'l2'2l 

E I E 2 A  

'21 + '31'23 - '12 + '13'32 
E2E3A E3 A 

'32 + '12'31 - '23 + '21'13 

- c 1 2  = 

- 
E1E3A E I E 2 A  

c23 = 

'I3 + '12'23 - '31 + '21'32 
E l E 2 A  E2 E3 A 

- c13 = 

c44 = G23 c55 = c66 = 

(4.52) 
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where 

(4.53) 

It should be noted that in the case of a transversely isotropic material with the 2-3 
plane as the plane of isotropy, 

E2 = E3 

= G13 

v12 = v13 

4.3 STRESS-STRAIN RELATIONS FOR A T H I N  LAMINA (TWO-DIMENSIONAL) 

(4.54) 

A thin, unidirectional lamina is assumed to be under a state of plane stress; therefore, 
the stress-strain relations in Eqs. (4.3 1) and (4.33) are applicable. They relate the in-plane 
stress components with the in-plane strain components along the principal material axes: 

(4.31 bis) 

and 

The relations above can be expressed in terms of engineering constants by noting 
that 

1 s,, = - 
El 
1 

s 2 2  = 
(4.55) 
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and 

(4.56) 

Thus, as far as the in-plane stress-strain relations are concerned, a single orthotropic 
lamina (e.g., unidirectional lamina) can be fully characterized by four independent con- 
stants-the four reduced stiffnesses Q,,, Q22, QI2, and Q6& or the four compliances SI1, S2,, 
S,,, and S66; or four engineering constants El, E,, GI,, and vI2. Poisson’s ratio v,, is not 
independent, as it is related to v,,, El, and E, by Eq. (4.49). 

4.4 TRANSFORMATION OF STRESS AND STRAIN (TWO-DIMENSIONAL) 

Normally, the lamina principal axes (1, 2) do not coincide with the loading or reference 
axes (x, y) (Fig. 4.6). Then, the stress and strain components referred to the principal mate- 
rial axes (1,2) can be expressed in terms of those referred to the loading axes (x, y) by the 
following transformation relations: 

[a 
or, in brief, 

=[TI[;;] 

and 
0 1  

or, in brief, 

(4.57) 

(4.58) 

=Y [Ell., = [~l[E1x,y 
Fig. 4.6 Stress components in unidirectional lamina referred to 
loading and material axes. where the transformation matrix [TI is given by 
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1-mn mn m2 -nzJ 

and 

m = cos 0 

n = sin 0 

The angle 0 is measured positive counterclockwise from the x-axis to the 1-axis. 
By inversion of the relations above we obtain 

and 

where 

m2 n2 -2mn 
[T- ']= [T(-0)] = [ n2 m2 2mn ] 

mn -mn m 2 - n 2  

(4.59) 

(4.60) 

(4.61) 

(4.62) 

In the contracted notation used here, the subscript s in the above equations corresponds 
to shear stress or strain components referred to the x-y system of coordinates, that is, T, = T~ 
and 'ys = yv. The subscript 6, as mentioned before, is a contraction of the subscripts 12. 

The laws of stress and strain transformation are independent of material properties, 
that is, they are the same for isotropic and anisotropic materials. 

4.5 TRANSFORMATION OF ELASTIC PARAMETERS (TWO-DIMENSIONAL) 

The stress-strain relations in Eqs. (4.31) and (4.33) show that, when the lamina is loaded 
only in tension or compression along the principal material axes, there is no shear strain. 
Similarly, when the lamina is loaded under pure shear, T,, on the principal plane (1-2) only 
a shear strain, y6, is produced on the 1-2 plane. Thus, there is no coupling between normal 
stresses and shear deformation and between shear stress and normal strains. This is not 
the case when the lamina is loaded along arbitrary axes x and y .  Then, the stress-strain 
relations take the form 



4.5 Transformation of Elastic Parameters (Two-Dimensional) 79 
---*-- x I _ L - ~  ~~ 

(4.63) 

or, in brief, 

[ O I ~ , ~  = [Qlx,y[~lx,y 

with the reduced stiffness matrix fully populated. However, the number of independent 
constants is still four, as in the case of Eq. (4.31). What is needed, then, is the relationship 
between the transformed stiffnesses [Q]x,y and principal stiffnesses [Q] 

Equation (4.63) can be rewritten in the form 

(4.64) 

Introducing the stress-strain relation, Eq. (4.3 l), into the transformation relation, 
Eq. (4.60), we have 

Qii Qi2 [ :] = P I  [::I = [T-'I [ Q21 QZ2 

0 0  

Comparison of Eqs. (4.64) and (4.65) leads to the following transformation relation for the 
stiffness matrix: [" Q, 2QxSI 

[:I 

Qi2 ]I.I Qyx Qyy 2QyJ = IT'] Q2i Q22 (4.66) 
Qsx Qsy 2Qss 2 e 6 6  

From the relation above we obtain the transformed reduced stiffnesses as a function 
of the principal lamina stiffnesses: 

Q, = m4Qil + n4QZ2 + 2m2n2Qi2 + 4m2n2Q66 

Qyy = n4Qil + m4QZ2 + 2m2n2QI2 + 4m2n2& 

Q, = m2n2Q,, + m2n2Q2, + (m4 + n4)Qi2 - 4m2n2Q, 

ex, = m3nQll - mn3QZ2 - mn(m2 - n2)Qi2 - 2mn(m2 - n2)Q6, 

Qys = mn3Qll - m3nQ2, + mn(m2 - n2)Qi2 + 2mn(m2 - n2)Qs6 

Q, = m2n2Q,, + m2n2QZ2 - 2m2n2Qi2 + (m2 - n2>2Q66 

(4.67) 
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The transformed strain-stress relations can be obtained either by direct inversion of 
the stress-strain relations in Eq. (4.63) or by transformation of the strain-stress relations in 
Eq. (4.33) referred to the principal material axes. The transformed strain-stress relations are 

[": 
Y S  

or, in brief, 

[El.,, = [ ~ l x , , [ ~ l x , y  

which can be rewritten in the form 

(4.68) 

(4.69) 

A series of transformations similar to those of Eq. (4.65) gives 

Comparison of Eqs. (4.69) and (4.70) leads to the following transformation relation for the 
compliance matrix: 

(4.71) 

This relation leads to the following ones for the transformed compliances as a func- 
tion of the principal lamina compliances: 

s,, = m4s,,  + n4s2, + 2m2n2SI2 + m2n2S6, 

s,, = n4s,,  + m4S2, + 2m2n2S,, + m2n2S6, 

S, = m2n2S,, + m2n2S2, + (m4 + n4)SI2 - m2n2&6 

S ,  = 2m3ns,, - 2mn3s2, - 2mn(m2 - n2)S,, - mn(m' - n2)& 

s,, = 2mn3s,, - 2m'n~,, + 2mn(m2 - n2)S,, + mn(m2 - n2)& 

s,, = 4 m 2 n 2 ~ , ,  + 4m2n2s2, - 8m2n2S,, + (m2 - n2),S66 

(4.72) 

The transformation relations are presented in tabular form for easy reference in Table 4.2. 
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TABLE 4.2 Relations for Stiffness and Compliance Transformation 

~ 1 1 ~ 0 1 1 ~  S22(022) S,2(QlJ s66(4066) 

S.,(Q.J m4 n4 2rn2n2 m2n2 
sJQ.vJ n4 m4 2rn2n2 m2n2 
SX,CQ,,) m2n2 m2n2 (m4 + n4) -m2n2 
S J 4 Q J  4m2n2 4m2n2 -8m2n2 (m2 - n2)2 
SX3(2Q.J 2m3n -2mn3 -2mn(m2 - n2) -mn(m2 - n2) 
sys(2QyJ 2mn3 -2m3n 2mn(m2 - n2) mn(m2 - n2) 

m = cos 8, n = sin 8 

4.6 TRANSFORMATION OF STRESS-STRAIN RELATIONS IN TERMS 
OF ENGINEERING CONSTANTS (TWO-DIMENSIONAL) 

The strain-stress relations referred to the principal material axes as given by Eqs. (4.33) 
are expressed in terms of engineering constants by using Eqs. (4.55) 

(4.73) 

These relations, when transformed to the x-y coordinate system, are expressed by Eq. (4.68) 
in terms of mathematical compliance constants, S,, S,,, S,, and so on. To obtain the relation- 
ships between these constants and engineering parameters, we conduct simple imaginary 
experiments on an element with sides parallel to the x- and y-axes. For example, the terms 
of the first column of the compliance matrix in Eq. (4.68) are the strain components, E,, E,, 
and ys produced by a unit normal stress ox = 1. 

A uniaxial stress 0, produces the following strains: 

V 
& z - 3 0  

Ex 

%S 

Ys = - - o x  
EX 

(4.74) 

In the above, Poisson’s ratio v,, corresponding to stress in the x-direction and strain 
in the y-direction, is the negative ratio of the transverse strain E, to the axial strain E,. The 
shear coupling coefficient qxs, corresponding to normal stress in the x-direction and shear 
strain in the x-y plane, is the ratio of the shear strain yS (yq) to the axial strain E,. 
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In a similar manner, a uniaxial stress 0, produces the strains 

0 
& = y  ' E, 

with Poisson's ratio v, and shear coupling coefficient q, defined as before. 
A pure shear stress 2, (z.,) produces the following strains: 

(4.75) 

(4.76) 

where the shear coupling coefficients qsx and q, are the ratios of the normal strains cX 
and E? to the shear strain ys, respectively, for the applied pure shear loading. Here, the first 
subscript s denotes shear stress in the x-y plane and the second subscripts x and y denote 
normal strains in the x- and y-directions, respectively. 

By superposition of the three loadings discussed above, we obtain the following 
strain-stress relations in terms of engineering constants: 

From symmetry considerations of the compliance matrix we obtain 

(4.77) 

(4.78) 
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Comparison of equivalent strain-stress relations in Eqs. (4.68) and (4.77) yields the fol- 
lowing relationships: 

_-I1x_l____l---_I1l~llllll_ll_l̂lll ----------II l_l -ll_l_ -_-__ ~ ____ 

or 

(4.79) 

(4.80) 

The relations in Eq. (4.77) can be inverted to yield stress-strain relations in terms 
of engineering constants. These relations would be more complex than the strain-stress 
relations in Eq. (4.77). 

4.7 TRANS FOR MAT ION RELATIONS FOR EN G I N EERl NG CONSTANTS (TWO-D I M ENS ION AL) 

Using the relations between engineering constants and compliances, Eqs. (4.79) and 
(4.80), in the compliance transformation relations, Eq. (4.72), we obtain the following 
transformation relations for the engineering constants: 
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m2n2 1 - m2 n2 
- - -(m2 - n2vI2) + -(n2 - m2v21) + - 
Ex El E2 GI2 

1 n2 m2 m2n2 
- = -(n2 - m2v12) + -(m2 - n2v2,) + - 
Ey El E2 GI 2 

1 4m2n2 4m2n2 (m2 - n2)2  
(1 + Vl2) + - (1 + V2I)  + - 

G, El E2 GI 2 (4.81) 

A computational procedure for calculation of transformed elastic constants is illus- 
trated by the flowchart in Fig. 4.7. It is assumed that the input consists of the basic engi- 
neering constants El, E,, GI,, and vI2 referred to the principal material axes of the lamina 
and obtained from characterization tests. Then, relations in Eqs. (4.55) and (4.56) are used 

Engineering constants 
referred to principal axes 

Fiber orientation t-w tl [ Q I , Y  
Transformed 

mathematical constants 

7- 
J I [E1x,y I Transformed engineering constants 

Fig. 4.7 Flowchart for determination of transformed elastic constants of 
unidirectional lamina (two-dimensional). 

to obtain the reduced principal compli- 
ances and stiffnesses [ S ] , , 2  and [Q]1,2. The 
transformation relations in Eqs. (4.67) and 
(4.72) are used to obtain the transformed 
lamina stiffnesses [Q]x,y and compliances 
[S],,y. Finally, relations in Eq. (4.80) are 
used to obtain the transformed engineering 
constants EY, Ey, Gxy, v,, vyx, qxs, qys, qsx, 
q,) referred to the x-y system of coordi- 
nates. Alternatively, relations in Eq. (4.8 1) 
can be used to obtain the transformed 
engineering constants directly from the 
given engineering constants referred to the 
principal material axes. 

The variation of the transformed engi- 
neering constants with fiber orientation is 
illustrated in Figs. 4.8 and 4.9 for a typical 
unidirectional carbon/epoxy (AS413501 -6) 
material. Young's modulus decreases 
monotonically from its maximum value El 
at 8 = 0" to its minimum E, at 8 = 90". The 
shear modulus Gxy peaks at 8 = 45" and 
reaches its minimum value at 8 = 0" and 8 
= 90". Poisson's ratio v, decreases mono- 
tonically from its maximum value v12 at 
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Fig. 4.8 Young's modulus and shear modulus of unidirec- 
tional composite as a function of fiber orientation (AS4/ 
3501-6 carbon/epoxy). 
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Fig. 4.9 Poisson's ratio and shear coupling coefficient of 
unidirectional composite as a function of fiber orientation 
(AS4/3501-6 carbon/epoxy). 
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Fig. 4.10 Young's modulus and shear modulus of carbon 
fabric/epoxy material as a function of warp fiber orienta- 
tion (AGP370-5H/3501-6S). 
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Fig. 4.11 Poisson's ratio and shear coupling coefficient of 
carbon fabric/epoxy material as a function of warp fiber 
orientation (AGP370-5W3501-6S). 

8 = 0" to its minimum value vl, at 8 = 90". The shear coupling coefficient q, is negative 
throughout and peaks at around 8 = 38". The curves in Figs. 4.8 and 4.9 are typical of high- 
stiffness, highly anisotropic composites. The form of the variation of elastic constants 
depends on the relative magnitudes of the basic constants referred to the principal material 
axes. 

An example of a carbon fabric/epoxy material (AGP370-5H/3501-6S) is illustrated 
in Figs. 4.10 and 4.11. Here, Young's modulus decreases from a maximum value at 8 = 0" 
to an absolute minimum at 8 = 45", and then it increases to a local maximum at 8 = 90". 
The shear modulus behaves similarly as in the case of unidirectional carbon/epoxy, but it 
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attains a maximum value at 8 = 45" that is higher than the Young's modulus at 8 = 45". 
Poisson's ratio has minimum values at 8 = 0" and 8 = 90", and it peaks at 8 s 45". The 
shear coupling coefficient changes signs as shown. 

SAMPLE PROBLEM 4.1 
Transformation of Young's Modulus 

Given the basic properties El, E,, G,,, and v,, of a unidirectional lamina, it is required to 
determine Young's modulus Ex at an angle 8 = 45" to the fiber direction (Fig. 4.12). From 
Eqs. (4.81) we obtain the following exact relation: 

(4.82) 

f '  
2 

Fig. 4.12 Unidirectional lamina with fiber ori- 
entation at 45" to the reference axis. 

The above relation can be simplified for the 
case of a high-stiffness composite for which 
El 9 E,  and vzl < 1. In that case we obtain 
the following approximate expression: 

This means that Young's modulus at 45" to 
the fiber direction is a matrix-dominated 
property, since it depends primarily on E, 
and G,,, which are also matrix-dominated 
properties. 

SAMPLE PROBLEM 4.2 
Transformation of Shear Modulus 

Given the basic properties El, E,, GI,, and v,, of a unidirectional lamina, it is required to 
determine the shear modulus G, at 45" to the fiber direction (see Fig. 4.12). From Eqs. 
(4.8 1) we obtain the following exact relation: 

1 + v,, 1 + v,, 
E2 

+- 

For a high-stiffness composite, for which E ,  9 E2 and v,, 4 1, we obtain 

(4.84) 

which means that in this case the above shear modulus is a matrix-dominated property. 
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SAMPLE PROBLEM 4.3 
Tra n sf o r m a t ion of Poisson's Rat i o 

Given the basic properties El, E,, GI,, and v,, of a unidirectional lamina, it is required to 
determine Poisson's ratio v, at 45" to the fiber direction (see Fig. 4.12). From Eqs. (4.81) 
we obtain the following exact relation: 

1 1 1 
= -(vl, - 1) + -(v2, - 1) + - 

( 2 ) 0 = 4 5 0  ~ E I  4E2 4G12 
(4.86) 

For a high-stiffness composite, for which El 9 E, and v,, 4 1, taking into considera- 
tion the approximate relation in Eq. (4.83), we obtain 

(4.87) 

which means that in this case Poisson's ratio is a matrix-dominated property. 

SAMPLE PROBLEM 4.4 
Transformation of Shear Coupling Coefficient 

Given the basic properties El, E,, GI,, and v,, of a unidirectional lamina, it is required to 
determine the shear coupling coefficient q, at 8 = 45" to the fiber direction (see Fig. 4.12). 
From Eqs. (4.81) we obtain the following exact relation: 

(4.88) 
1 1 (s] = -(l+ V I 2 )  - -(l+ v,,) = 

G, e=450 2 4  2E2 

This relation can be simplified as follows for the case of a high-stiffness composite: 

Recalling from Eq. (4.85) that in this case (Gw)edy = E,, we obtain 

which is independent of the lamina properties. 

(4.89) 

(4.90) 
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4.8 TRANSFORMATION OF STRESS AND STRAIN (THREE-DIMENSIONAL) 

4.8.1 General Transformation 

3 

t 

, , 
\ , 
9 

Y 

Fiq. 4.13 Illustration of coordinate systems referred to in three- 
dimensional transformation relations. 

Many structural applications of composites involve 
thick components subjected to three-dimensional 
states of stress. Assuming the material to be 
orthotropic, deformation and failure analysis is 
facilitated by referring stress and strain components 
and their relations to the principal system of mate- 
rial coordinates ( 1 ,  2, 3). These stress and strain 
components are related to those referred to an arbi- 
trary coordinate system (x, y, z) by the following 
transformation relations (Fig. 4.13): 

or, in brief, 

and 

(4.92) 

or, in brief, 

Subscripts q, r, and s in the above equations are contractions of subscripts yz, zx, and xy, 
respectively. 

The transformation matrix [Ti] is given by 
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where mi, ni, and pi are the direction cosines of axis i, that is, 

m, = cos 0,, 

m2 = cos 0, 

m3 = cos Ox, 

n l  = cos 0,, 

n2 = cos 0,, 

n3 = cos 8,, 

pi = cos fjZ1 

p2 = cos €4, 
p3 = cos 0,, 

The angles 0, are measured from axis i to axis j as shown in Fig. 4.13. 
By inverting Eqs. (4.91) and (4.92) we obtain 

and 

= [Ti’] 

= [Ti’] 

where [ T i 1 ]  is the inverse of matrix [Tij] in Eq. (4.93). 

4.8.2 Rotation About 3-Axis 

(4.94) 

(4.95) 

In the case where the loading direction z coincides with the through-the-thickness prin- 
cipal direction 3, the above relations are simplified by noting that 

p, =p2=0 p3= I 

m3 = n3 = 0 
(4.96) 
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l_ll__l_ll_^- - llll__l _ll_l-__ "-- Î - 11111 II I 

and, referring to the definitions of m and n in the two-dimensional case, 

m, = m n1 = n 

m2=-n n2=m 

Then, the transformation matrix, [ T J ,  takes the form 

[T,;I = 

m2 n2 O 0 0 2mn 
n2 m2 0 0 0 -2mn 
0 0 1 0 0  0 
0 O O m - n  0 
0 O O n m  0 

-mn mn O 0 0 m2 - n 2  

(4.97) 

The inverse of the transformation matrix can be obtained by changing the sign of the 
rotation angle about the z- or 3-axis, that is, by replacing n with -n. 

m2 n2 0 0 0 -2mn 
n2 m2 0 0 0 2mn 
0 0 1 0 0  0 
0 O O m n  0 
0 0 O - n m  0 

mn -mn O 0 0 m 2 - n 2  

(4.98) 

The above transformation matrices can be decomposed into two parts. By considering 
only the first, second, and sixth rows and columns, they are reduced to the transformation 
matrices [TI and [T-'1 defined in Eqs. (4.59) and (4.62) for the two-dimensional case. The 
remaining parts describe the transformation of the out-of-plane shear components. 

and 

[:-I=[: :][:::I Or [;I=[: :][::I (4.100) 

4.9 TRANSFORMATION OF ELASTIC PARAMETERS (THREE-DIMENSIONAL) 

The stress-strain relations of Eqs. (4.17) for a specially orthotropic material take the fol- 
lowing form when referred to an arbitrary system of coordinates (x,  y ,  z): 
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(4.101) 

Introducing the stress-strain relations, Eqs. (4.17), into the transformation relations, 
Eqs. (4.94), we obtain 

c21 c22 c23 

c31 c32 c33 

o o o 2 c , o  0 
0 0 0 0 2c,, 0 
0 0 0  0 0 2 c ,  

c31 c32 c33 
= [Ti ']  

0 0 0 2c4, 0 0 
(4.102) 

The following transformation relation for the stiffness matrix is obtained by compar- 
ison of Eqs. (4.101) and (4.102): 

The above yields transformation relations for C, (i, j = x, y, z, q, r, s) in terms of C,, 
(a, p = 1, 2, 3, 4, 5 ,  6) similar to Eqs. (4.67) for two dimensions. Similar relations are 
obtained for the transformation of compliances. 

The complete transformation relations for stiffnesses and compliances in three dimen- 
sions are given in Table B.l of Appendix B. If the z-axis coincides with the 3-direction, 
the transformation matrix [Ti,.] and its inverse [Ti ']  are reduced to the forms [T;] and 
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TABLE 4.3 Three-Dimensional Transformation Relations for 
Elastic Parameters of ComDosite Lamina* 

2m2n2 
m4 + n4 

0 
-2mn(m2 - n2) 

2m2n2 
0 

2mn(m2 - n2) 
0 
0 
0 
0 
0 

-8m2n2 

0 n4 
0 m2n2 

m2 0 
0 -2mn3 
0 m4 
n2 0 

0 0 
2mn 0 

0 0 
0 0 
0 0 
0 4m2n2 

0 - 2 ~  

0 0 
0 0 
nz 0 
0 0 
0 0 

m2 0 
0 0 
0 1 

-2rnn 0 
0 0 
0 0 
0 0 
0 0 

0 
0 
0 
0 
0 
0 
0 
0 
0 

mZ 
-mn 
n2 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
n2 
mn 
m2 
0 

m2 n2 
-m2n2 

0 
-mn(m2 - n2) 

m2n2 
0 

mn(m2 - n2) 
0 
0 
0 
0 
0 

(m2 - n2)* 

* Simplified for the case when the z-direction and the 3-direction coincide. 
m,  = m, n ,  = n, p ,  = 0 
m2 = -n, n2 = m , p 2  = 0 
m , = O , n , = O , p , =  1 

[Ti-'] in Eqs. (4.97) and (4.98). The simplified transformation relations are presented in 
tabular form in Table 4.3. 

Transformation relations for engineering constants can be obtained as in the 
two-dimensional case discussed before. The strain-stress relations are expressed in terms 
of transformed engineering constants, and relations are obtained between transformed 
compliances S,j (i, j = x, y, z ,  q, I-, s) and transformed engineering constants. Then, 
the transformation relations for engineering constants are obtained by making use of the 
compliance transformation relations (Table 4.3 and Table B. 1 in Appendix B). 
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PROBLEMS 

4.1 Derive Eqs. (4.52) and (4.53) from Eqs. (4.18), 
(4.48), (4.50), and (4.5 1). 
Assuming that the stiffness and compliance matri- 
ces are positive definite, that is, they have positive 
principal values (C,,, C,,, C,, > 0), and using Eqs. 

(4.48) to (4.53), prove that Poisson's ratios of an 
orthotropic material must satisfy the condition 

4.2 
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4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 

4.10 

4.11 

4.1 2 

Derive the transformation relations, Eqs. (4.67), for 

Using the equations of stiffness transformation 
prove that the quantity Q,,  + Q2, + 2Q,, is an invari- 
ant (i.e., it is independent of axes orientation) by 
showing that 

QD + Q,, + 2Qq = Q i i  + Q22 + 2Qi2 

for any angle 8 between the fiber direction and the 
reference axes. 
Show that the transformed stiffness Q, can be ex- 
pressed in the form 

Q,= U, + U, cos 28 + U, cos40 
Determine U,, U,, and U,, and show that they are 
invariants (i.e., independent of orientation of co- 
ordinate axes). 
Show that an orthotropic material whose principal 
stiffnesses satisfy the following relations is isotropic: 

Q i i  = Q22 

Q66 =:(Qii - Qi2) 
(In other words, show that Q,, Qxy, and Q,, are inde- 
pendent of orientation, and that Q,, = Qys = 0.) 
Derive the transformation relation for E, in Eqs. 
(4.81). 
Derive the transformation relation for G, in Eqs. 
(4.81). 
Derive the transformation relation for v, in Eqs. 
(4.81). 
Derive the transformation relation for q, in Eqs. 
(4.81). 
Write the stress-strain relations for a unidirectional 
lamina in terms of engineering constants referred to 
an arbitrary coordinate system (x, y). 

A specimen is made by joining along one edge two 
unidirectional laminae at 0" and 45" to the loading 
axis as shown in Fig. P4.12. How-(a), (b), or (c)- 

Qxx, Qq, Q,,, and Q3$. 

is the specimen going to deform in the transverse 
direction for a material of the following properties? 
Prove your answer by numerical computation. 

E l  = 145 GPa (21 Msi) 
E,  = 10.4 GPa (1.5 Msi) 

GI, = 6.9 GPa (1 .O Msi) 
v,, = 0.28 

4.13 Show that a material whose properties satisfy the 
following relations is isotropic: 

El  = E,  
El 

2(1 + v,,) 
GI, = 

(i.e., show that Ex is independent of orientation). 

4.14 Compare exact and approximate values of Young's 
modulus at 45" to the fiber direction for a carbon/ 
epoxy material having the following properties: 

E l  = 145 GPa (21 Msi) 
E,  = 10.45 GPa (1.5 Msi) 

GI, = 6.9 GPa (1.0 Msi) 
v,, = 0.28 

4.15 Knowing E l ,  E,, v,,, and (El)B45m (modulus at 45" 
with the fiber direction), determine GI,, first exactly 
and then using the approximation for high-stiffness 
composites. Compare numerical values for the carbon/ 
epoxy material of Problem 4.14. 

4.16 Knowing E l ,  E,, GI,, and v,, for a unidirectional 
lamina, determine ( v . ~ ) ~ ~ ~ ,  first exactly and then 
using the approximation for high-stiffness com- 
posites. Compare numerical values for the carbon/ 
epoxy material of Problem 4.14. 

4.17 Compare exact and approximate values of the shear 
modulus (G.v)e450 for the material of Problem 4.14. 

4.18 Compare exact and approximate values of (q,)w50 
for the material of Problem 4.14. 

4.19 Find a general expression for the coupling co- 
efficient q,rs for a unidirectional composite with fiber 
orientation 8 = 45" in terms of constituent proper- 
ties. Then, obtain an approximate expression for a 
high-stiffness composite. Is q, a fiber-dominated or 
matrix-dominated property? 

4.20 Determine Poisson's ratio at 45" to the principal 
material axes of a woven glass/epoxy composite 
with the following properties: 

E,/E2 = 1.25 
(a) G I Z / E 2  = 0.25 

Fig. P4.12 v,, = 0.16 
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4.21 

4.22 

4.23 

4.24 

4.25 

4.26 

4.27 

4.28 

4.29 

Determine Poisson's ratio v, at angle 8 = 30" to the 
fiber direction for the two materials below with the 
given properties: 
(a) El& = 3 

G,,/E, = 0.5 

(b) EI/E2= 15 
v,, = 0.25 

G,,/E, = 0.625 
v,, = 0.30 

Obtain an approximate value for Poisson's ratio 
v, of an off-axis unidirectional lamina at an angle 
8 = 60" to the fiber direction for a high-stiffness 
composite material with El % E, and E, = lSG,,. 
Obtain Poisson's ratio for an off-axis unidirectional 
composite at an angle 8 = 60" to the fiber direction 
for a material with El = 15E, = 22.56,, and v,, = 
0.30. 

A unidirectional lamina is characterized by deter- 
mining El and E,. Subsequently, it is loaded at an 
angle 8 = 30" to the fibers, and the modulus (EI)b300 
is determined. Obtain a relationship for the modulus 
(EJe=45.= in terms of E l ,  E,, and (E,)o=30.. 

A unidirectional lamina is loaded at angles 8 = 30" 
and 60" to the fiber direction, and the corresponding 
moduli and (E3)e=600 are obtained. Determine 
a relationship between these two moduli and El and 
E,. Find an approximate expression for E, in terms 
of (E,)e=300 and (Ex)e=mo for a high-stiffness compos- 
ite (El % E,). 
For a composite material with El = E, = E and v,, = 
v,, 2 0 (woven composite), determine (vJmaX in 
terms of E and GI, and the corresponding angle 8 
where this maximum occurs. 

For a composite material with El = 2E, and v,, I v,, 
I 0 (woven composite), determine ( v ~ ) , , , ~  in terms 
of E, and GI, and the corresponding angle 8 where 
this maximum occurs. 

A woven carbonlepoxy composite has identical 
moduli and Poisson's ratios in the warp and fill 
directions, El = E, = E and v,, I v,, = v. Determine 
the maximum values of Poisson's ratio (v,),,,, shear 
coupling coefficient (qJmaX, and the corresponding 
angles 8 to the principal material directions. 

Determine the extreme values of the shear coupling 
coefficient q, and corresponding angles to the prin- 
cipal material directions for a woven glasslepoxy 
composite with the following properties: 

E ,  = 15.8 GPa (2.3 Msi) 
E2 = 12.9 GPa (1.9 Msi) 

GI, = 2.7 GPa (0.4 Msi) 
v,, = 0.16 

4.30 Using the transformation relation for Ex in a s .  (4.81), 
determine its maximum and minimum values. 
Prove that Ex can have a maximum value for some 
value of 8 in the range 0 < 8 < 90" when 

El 
2(1 + VlZ) 

GI, ' 
(This means that for some orthotropic materials, the 
off-axis modulus Ex can be higher than El.) 

4.31 Using the same procedure as in the preceding prob- 
lem, prove that Ex can have a minimum value for 
some value of 8 in the range 0 < 8 < 90" when 

El 
2[(E,lE,) + v,,l GI, < 

(This means that for some orthotropic materials, the 
off-axis modulus Ex can be lower than E2.) 

4.32 Using the same procedure as in Problem 4.30, prove 
that E, attains its maximum value El at 8 = 0" and 
its minimum value E, at 8 = 90" when 

El 
2(1 + v12) 

< GI, < El 
2[(E,lE,) + v,,1 

4.33 A unidirectional lamina is loaded under a uniaxial 
stress (T, = o0, and principal strains E, and E, are 
measured (Fig. P4.33). Compute the transverse 

* t  

( T p  = 0, 

2 t  4 

Fig. P4.33 
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4.34 

strain E; of the same lamina loaded under equal 
biaxial normal stresses o, = o, = o, as a function of 
the strains E, and ~2 obtained before and the modu- 
lus ratio kE = EJE,. 
A unidirectional lamina is loaded under uniaxial 
tension oy at 45" to the fiber direction as shown in 
Fig. P4.34. Determine the three strain components 
E,, E ~ ,  and y&) as a function of oy and the basic 
lamina properties (E l ,  E,, GI,, vI2) referred to the 
principal material axes. Obtain first the strains in 
terms of the transformed engineering constants (Ex, 
Ey, v,, qx3, and so on) and then use approximate 
relations for these constants for a high-stiffness 
composite. 

Fig. P4.34 

4.35 A 30" off-axis unidirectional lamina is under biaxial 
normal loading along the x- and y-axes as shown in 
Fig. P4.35. 
(a) Express the ratio k = oy/q in terms of trans- 

formed engineering constants (Ex, E,, G,, q,, 
and so on), such that there is no shear deforma- 
tion in the lamina. 

(b) Obtain an expression fork in terms of principal 
engineering constants (El ,  E,, GI,, v,,), and then 
obtain an approximate value of k for a high- 
stiffness composite (El * E,) and E2 = 1.5G,,. 

1 

ox X 

2 

4.36 An off-axis unidirectional lamina is under biaxial 
normal loading along the x- and y-axes (Fig. P4.36). 
Find a general expression in terms of angle (3 for the 
ratio of the two normal stresses, k = oy/ox, such that 
there is no shear deformation in the lamina. Obtain 
first an exact expression, and then an approximate 
one for a high-stiffness composite, with E,  = 2G,,. 

Fig. P4.36 

4.37 For a unidirectional lamina loaded in pure shear T, 
at 45" with the fiber direction, obtain expressions 
for the three strain components E,, E ~ ,  and 'I, as a 
function of the basic engineering properties El, E,, 
GI,, v,, (and/or v,,), and the shear stress T~ (Fig. 
P4.37). Obtain first the exact relations and then the 
approximate ones for a high-stiffness composite. 

2 

X 

Fig. P4.37 

4.38 An off-axis unidirectional lamina is loaded as shown 
in Fig. P4.38, and the strain E, in the x-direction is 
measured with a strain gage. 

Fig. P4.35 Fig. P4.38 
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4.39 

4.40 

4.41 

(a) Find an expression for the shear coupling 
coefficient q, in terms of Ex, G,, or, z,, and the 
measured strain E,. 

(b) Determine the shear strain ys for the following 
values: 

E, = 2 x 10-3 
Ex = 58.7 GPa (8.5 Msi) 

G, = 9.7 GPa (1.4 Msi) 
ox = 193 MPa (28 ksi) 
zs = 48.3 MPa (7 ksi) 

An off-axis unidirectional lamina is loaded as 
shown in Fig. P4.39 under uniaxial tension and 
in-plane shear at an angle to the fiber direction. 
Express the normal strains E, and E, in terms of the 
engineering properties (E,,  E,, G,y, v,, v,,, r ~ , ~ ,  TI,,, 
q,, qJ. What relation must these engineering prop- 
erties satisfy, so that for a certain ratio of T&, the 
material behaves as an infinitely rigid one, that is, 
E, = E, = O? What is the stress ratio k = T$S~ in that 
case? 

Y Z  

Fig. P4.41 

4.42 A unidirectional lamina is loaded as shown in Fig. 
P4.42, first under biaxial normal loading ox and o, 
and then under pure shear z,, both at the same angle 
8 to the fiber direction. The strains produced by the 
first (biaxial) loading are E,", E;, and y:; the strains 
produced by the second (she&) loading are E.:, E;, 

and yl. Develop expressions for I$ and y: in terms 
of ox, o,., E.?, z,, E,", E.:, E.,, and E,. 

Y t  t o y  

Fig. P4.39 

For the same lamina and loading of Problem 4.39: 
(a) Determine the ratio k = zJo, in terms of the 

off-axis engineering constants (Ex, E,, G.,?, v,, 
v,, TI,, qYs, qsl, TI,) for which the shear strain 

(b) What relationship must the engineering con- 
stants satisfy in order that &, = 0 for the above 
loading ratio? 

(c) Under what condition is E, = 0 for the same 
loading ratio? 

An off-axis unidirectional lamina is loaded under 
uniaxial tension and in-plane shear of equal magni- 
tude (ox = T, = o,,) (Fig. P4.41). Determine the fiber 
orientation 8 for which there is no shear deforma- 
tion along the principal material axes. 

y3 = 0. Fig. P4.42 

4.43 Two cylindrical pressure vessels made of the same 
unidirectional lamina but with different fiber orien- 
tations were loaded as shown in Fig. P4.43 and gave 
the following strain readings: 
Cylinder A 

Diameter: D = 100 mm 
Thickness: h = 5 mm 
Hoop wound (i.e., fibers in the circumferential 
direction) 
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Internal pressure: p = 20 MPa 
Measured strains: E, = 8 x 

E~ = E~ = 2.75 x 10-~ 

Cylinder B 
Diameter: D = 100 mm 
Thickness: h = 5 mm 
Helically wound at 0 = 4.5" 
Axial load: 

Cylinder B 

P P P = 147 kN 
Measured strain: E, = 7 x + 4 

Assuming v,, = 0.3, determine lamina moduli El, 
Ez, and Gi2. Fig. P4.43 





5 Strength of Unidirectional 
Lamina-Micromechanics 

5.1 INTRODUCTION 

In the preceding chapters, the elastic behavior of a lamina was discussed from the micro- 
scopic and macroscopic points of view. In the case of failure phenomena and strength of 
a lamina, it is helpful and important to understand the underlying failure mechanisms 
and processes within and between the constituents of the composite and their effect on the 
ultimate macroscopic behavior (see Section 2.6). The failure mechanisms and processes 
on a micromechanical scale vary with the type of loading and are intimately related to 
the properties of the constituents, that is, fiber, matrix, and interface/interphase. These 
micromechanical processes and the macroscopic strength predictions based on them are 
discussed below for various types of loading. 

5.2 LONGITUDINAL TENSION-FAILURE MECHANISMS AND STRENGTH 

Under longitudinal tension, the phase with the lower ultimate strain will fail first. For per- 
fectly bonded fibers, the average longitudinal stress in the composite, ol, is given by the 
rule of mixtures as 

where 

or, om = average longitudinal stresses in the fiber and matrix, respectively 

V,, V, = fiber and matrix volume ratios, respectively 

Under the simple deterministic assumption of uniform strengths, two cases are distinguished 
depending on the relative magnitudes of the ultimate tensile strains of the constituents. 
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In the case in which the ultimate tensile strain of the fiber is lower than that of the 
matrix, that is, when 

the composite will fail when its longitudinal strain reaches the ultimate tensile strain in the 
fiber (Fig. 5.1). Then, the longitudinal tensile strength of the composite can be approxi- 
mated by the relation 

Fiber 

Composite 

_ _ _ - - - -  _ _ - -  
Matrix - i ______- - - -  

Eun EU,t 

Strain 

Fig. 5.1 Longitudinal stress-strain curves for composite and con- 
stituents for the case of fiber-dominated strength (&;, < &:,). 

, I , , 
+ 

EL, 

Strain 

Fig. 5.2 Longitudinal stress-strain curves of composite and con- 
stituents for the case of matrix-dominated strength (&:, < &;!). 

F,, = F,vf + o',V, (5.3) 

where 

F,, = longitudinal composite tensile strength 

F, = longitudinal fiber tensile strength 

ok = average longitudinal matrix stress 
when ultimate fiber strain is reached 

Assuming linear elastic behavior for the con- 
stituents, Eq. (5.3) is written as 

For composites with very stiff fibers, that 
is, when Er 9 Em, and for reasonable values 
of Vf, the above relation can be further sim- 
plified as 

When the ultimate tensile strain of the 
matrix is lower than that of the fiber, that is, 
when 

the composite fails when its longitudinal strain 
reaches the ultimate tensile strain of the matrix 
(Fig. 5.2). Then, the longitudinal tensile 
strength of the composite can be approximated 
by the relation 

F,, = o;Y + FmrVm (5.7) 
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which can be further approximated as 7 t  
Interfacial 
shear stress 

X 

where 

F,,, = matrix tensile strength 

0; = longitudinal fiber stress when X 

ultimate matrix strain is reached 
f - 
f - 

The results above do not take into considera- 
f + 
f ----) tion the statistical distribution of fiber and matrix 
f - strengths. In the case of fiber-dominated strength, 

O h -  -01 for example, fiber strength varies from point to 
f point and from fiber to fiber. Not all fibers fail 
f - simultaneously, but isolated single fiber breaks 

-+ 

4- -w (singlets) occur at weak points. A nonuniform state 
f - of stress is developed around the fiber break 

(Fig. 5.3).' An interfacial shear stress results with a 
X high peak near the fiber break and helps transfer the 

stress to the broken fiber. The stress transmitted by 
the fiber is zero at the break but increases gradually 
to the far-field value at some characteristic distance, 
6, from the break. This is roughly the same distance 
at which the interfacial shear stress drops to zero. 
The effect of the fiber break on adjacent fibers is a 
local increase in both fiber stress and interfacial 
shear stress. The net effect of a single fiber break 
is to reduce the load-carrying fiber length by the in- 
effective length 26. 

Depending on the properties of the constituents, these initial fiber breaks produce 
different types of failure in their vicinity (Fig. 5.4).* These failure mechanisms take the 
following forms: 

1 
0 

X 

7 

Fig. 5.3 Local stress distributions around a fiber break in a 
unidirectional composite under longitudinal tension. 

1 . matrix cracking transverse to the tensile loading in composites with a brittle matrix 

2. fiber/matrix debonding in the case of a relatively weak interface and/or relatively 

3. conical shear fractures in the matrix in the case of a relatively ductile matrix and 

and a relatively strong interface 

high ultimate fiber strain 

a strong interface 

In most cases the damage is localized and arrested by the adjacent fibers. The net effect of 
this localized damage is to increase the ineffective length of the fiber. 
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Fig. 5.5 Failure sequence in a unidirectional composite 
with fiber-dominated strength under longitudinal tensile 
loading. 

As the load increases, the single fiber breaks 
increase in density and interact to produce adjacent 
fiber breaks (e.g., doublets, triplets) (Fig. 5.5). These 
localized failures interact and eventually coalesce 
to produce catastrophic failure. The exact sequence 
of events and the final failure pattern vary with 
constituent properties and the fiber volume ratio.’.’ 
~ ~ ~ i ~ ~ l  failure patterns under longitudinal tension 
are shown in Fig. 5.6 for two composite materials, 
boron/epoxy and S-glass/epoxy. The boron/epoxy 
shows more brittle failure and limited fiber/matrix 

(c) 

Fig. 5.4 Failure mechanisms around a single fiber break in 
a unidirectional composite under longitudinal tension: (a) 
transverse matrix cracking for brittle matrix and relatively 
strong interface, (b) fiber/rnatrix debonding for relativcly 

and (c) conical shear fractures in relatively ductile matrix 
weak interface and/or relatively high fiber ultimate 

debonding* whereas the glass/epoxy shows extensive 
and strong interface. interfacial debonding associated with the relatively 

high ultimate strain of the glass fiber. These results 
can be incorporated into a statistical analysis to yield 

the overall composite strength in terms of the fiber volume ratio and the parameters of the 
statistical distribution of fiber strengths.’ 

In the case of brittle-matrix composites, such as ceramic-matrix composites, the fail- 
ure strain of the matrix is usually lower than that of the fibers, and damage initiates with 
the development of multiple matrix cracks analogous to the fiber breaks discussed before 
(Fig. 5.7). These cracks produce local stress distributions with high interfacial shear stress- 
es and increased tensile stress in adjacent fibers. These cracks are accompanied or fol- 
lowed by fibedmatrix debonding and fiber breaks. A typical fractograph of such a failure 
in a silicon carbide/glass-ceramic composite is shown in Fig. 5.8. It shows clearly the 
transverse matrix crack, fiber breaks, and fiber pullout. Analysis of stresses and failure 
mechanisms of such composites provides predictions of longitudinal tensile strength as a 
function of material and geometric parameters: 
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- ~ 1 1 ~ - ~ 1 ~  =-- 

I 

-n/epoXv S-glass/epoxy 

Fig. 5.6 Typical failure patterns of uni- 
directional composites under longitudinal 
tension. 

Axial stress Interfacial I Axial stress ; 
in fiber ; shear stress I in matrix I 

I I 
I 
I 
I 
I 
I 

I-++-++ 
6 6 6 6 

Fig. 5.7 Matrix cracking and local stress distributions in a 
unidirectional brittle-matrix composite under longitudinal 
tension. 

5.3 LONGITUDINAL TENSION-INEFFECTIVE FIBER LENGTH 

In the case of a composite with a ductile matrix discussed before, a fiber breaks at a weak 
point and the fiber stress of increases exponentially from zero at the break to the far-field 
value ofo at some distance 6, called ineffective or transfer length. This distance can be defined 
as that at which the fiber stress reaches a certain fraction k of the far-field fiber stress: 

This fraction k is usually taken to be 0.9 (Fig. 5.9). 
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I 

I 

Fig. 5.8 Scanning electron microscope (SEM) fractograph 
of longitudinal tensile failure in silicon carbide/glass- 
ceramic (SiC/CAS) composite. 

1 .o 
0.9 

Fig. 5.9 Fiber stress and interfacial shear stress distribution 
near fiber break. 

One simple way of calculating 6 for a ductile 
matrix is by assuming the interfacial shear stress to 
be uniform over the length 6. Then, from equilibrium 
it follows that 

(5.10) 

where 

d = fiber diameter 

z, = average shear stress 

This relation gives an upper bound for the transfer 
length if z, is taken as the average interfacial shear 
strength. 

According to Rosen et a1.: the fiber stress vari- 
ation near the fiber break is given by 

of (x) = of,( 1 - e-yx) (5.11) 

where 

x = distance from the fiber break 

r = fiber radius 

(5.12) 

By setting x = 6 for k = 0.9, we obtain 

The interfacial shear stress zi is obtained from 
Eq. (5.11) using the equilibrium relation 

dx 

Thus, 

r 
(5.14) 

(5.15) 



For a typical carbodepoxy material with Gm = 1.27 GPa (185 ksi), E,= 235 GPa (34 Msi), 
and V, = 0.65, 

For a fiber stress at failure of ofo = 6 = 3100 MPa (450 ksi), the maximum interfacial 
shear stress would be (2Jrnax = 232 MPa (33.7 ksi), a value much higher than the matrix or 
interfacial shear strength. Therefore, interface debonding will inevitably follow a fiber 
break. 

The transfer length from a fiber break or the end of a short fiber can also be obtained 
from Cox's shear lag analysis discussed in Chapter 3.6 The variation of fiber stress along 
a fiber of length 1 given by Eq. (3.54) is 

(5.16) 
cash - cash - 

where 
r 11" 

E ,  = average longitudinal strain in composite and fiber 

and the origin of the x-axis is at the center of the fiber as shown in Fig. 3.15. The ratio k 
of the fiber stress at a distance 6 from the end of the fiber to the far-field fiber stress for a 
fiber of length 1 is 

For k = 0.9 and for large I, when tanh (p1/2) 3 1, the transfer length is obtained as 

6 
d 

(5.17) 

(5.18) 

The radius r, in the above equation is the radius of the representative cylindrical element, 
r, = r / f i ,  as shown in Fig. 3.13. 

The maximum fiber stress, which occurs at the center of the fiber (x  = 0), is 

r 1 
(5.19) 
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The maximum interfacial shear stress occurs at the end of the fiber (x = 1/2): 

It is seen from Eqs. (5.13), (5.15), (5.18), and (5.20) that as the modulus ratio Ef/G, 
increases, the ineffective length 6 increases and the maximum interfacial shear stress 
decreases. The reinforcing efficiency of a composite depends to a large extent on the 
strength of the interface. High interfacial shear stresses lead to several failure mechanisms, 
namely interfacial (shear) debonding, cohesive failure of the matrix, cohesive failure of the 
fiber, or shear yielding of the matrix. 

5.4 LONGITUDINAL COMPRESS ION 

Failure mechanisms and strength of continuous-fiber composites under longitudinal com- 
pression have been studied by many investigators over the last four decades. Rosen7 in 
1965 recognized that longitudinal compressive failure is associated with microbuckling 
of the fibers within the matrix (Fig. 5.10). He analyzed two idealized microbuckling pat- 
terns and gave predictions for the longitudinal compressive strength. For low values of fiber 
volume ratio, the extensional or out-of-phase mode of microbuckling is predicted with a 
corresponding compressive strength7 

0 1  

1 
0 1  

1 

Fig. 5.10 Microbuckling modes in a unidirectional 
composite under longitudinal compression: (a) out-of- 
phase or extensional mode and (b) in-phase or shear 
mode. 

For higher values of v, the shear or in-phase mode is pre- 
dicted with a compressive strength7 

The fiber microbuckling failure mechanism was further 
studied by Greszczuk,* Wang? and Hahn and Williams.’o 

Flexural stresses in a fiber due to in-phase buckling 
lead to the formation of kink zones, which can cause pro- 
nounced deformation in ductile fibers, such as aramid, or 
fracture planes in brittle fibers, such as carbon (Fig. 5.11). 
The mechanism of kink band formation was studied 
by Argon,” Berg and Salama,’* Weaver and Williams,13 
and Evans and Adler.14 Budiansky,” and Budiansky and 
FleckI6 considered plastic deformation during kinking. More 
recently the combined buckling/kinking failure mecha- 
nism was analyzed by Steif,” Chung and Weitsman,’* 
and Schapery.” Figure 5.12 shows kink band formation 
in a carbon/epoxy composite loaded in longitudinal 



Microbuckling Ductile fibers Brittle fibers 

Fig. 5.11 Microbuckling leading to formation of kink zones 
with excessive deformation or fracture planes for ductile or 
brittle fibers, respectively. 

compression. Figure 5.13 shows fractographs of a 
carbon/epoxy composite after failure under longitu- 
dinal compression.'' Figure 5.13a shows the stepped 
nature of the macroscopic failure surface resulting 
from fiber microbuckling, kinking, and fiber fractures. 
Figure 5.13b shows an enlarged view of the same 
fracture surface showing cracking of the fibers in the 
direction normal to the axis of microbuckling. 

Compressive strength predictions from Eqs. 
(5.21) and (5.22) are much higher than experimentally 
measured values, as illustrated in Table 5.1 for three 
typical composite materials. 

The difference between theoretical and experi- 
mental results is attributed to preexisting fiber mis- 
alignment, which reduces the strength appreciably. 

' Fig. 5.12 Kink band in unidirectional 
IM6/3501-6 carbon/epoxy compos- 
ite under longitudinal compressive 
loading. 

TABLE 5.1 Predicted and Measured Longitudinal 
Compressive Strengths, F,c, MPa (ksi) 

Material Extensional Mode Shear Mode Experimental 

Glass/epoxy 8700 (1 260) 2200 (320) 690 (100) 
Carbon/epoxy 22,800 (3300) 2900 (420) 1730 (250) 
Kevlar/epox y 13,200 (1900) 2900 (420) 340 (50) 
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10tJm - 15 pm - 
(a) (b) 

Fig. 5.13 Fractographs of carbon/epoxy composite under longitudinal compression:’’ (a) stepped microscopic fracture sur- 
face resulting from fiber microbuckling and kinking and (b) arrow indicating direction of crack propagation normal to 
microbuckling axis A-A. 

Y A simple model for predicting lon- 
gitudinal compressive strength, taking into 
consideration the initial fiber misalignment, 
is described below.21,22 Consider a unidirec- 
tional lamina element with an initial fiber 
misalignment cp, loaded in compression in 
the x-direction (Fig. 5.14). Because of the 
fiber misalignment, a two-dimensional state 
of stress is developed with respect to the 
principal material axes. The shear stress 

Y 4  component produces a shear strain y6, 

Before loading 

cp = fiber misalignment 

1 

After loadinq 

ye= In-plane shear strain 
(additional fiber rotation) 

which effectively increases the fiber mis- 
alignment to (cp + y6). Under the applied 
axial stress o,, the stresses referred to the 
principal material axes obtained by stress 
transformation are 

GI = 0, COSZ(cp + y6) 
Fig. 5.14 Unidirectional lamina with initial fiber misalignment before 
and after axial compressive loading. (3, = 6, sin’(cp + y6) 

For small values of cp and y6 

(5.23) 

(5.24) 
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- 

- 

- 

- Measured strength - - 

Then, 

._ 
800 2 
600 5 

5 
400 E 

z 
200 

Is) 

(5.25) 

The limiting value of 0, = o1 is the longitudinal compressive strength Flc .  The neces- 

-=6 

cp + Y6 

0 =- 
x -  

sary condition for a maximum ox is 

z6 t 

or 

= O  a Y6 

or, from Eq. (5.25) 

Fig. 5.15 Illustration of graphical calculation of longitudinal 
compressive strength. 

1 4 1000 

0 
O: ' ' a ' 0.5 ' ' ' ' ' 1 ' ' ' ' ' 1.5 ' ' ' ' ' 2 ' ' ' ' ' 2.5 ' 

Fiber misalignment, cp (degrees) 

Fig. 5.16 Predicted longitudinal compressive strength of car- 
bon/epoxy composite (IM6G/3501-6) as a function of initial 
fiber misalignment. 

The shear stress z, is a nonlinear function of 
the shear strain Y6 as obtained from experimental 
characterization of the material (Fig. 5.15). The 
solution of Eq. (5.26) corresponds to the point (T*, 
y*) on the z6 versus y6 curve where the tangent is 
equal to ~ * / ( c p  + y*), that is, 

The corresponding value of lo,l, which is a max- 
imum, is equal to the longitudinal compressive 
strength 

-* 
'L-'. 

4,= Io.I,,,= - 
cp + Y* 

(5.28) 

According to this prediction, the longitudinal 
compressive strength depends only on the in-plane 
shear stress-strain curve and the initial fiber mis- 
alignment. Both of these characteristics need to 
be obtained experimentally for a given material 
system. Figure 5.16 shows the variation of the 
predicted compressive strength F,,  with fiber 

- misalignment for a carbon/epoxy composite 
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Y J 

(IM6G/3501-6). The experimentally measured compressive strength of this material, 
F, ,  = 1725 MPa (250 ksi), corresponds to a fiber misalignment of cp E 1.5". 

If the initial misalignment is much larger than the shear strain, cp 9 y, Eq. (5.28) 
is reduced to 

(5.29) 

where F ,  is the in-plane shear strength of the material. The above solution is identical to 
Argon's prediction." The same result is obtained by using the maximum stress criterion to 
be discussed in Chapter 6. 

When the initial misalignment is very small compared to the induced shear strain, 
cp G y6, Eq. (5.28) is reduced to 

(5.30) 

where (G,Jsec is the secant shear modulus of the 7, versus y, curve at failure. If this curve 
is assumed to be linear, then 

(5.32) 

F l c  GI2 (5.31) 

which is Rosen's prediction. Using the series model for 
G I 2  and assuming very stiff fibers, G I ,  9 Gm, we can 
rewrite Eq. (5.3 1) as 

which is identical to Eq. (5.22). 
As the fiber volume ratio increases, debonding pre- 

cedes in-phase microbuckling, and failure results from 
the three-dimensional state of stress. At the highest 
values of Vf for well-aligned fibers, one may encounter 
pure compressive failure, which can be related to shear 
failure of the fibers. For the case of high fiber volume 
ratios, the shear failure mode governed by the shear 
strength of the fiber is illustrated in Fig. 5.17. The pre- 
dicted strength based on this mode and a maximum stress 
criterion for the fibers is 

4,=2Ff, Y + ( l - Y ) -  (5.33) 
Fig. 5.17 Shear failure mode of a unidirectional com- 
posite with high fiber volume ratio under longitudinal 
compression. 

L 
where 4s is the shear strength of the fiber. 
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5.5 TRANSVERSE TENSION 

ite average strain E,. Then, for a square array 

we obtain the following stress concentration 
factor: 

and using the series model relation for E,, 

( 0 r ) m a x  - k,= - - 1 - vf (1- Em/Ef) 
02 1 - (4V,/~)”~(l-  Em/Ef) 

(5.34) 

A more characteristic quantity for a 
transversely loaded composite is the strain 
concentration factor that is related to the 
stress concentration factor as follows:24 
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20 1 I 
I 

k, = 

where q,,, and E, are the maximum and aver- 
age strains, respectively, and V, the matrix 
Poisson’s ratio. In the expression above, it 
was assumed that the fibers are much stiffer 
than, and perfectly bonded to, the matrix. 
The variation of the strain concentration fac- 
tor with fiber volume ratio for a boron/epoxy 
composite is shown in Fig. 5.20. It is shown 
how it increases sharply for fiber volume 
ratios above 0.5. 

A strain concentration factor can also be 
obtained as follows from the relation of Eq. 
(5.34) and is the same as that given by K i e ~ , ~  
based on a simple deformation analysis of a 
unit cell in a square array: 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Fiber volume ratio, Vf 

(5.36) 
Fig. 5.20 Strain concentration factor in matrix of unidirectional 
borodepoxy composite under transverse tension. 

1 
1 - (4lf/.r~)’”(l- E,/Ef) 

k, = 

In predicting failure of a transversely loaded composite, the residual stresses and 
strains due to curing of the matrix, or thermal stresses and strains due to thermal 
expansion mismatch, must be taken into account. Assuming a maximum tensile stress or 
strain failure criterion, linear elastic behavior to failure for the matrix, and very stiff 
perfectly bonded fibers, one can predict the transverse tensile strength for a unidirectional 
composite, 

for the maximum tensile stress criterion, and 

(5.37) 

(5.38) 

for the maximum tensile strain criterion, where 6, and E, are the radial (maximum) 
residual stress and residual strain, respectively. 

The above prediction was corroborated experimentally by conducting transverse 
tensile tests on a glass/epoxy composite, for which the following properties were 
measured:26 

E, = 12.6 GPa (1.83 Msi) 

l$ = 0.50 

k, = 2.0 (measured photoelastically) 

FZr = 47.3 MPa (6850 psi) 
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4 Carbonlhigh-modulus epoxy Carbonlpolyimide 

Progressive microcracking leading to ultimate fail- Fig. 5.22 Typical failure patterns of unidirectional compos- 
ure in unidirectional composite under transverse tension. ites under transverse tension. 

The strength predicted by Eq. (5.38) is 

F2, = 41.7 MPa (6050 psi) 

and is lower than the measured one. This is due to the fact that the predicted value is for 
local failure initiation, whereas the measured value is the ultimate strength, which must be 
higher. 

In general, the micromechanical predictions above are based on a local deterministic 
failure criterion at a point. In reality, as in the case of longitudinal tensile loading, failure 
takes the form of isolated interfacial microcracks increasing in number with loading and 
finally coalescing into a catastrophic macrocrack (Fig. 5.2 1). Typical failure patterns 
under transverse tension are shown in Fig. 5.22 for two composite materials, carbon/ 
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Fig. 5.23 Scanning electron microscope (SEM) fractograph 
of transverse tensile failure in E-glass/epoxy composite 
(brittle matrix).” (ductile rnatri~).’~ 

Fig. 5.24 Scanning electron microscope (SEM) fractograph 
of transverse tensile failure in E-glass/epoxy composite 

high-modulus epoxy and carbon/polyimide. Typical fractographs of transverse tensile fail- 
ures are shown in Figs. 5.23,5.24, and 5.25. 

5.6 TRANSVERSE COMPRESSION 

Under transverse compression a unidirectional composite may fail under a number of 
failure mechanisms. The high compressive stress at the interface may cause compressive 
or shear failure in the matrix and/or fiber crushing. The predicted composite strength for 
this failure mechanism is 

(5.39) 

where Fmc is the compressive strength of the matrix and 6, is the maximum residual radial 
stress at the interface. High interfacial shear stresses may cause matrix shear failure 
and/or debonding, leading to an overall shear failure mode, as illustrated schematically in 
Fig. 5.26. 
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t t t t  t t t t I t  t t t  t t t t 
Fig. 5.25 Scanning electron microscope (SEM) fractograph 9 

of transverse tensile failure in silicon carbide/glass-ceramic 
(SiC/CAS) composite. 

Fig. 5.26 Shear failure mode in unidirectional com- 
posite under transverse compression. 

5.7 IN-PLANE SHEAR 

T€ 

A 

Failure surfaces 

6 

Fig. 5.27 Failure mode of unidirectional composite under in- 
plane shear. 

Under in-plane shear, as illustrated in Fig. 5.27, 
a high shear stress concentration develops at the 
fibedmatrix interface. The variation of the shear 
stress concentration factor with material and 
fiber volume ratio has been obtained by a finite 
difference procedure.28 The high shear stress at 
the interface can cause shear failure in the matrix 
and/or fiber/matrix debonding (Fig. 5.27). Figure 
5.28 shows the failure pattern of a carbon/epoxy 
composite under in-plane shear. The in-plane 
shear strength of the composite based on matrix 
shear failure can be predicted as 
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Fi9. 5.28 Failure pattern of unidirec- 
tional carbon/epoxy composite under 
in-plane shear (10” off-axis specimen 
loaded in axial tension). 

Fms F6= - 
k, 

(5.40) 

where Fm is the matrix shear strength and k, the shear stress concentration factor. 
An approximate expression for the shear stress concentration factor analogous to 
Eq. (5.34) is 

5.8 OUT-OF-PLANE LOADING 

(5.41) 

Out-of-plane loading includes normal loading o,, which can be tensile or compressive, and 
shear loadings z, (T~,) and T, (T,,). For transversely isotropic materials with the 2-3 plane 
as the plane of isotropy, the out-of-plane normal loading 0, is equivalent to the transverse 
in-plane loading 0,. The behavior of the material is the same as that discussed before in 
Sections 5.5 and 5.6 for transverse tension and transverse compression, respectively. 
Similarly, the behavior under out-of-plane shear loading 2, (T,,) is equivalent to that under 
in-plane shear 26 (T,,), discussed in Section 5.7. 

The out-of-plane shear loading z4 (T,J is 
equivalent to equal biaxial tension/compres- 
sion 0,. = -03, = T~ along axes 2’ and 3’, which 
are inclined at 45” to the 2- and 3-axes, respec- 
tively (Fig. 5.29). The most likely failure mode 
is matrix cracking normal to the 2’-direction 
because the material is usually much weaker 
in transverse tension than in transverse com- 
pression. The stress o,, = 2, at failure would be 
close, but not necessarily equal, to the failure 
stress under uniaxial transverse tension o,, 

action effects. 
because of tension/compression (o,,, O,.) inter- 

3 - T23 
3 

0 0  0 0 0  0 0 0 0 0 

0 0 0  0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0  
0 0  0 0 0  0 0 0 0 0 

0 0  0 0 0  0 0 0  0 0 

0 0 0 0 0 0 0 0 0  0 0  0 0 0 0 0 0 0 0 0 

2 - 
Fi9. 5.29 Failure mode of unidirectional composite under out-of- 
plane shear, z, ( T ~ J .  
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5.9 GENERAL MICROMECHANICS APPROACH 

In this approach the overall lamina failure is predicted on the basis of the micromechan- 
ical state of stress in the constituents. For any general type of loading, the state of stress in 
a characteristic volume element is determined either analytically by dividing it into matrix 
and fiber subelements ( A b o ~ d i ~ ~ )  or numerically by finite element analysis (Gotsis et al.30). 
Appropriate failure criteria are applied for the matrix and fiber constituents to determine 
failure of the characteristic volume element and thereby of the entire lamina. 

The preceding discussion shows how the various constituent characteristics influence 
failure in a composite lamina. The micromechanics analysis of failure can serve as a use- 
ful guide in selecting constituent materials and designing composites from the point of 
view of failure behavior. It can be seen, however, that the micromechanics approach to 
failure prediction is complex, based on assumptions and approximations, and not always 
reliable. At least, local failure initiation can be predicted, but the results cannot be easily 
or reliably extended to global failure prediction. 
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5.1 Determine the longitudinal modulus E l  and the longi- 
tudinal tensile strength F,,  of a unidirectional E-glass/ 
epoxy composite with the constituent properties 

Vf = 0.65 
Ef = 69 GPa (10 Msi) 

E, = 3.45 GPa (0.5 Msi) 
Ffi = 3450 MPa (500 ksi) 

Matrix tensile strength: F,, = 104 MPa (15 ksi) 
Assume linear elastic behavior to failure for both 
fiber and matrix. Everything else being equal, how 
does the strength F,, vary with Ef? 

5.2 Determine the longitudinal modulus E ,  and the 
longitudinal tensile strength F , ,  of a unidirectional 
carbon/epoxy composite with the properties 

Fiber volume ratio: 
Fiber modulus: 

Matrix modulus: 
Fiber tensile strength: 
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5.3 

5.4 

5.5 

5.6 

V, = 0.65 
El,= 235 GPa (34 Msi) 
Em = 4.14 GPa (0.6 Msi) 
4, = 3450 MPa (500 ksi) 

F,, = 104 MPa ( 1  5 ksi) 
Determine the longitudinal modulus E l  and longi- 
tudinal tensile strength F,,  of a unidirectional carbon/ 
glass composite with the properties 

V, = 0.45 
E,, = 235 GPa (34 Msi) 
Em = 70 GPa (10 Msi) 
4, = 3500 MPa (510 ksi) 

F,, = 140 MPa (20 ksi) 

(Note: Strength is defined as the composite stress 
at failure initiation in one of the phases.) 

Determine the longitudinal modulus El and longi- 
tudinal tensile strength F,,  of a unidirectional silicon 
carbide/ceramic composite with the properties 

V, = 0.40 
E, = 172 GPa (25 Msi) 

Em = 97 GPa (14 Msi) 
F, = 1930 MPa (280 ksi) 

F,, = 138 MPa (20 ksi) 

Assume linear elastic behavior for both fiber and 
matrix. Everything else being equal, how does the 
strength F , ,  vary with fiber modulus El,? (Note: 
Strength is defined here as the composite stress at 
failure initiation of one of the phases.) 

The longitudinal strength of a unidirectional com- 
posite, F,,, must be higher than the net matrix 
strength, 0, = VJ,,. In order for this to happen, the 
fiber volume ratio must be higher than a certain crit- 
ical value (V,)cnt. Determine (V& as a function of 
constituent properties, E ,  Em, 4,, and F,,. Consider 
both cases, 

EL, and E:, < E;, 
A glass matrix is reinforced with unidirectional 
silicon carbide fibers and loaded in longitudinal 
tension until matrix failure. Determine the min- 
imum fiber volume ratio, so that the composite does 
not fail catastrophically (i.e., the unbroken fibers 
can support the load) immediately after matrix fail- 
ure, for the constituent properties 

E, = 400 GPa (58 Msi) 
Em = 69 GPa (10 Msi) 
4, = 3175 MPa (460 ksi) 

F,, = 125 MPa (18 ksi) 

5.7 Using Cox’s and Rosen’s analyses determine the 
ineffective fiber length 6/d at a fiber break for a 
carbon/epoxy composite with the properties 

El,= 235 GPa (34 Msi) 
G, = 1.27 GPa (1 84 ksi) 

d = 7 p m  
V, = 0.65 

5.8 A unidirectional continuous-fiber composite is 
loaded in longitudinal tension. Assume that at some 
point all fibers have fractured in fragments of length 
equal to 26 prior to ultimate failure, as shown in 
Fig. P5.8. Determine the initial longitudinal modu- 
lus, Ey, and the one after fiber fragmentation, EI for 
the properties 

Em = 3.45 GPa (0.50 Msi) 
G, = 1.27 GPa (1 84 ksi) 
E, = 235 GPa (34 Msi) 
V, = 0.60 
r =  4 pm (1.6 x 104in) 

(Hint: Use the Rosen theory to calculate 6 and 
Halpin’s formula to determine the modulus E :  after 
fragmentation.) 

Fig. P5.8 

5.9 A unidirectional continuous-fiber composite is 
loaded in longitudinal tension. Determine the max- 
imum fiber volume ratio V,allowed to prevent inter- 
facial debonding at the fiber breaks for the material 
properties 

Em = 3.45 GPa (500 ksi) 
Elf = 235 GPa (34 Msi) 
G, = 1.27 GPa (1 84 ksi) 
F, = 3.5 GPa (500 ksi) 
F,, = 200 MPa (29 ksi) (interfacial shear strength) 
(Hint: Use the Rosen model.) 

5.10 Using the Rosen model, determine the maximum 
interfacial shear stress developed at a fiber break for 
a composite with the properties 
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5.11 

5.1 2 

5.13 

5.14 

5.15 

G, = 1.27 GPa (1 84 ksi) 
E,/ = 235 GPa (34 Msi) 
V, = 0.65 
5l = 3450 MPa (500 ksi) 

Determine the maximum interfacial shear stress at 
a fiber break by Cox's shear lag analysis given a 
carbon/epoxy composite with the properties 

Elf = 235 GPa (34 Msi) 
F, = 3.45 GPa (500 ksi) 
G, = 1.27 GPa (1 84 ksi) 

A composite consists of epoxy resin with aligned 
carbon nanotubes. Determine the longitudinal 
modulus of the composite and the average applied 
longitudinal tensile stress at which either the matrix 
or the interface at the end of the nanotube fails 
(assuming the nanotubes do not fail) given the 
properties 

V, = 0.65 

Matrix 
Em = 3.45 GPa (0.5 Msi) 
G, = 1.27 GPa (1 84 ksi) 
F,, = 100 MPa (14.5 ksi) 

I = 1 pm (40 x 10" in) 
d = 1 nm (40 x in) 

E, = 1000 GPa (145 Msi) 
v/= 0.01 

Fiber (nanotubes) 

Interfacial shear strength 
F,, = T,,, = 200 MPa (29 ksi) 

(Hint: Use the Rosen model.) 
The nonlinear shear stress-strain relation of a uni- 
directional carbon/epoxy composite is given as 

T6 = G12(y6 - 2wu26) 
Determine the longitudinal compressive strength of 
the composite (FIJ for an initial fiber misalignment 
of 2" and GI, = 7 GPa (1 Msi). 
Derive the expressions in Eqs. (5.34) and (5.36) for 
stress and strain concentration factors in a unidirec- 
tional composite under transverse normal loading. 
A unidirectional E-glass/epoxy composite is loaded 
in transverse tension. Obtain the stress concentra- 
tion factor from Fig. 5.19 and calculate the trans- 

verse tensile strength based on the maximum stress 
and maximum strain criteria, for the constituent and 
composite properties 

V,, = 0.65 
E, = 69 GPa (10 Msi) 

Em = 3.45 GPa (0.5 Msi) 
V, = 0.36 
F,, = 104 MPa (15 ksi) 

(Hint: Neglect residual stresses.) 
5.16 Determine the transverse tensile strength, F,,, of a 

glass/epoxy composite with the properties 
V, = 0.50 
Ef = 70 GPa (10 Msi) 

Em = 3.45 GPa (0.5 Msi) 
F,, = 104 MPa (15 ksi) 

Use the maximum stress criterion, neglecting resid- 
ual stresses, and Eq. (5.34) for stress concentration. 
A 10" off-axis specimen is loaded as shown in 
Fig. P5.17, so that it fails in in-plane (parallel to 
the fibers) shear. Using the theoretical prediction 
for shear stress concentration factor in the matrix 
(Eq. 5.41) and assuming a maximum shear stress 
failure criterion, determine the axial failure stress 
F,, for a material with the properties 

G,, = 13 GPa (1.9 Msi) 
G, = 1.24 GPa (1 80 ksi) 
F,, = 170 MPa (25 ksi) 

5.17 

V, = 0.65 

(matrix shear strength) 

Fig. P5.17 



6 Strength of Composite 
Lamina-Macromechanics 

6.1 INTRODUCTION 
~~ 

As discussed in the preceding chapter, the failure mechanisms vary greatly with material 
properties and type of loading. Strength predictions were based on micromechanical analyses 
and point failure criteria. Even when the predictions are accurate with regard to failure 
initiation at critical points, they are only approximate as far as global failure of the lamina 
is concerned. Furthermore, the possible interaction of failure mechanisms makes it difficult 
to obtain reliable strength predictions under a general type of loading. For these reasons, 
a macromechanical or phenomenological approach to failure analysis may be preferable. 

From the macromechanical point of view, the strength of a lamina is an anisotropic 
property, that is, it varies with orientation. It is desirable, for example, to correlate the 
strength along an arbitrary direction to some basic strength parameters. A lamina may be 
characterized by a number of basic strength parameters referred to its principal material 
directions in a manner analogous to the stiffness parameters defined before. For in-plane 
loading, a lamina may be characterized by five strength parameters as listed in Fig. 6.1. 
These are the longitudinal tensile and compressive strengths, F , ,  and F1, ,  the transverse 
tensile and compressive strengths, F,, and FZo and the in-plane shear strength, F6(F,,). Four 
additional lamina strength parameters, which are relevant in three-dimensional analysis, 
are the out-of-plane or interlaminar tensile, compressive, and shear strengths, F3,, F3,, 
F4(F2,), and F,(F,,) .  For transversely isotropic composites, with the 2-3 plane as the plane 
of isotropy, F,, E F,,, F,, E Fz0 and F ,  F,. All strength parameters are measured by their 
absolute numerical values. 

This characterization recognizes the fact that most composite materials have different 
strengths in tension and compression. No distinction is necessary between positive and 
negative shear strength as long as it is referred to the principal material directions. This is 
illustrated in Fig. 6.2, where a unidirectional lamina is subjected to positive and negative 
shear stress according to the sign convention used in mechanics of materials. As can be 

120 
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2 

t 

Transverse tensile strength, Fa la 7 

In-plane (or intralaminar) shear 
strength, F6 (F,2) 

Fig. 6.1 Basic strength parameters of unidirec- 
tional lamina for in-plane loading. 

(Tx = -76 Positive shear stress 

(Tx = 76 

Negative shear stress 

Fig. 6.2 Positive and negative shear stress acting along principal 
material directions. 

observed, both cases are equivalent to equal tensile and compressive normal loading at 45" 
to the fiber direction. Thus, the sign of the shear stress is immaterial. The shear strength 
referred to the principal material directions does not depend on the difference between ten- 
sile and compressive strengths of the material. 

However, this is not the case when the shear stress is applied at an angle to the prin- 
cipal material directions. Figure 6.3 shows an example of a lamina loaded in shear at 45' 
to the fiber direction. As can be observed, positive shear stress corresponds to a tensile 
stress in the fiber direction and an equal compressive stress in the transverse to the fiber 
direction, whereas negative shear stress corresponds to a compressive stress in the fiber 
direction and an equal tensile stress in the transverse direction. Since most composites 
have different tensile and compressive strengths and they are weakest in transverse ten- 
sion, it follows that in this case the lamina would be stronger under positive shear. 



2 v' Fig. 6.3 Positive and negative shear stress acting at 
45" to principal material directions. 

( T p  = -Ts 
Positive shear stress 

0 2  = '5, 
Negative shear stress 

Given a state of stress, the principal stresses and their directions are obtained by stress 
transformation that is independent of material properties. The principal strains and their 
directions are obtained by using the appropriate anisotropic stress-strain relations and 
strain transformation. In general, the principal stress, principal strain, and material sym- 
metry directions do not coincide. Since strength varies with orientation, maximum stress 
alone is not the critical factor in failure. Anisotropic failure theories are needed that take 
into account both the stress and strength variation with orientation. 

6.2 FAILURE THEORIES 

Failure criteria for homogeneous isotropic materials, such as maximum normal stress 
(Rankine), maximum shear stress (Tresca), maximum distortional energy (von Mises), and 
so forth, are well established. Macromechanical failure theories for composites have been 
proposed by extending and adapting isotropic failure theories to account for the anisotropy 
in stiffness and strength of the composite. Surveys of anisotropic failure theories have been 
published by Sandhu,' Owen and Rice,* T ~ a i , ~  Chen and Matthews; Sun: Christensen: 
and Hinton et al.7 

In 1965 Azzi and Tsai8 adapted Hill's9 theory, which was originally developed for 
homogeneous anisotropic ductile materials, to anisotropic heterogeneous and brittle 
composites and introduced the so-called Tsai-Hill theory. They verified their theory 
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experimentally with test results from unidirectional off-axis specimens. An early adapta- 
tion of the maximum stress theory to composites was described by Kelly" in 1966, 
who used it to predict the off-axis strength of unidirectional composites. In 1971 Ishai" 
presented experimental results for off-axis strength of composites with ductile and brittle 
matrices. The results for both types of composites were in agreement with predictions 
of the Tsai-Hill theory. In 1971 Tsai and W U ' ~  introduced the fully interactive Tsai-Wu 
theory, which is widely used today. In 1973 Hashin and Rotem13 introduced a partially 
interactive theory based on actual failure modes, which also enjoys wide popularity. 

Over the last four decades numerous other theories were proposed, which combined 
features of the ones mentioned before for isotropic materials, that is, the interactive von 
Mises approach and the maximum stress criterion. The discussion below deals with failure 
theories for a single isolated lamina and not one within a multidirectional laminate. The 
application of these theories to multidirectional laminates will be discussed later in 
Chapter 9. Most theories are based on assumptions of homogeneity and linear stress-strain 
behavior to failure. Failure criteria are usually expressed in terms of the basic strength 
parameters referred to the principal material axes (Fig. 6.1). A few phenomenological the- 
ories, such as Puck's,L4 rely on some constituent properties in addition to lamina proper- 
ties and account for nonlinear behavior. Most theories can identify the mode of failure, 
such as fiber or interfiber, but some of them postulate such failure modes as failure cri- 
teria. Some theories do not account for interaction of stress components, while others do so 
to varying degrees. Some interaction theories require additional lamina strength properties 
obtained by multiaxial testing. 

Lamina failure theories can be classified in the following three groups: 

1. 

2. 

3. 

Limit or noninteractive theories, in which specific failure modes are predicted by 
comparing individual lamina stresses or strains with corresponding strengths or 
ultimate strains, for example, maximum stress and maximum strain theories. No 
interaction among different stress components on failure is considered. 
Interactive theories (e.g., the Tsai-Hill and Tsai-Wu theories), in which all stress 
components are included in one expression (failure criterion). Overall failure is 
predicted without reference to particular failure modes. 
Partially interactive or failure-mode-based theories (e.g., the Hashin-Rotem and 
Puck theories), where separate criteria are given for fiber and interfiber (matrix or 
interface) failures. 

The most representative and widely used of the above theories are discussed in the 
following sections. 

6.3 MAXIMUM STRESS THEORY 

As mentioned before, Kelly adapted the maximum stress theory to composites under plane 
stress conditions." He used it to predict the off-axis strength of a unidirectional lamina as 
a function of fiber orientation by three different curves corresponding to three different 
failure modes. According to the maximum stress theory, failure occurs when at least one 
stress component along one of the principal material axes exceeds the corresponding 
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F2, = F31 

F2c = F3c (6.2) 

Fs = F6 
0 9  

F,, 

strength in that direction. The stresses acting on a unidirectional composite are resolved 
along the principal material axes and planes (ol, o,, o,, T ~ ,  T,, T~), and the failure condition 
is expressed in the form of the following subcriteria: 

F , ,  when o1 > O  

01 = {  -Flc when oI < O  

F,, when 0, > O  

-FZc when 0, < O  
0 2 = {  

F3, when o,>O 

-F,c when 0, < O  

(6.la) 

(6.lb) 

(6.1~) 

12.41 = F4 

IT51 = Fs 

For a two-dimensional state of stress, 
Eqs. (6.lc), (6.ld), and (6.le) are not relevant. 
For a two-dimensional state of stress with 
T, = 0, the failure envelope takes the form of 
a rectangle as shown in Fig. 6.4. 

In the more general case, the stresses are 
transformed along the principal material axes, 
and each stress component is related to the 
corresponding strength parameter. Consider, 
for example, the case of uniaxial loading of 
an off-axis lamina (Fig. 6.5). The stress com- 
ponents along the principal material axes are 

O1 

Fig. 6.4 Failure envelope for unidirectional lamina under biaxial 
normal loading (maximum stress theory). 

0, = cos2e 

X o, = o, sin2@ (6.3) 

Fig. 6.5 Uniaxial loading of  off-axis unidirectional lamina. 7 6  = -0, sin 8 cos 8 
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By equating the stress components in Eq. (6.3) to the corresponding strengths, we obtain 
the following ultimate values of ox, that is, the off-axis strength F,: 
when ox > 0, 

4, F, = - 
cos28 

F 2 r  F ,  = - 
sin28 

F6 
Fxt = sin 8 cos 8 

(6.4a) 

(6.4b) 

(6.4~) 

and when ox c 0, 

F, = - 4, (6.5a) 
cos28 

m a 

F 2 C  F, = - 
sin28 

F6 
Fxc = sin 8 cos 8 

(6.5b) 

(6.5~) 

It should be noted that in the case of shear stress and strength referred to the principal material 
axes, the sign of the shear stress is immaterial and only absolute values need be used. 

Using the strength properties of a material such as E-glass/epoxy from Table A.4 
in Appendix A, one can obtain the variation of lamina strength as a function of fiber 
orientation (Fig. 6.6). By taking the lowest values of the predicted strength, we obtain a 

failure envelope for Fx as a function of 8. 
This envelope is characterized by cusps at 
the intersections of the curves for the various 
subcriteria. Three regions can be identified, 
corresponding to three different modes of 

h In 
Y 

Fiber orientation, €I (degrees) 

Fig. 6.6 Uniaxial strength of off-axis E-glass/epoxy unidirectional 
lamina as a function of fiber orientation (maximum stress theory). 

failure: 

1 .  
2. 
3. 

fiber failure (tensile and compressive) 
in-plane shear interfiber failure 
transverse normal stress interfiber 
failure (tensile and compressive) 

The maximum stress theory is more 
applicable for the brittle modes of failure 
of the material, closer to transverse and 
longitudinal tension, and does not take into 
account any stress interaction under a gen- 
eral biaxial state of stress. 
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6.4 MAXIMUM STRAIN THEORY 

According to the maximum strain theory, failure occurs when at least one of the strain 
components along the principal material axes exceeds the corresponding ultimate strain 
in that direction. This theory allows for some interaction of stress components due to 
Poisson’s ratio effects. It is expressed in the form of the following subcriteria: 

E;, when E ,  > O  

E Y ,  when E, < O  
E l =  { 

E;, when E2 > 0 

E;, when E, < 0 
E 2 =  { 

E;, when E3 > 0 

E;, when E, < O  
E 3 =  { 

(6.6a) 

(6.6b) 

(6.6~) 

IY41 = Y; (6.6d) 

IY5l = Y; (6.6e) 

iy6i = Y: (6.6f) 

where 
axes and 

E,, E ~ ,  y4, y,, and y6 are the strain components referred to the principal material 

E:,, E;,, E;, = ultimate tensile strains along the 1-, 2-, and 3-directions, respectively 

E;,, e,, E;, = ultimate compressive strains along the 1-, 2-, and 3-directions, respectively 

y:, y;, y: = ultimate shear strains on the 2-3, 3-1, and 1-2 planes, respectively 

To apply the theory for a given general state of stress, the stress components along the 
principal material axes and planes (GI, d2, d3. T4, T,, 7 6 )  are first obtained by stress trans- 
formation, and then the corresponding strains are obtained from the stress-strain relations, 
Eq. (4.48). 

I 12 2 - v13d3) 
& - - ‘ - V  0 21 2- 0 v31-=-(d 0 3  1 - v  d 

El E 2  E3 El 
I -  

(6.7) 

T4 T5 T6 
Y4=- y,=- y6=- 

3 GI2 G23 
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The ultimate strains obtained by uniaxial or pure shear testing of the unidirectional 
composite, assuming linear behavior to failure, are related to the basic strength parameters 
of the material as follows: 

In view of relations in Eqs. (6.7) and (6.8), the failure subcriteria of Eqs. (6.6) can be 
expressed in terms of stresses as follows: 

F,, when E, > O  

-Flc when E, < O  
o1 - V I 2 0 ,  - v1303 = 

F3r when E , > O  

-F3c when E,<O 
0, - v3,0,  - v3,0, = 

For a two-dimensional state of stress (03 = T~ = T~ = 0) and 7, = 0, the failure envelope 
on the 01-(r2 space takes the form of a parallelogram with its center off the origin of the 
(~~-0, coordinate system (Fig. 6.7). 

0 2  

t 
Fig. 6.7 Failure envelope for unidirectional 
lamina under biaxial normal loading (max- 
imum strain theow). 01 - ~ 1 2 . ~ 2  = F1t 
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6.5 ENERGY-BASED INTERACTION THEORY (TSAI-HILL) 

The deviatoric or distortional energy has been proposed by many investigators (e.g., von 
Mises, Hencky, Nadai, Novozhilov) in various forms as a failure criterion for isotropic 
ductile metals. For a two-dimensional state of stress referred to the principal stress direc- 
tions, the von Mises yield criterion has the form 

0: + 0: - CJ10, = O;p (6.10) 

where oyp is the yield stress. 

posed the following form: 
Hill9 modified this criterion for the case of ductile metals with anisotropy and pro- 

AG; + Bc$ + C0,0, + 02: = 1 (6.1 1) 

where A ,  B, C, and D are material parameters characteristic of the current state of aniso- 
tropy. The above form cannot be technically referred to as distortional energy criterion, 
since distortion cannot be separated from dilatation in anisotropic materials. 

Azzi and Tsai' adapted this criterion to orthotropic composite materials, such as a uni- 
directional lamina with transverse isotropy. The parameters of Eq. (6.11) can be related to 
the basic strength parameters of the lamina by conducting real or imaginary elementary 
experiments as discussed previously in Section 4.2 (Figs. 4.4 and 4.5). 

For uniaxial longitudinal loading to failure, 0 7  = F,, 0, = 2, = 0, and Eq. (6.11) yields 

For uniaxial transverse loading to failure, 0; = F,, 0, = 26 = 0, and Eq. (6.11) yields 

1 B = -  
F :  

For in-plane shear loading to failure, 0, = (3, = 0 , ~ :  = F6, and Eq. (6.11) yields 

1 D = -  

(6.12) 

(6.13) 

(6.14) 

The superscript u in the above denotes the ultimate value of stress at failure. 
The remaining parameter C, accounting for interaction between normal stresses o1 

and 0,, must be determined by means of a biaxial test. Under equal biaxial normal load- 
ing, flI = o2 # 0, 2, = 0, it can be assumed that the material follows the maximum stress 
criterion, that is, failure will occur when the transverse stress 0, reaches the transverse 
strength value, F,, which is much lower than the longitudinal strength Fl. Equation (6.11) 
then yields 
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(6.15) 

Substituting the values of the parameters A, B ,  C, and D into Eq. (6.1 l), we obtain the 
Tsai-Hill criterion for a two-dimensional state of stress: 

(6.16) 

In the above, no distinction is made between tensile and compressive strengths. However, 
the appropriate strength values can be used in Eq. (6.16) according to the signs of the nor- 
mal stresses 6, and (3,. Thus, 

F , ,  when 6, > O  

F , ,  when 6, < O  
(6.17a) F ,  = {  

F,, when o,>O 

F,, when 6 ,<0  
F 2 = {  (6.17b) 

The failure envelope described by the Tsai-Hill criterion in Eq. (6.16) is a closed surface 
in the (3l-62-76 space. Failure envelopes for constant values of k = 76/F6 have the form 

(6.18) 

The above form represents four different elliptical arcs joined at the ol- and 02-axes. 
Consider, for example, the case of uniaxial off-axis loading shown in Fig. 6.5. By 

transforming the applied stress ox along the principal material axes, Eq. (6.3), and substi- 
tuting into Eq. (6.16), we obtain the following equation for the axial strength F, = 6:: 

(6.19) 

where 

m = cos 0 

n = sin 0 

In the case of advanced high-strength composites, the longitudinal strength is much 
higher than the shear strength, that is, F, * F6. Then, Eq. (6.19) can be approximated by 
the following: 

1 m4 n4 m2n2 
1 +-+- 

F: Ff F ;  FZ 
(6.20) 
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In the case of a three-dimensional state of stress, the failure criterion is obtained by 
similar reasoning, and assuming F,  E F,  and F,  E F,, it takes the form 

or 

The interactive quadratic nature of the Tsai-Hill theory has been criticized because 
it is based on Hill's theory, which is suitable for homogeneous, anisotropic, and ductile 
materials, whereas most composites are strongly heterogeneous and brittle. Azzi and Tsai 
verified the theory by off-axis tensile testing of unidirectional composites.8 

The Tsai-Hill failure theory is expressed in terms of a single criterion instead of the 
multiple subcriteria required in the maximum stress and maximum strain theories. The 
theory allows for considerable interaction among the stress components. One disadvantage, 
however, is that it does not distinguish directly between tensile and compressive strengths. 
The strength parameters in Eq. (6.16) must be specified and used according to the given 
state of stress, Eq. (6.17). 

6.6 INTERACTIVE TENSOR POLYNOMIAL THEORY (TSAI-WU) 

One of the first attempts to develop a general failure theory for anisotropic materials 
without the limitations of previous theories was discussed by Gol'denblat and Kopnov." 
This theory is capable of predicting strength under general states of stress for which no 
experimental data are available. It uses the concept of strength tensors, which allows for 
transformation from one coordinate system to another. It has the form of an invariant 
formed from stress and strain tensor components, and, most important, it has the ca- 
pability to account for the difference between tensile and compressive strengths. The 
proposed original form of the criterion (in contracted notation) is 

( J o y  + (Jjf;iOiOj)P + (JjkO,OjOk)Y + . . . = 1 (6.22) 

where repeated subscripts in a term imply summation, with i, j ,  k = 1, 2 , .  . . , 6. The 
coefficients J ,  L,, J,k . . . are strength tensors of second, fourth, sixth, and higher orders 
and can be related to the basic strength constants of the material. To make the criterion 
homogeneous, the exponents are taken as a = 1, p = 1/2, and y = 1/3. In its simplest form 
the criterion takes the form 

@, + [ -f;,O,Oj] I n  = 1 (6.23) 

Tsai and Wu" proposed a modified tensor polynomial theory by assuming the exis- 
tence of a failure surface in the stress space. In contracted notation it takes the form 
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LOi + J p i O j  = 1 (6.24) 

whereJ; andi j  are second- and fourth-order strength tensors, and i, j = 1,2, . . . , 6 .  
In expanded form the Tsai-Wu criterion (6.24) is expressed as 

The linear terms in normal stress in this expression allow for the distinction between ten- 
sile and compressive strengths. The coefficients f12, f23, and f13 allow for interaction among 
normal stresses o,, 02, and 03. 

Since the shear strengths of a unidirectional composite, F4, F,, and F6, referred to the 
principal material planes (specially orthotropic material), are independent of the sign of 
the shear stress ( T ~ ,  T,, 26), all linear terms in the shear stresses and all terms associated 
with interaction of normal and shear stresses and between shear stresses acting on different 
planes must vanish. Thus, 

The number of coefficients is reduced further by assuming transverse isotropy, with 
the 2-3 plane as the plane of isotropy, and noting that 

f 2  = f 3  f 2 2  = f 3 3  f 5 5  = f 6 6  f 1 2  = f l 3  (6.27) 

Then, the criterion is written as 

For a two-dimensional state of stress (ol, 02, 0 6 )  the above criterion is reduced to the 
most familiar form 

The coefficients of the general quadratic Tsai-Wu criterion are obtained by applying 
elementary loadings to the lamina. Thus, for longitudinal tensile loading to failure 0; = Fir, 
0 2  = 0 3  = 2 4  = 2, = 2 6  = 0, and 

and for longitudinal compressive loading 0; = -Flc, (T2 = (T3 = T4 = 2, = 2 6  = 0, and 

- f P , c  +fI lF: ,  = 1 (6.31) 
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Equations (6.30) and (6.31) yield the values of coefficientsf, andfll as 

(6.32) 

Similarly, for transverse uniaxial tensile and compressive loadings along the 2- and 3- 
directions we obtain 

1 1  1 
f 3 3  = - 

41 F3c F3A 
f---- 

3 -  

(6.33) 

(6.34) 

For pure shear loading to failure on each one of the three principal planes of material 
symmetry we obtain 

(6.35) 

The interaction coefficientsf,, (fi3) must be obtained by some form of biaxial testing. 
Under equal biaxial normal loading ol; = 0; = F(12,, (T, = 2, = 2, = T~ = 0, we obtain 

(fl +f2)F(12) + (fll +h2 + 2flz)F:l,, = 1 (6.36) 

where F(,, ,  is the experimentally determined strength under equal biaxial tensile loading 
(0, = 0, ). Equation (6.36) is then solved forf,,. Thus,f,, is a function of the basic strength 
parameters plus the equal biaxial strength F(lz) .  

Direct biaxial testing is not easy or practical to perform. An easier test producing a 
biaxial state of stress is the off-axis tensile test, that is, uniaxial loading or at an angle 8 to 
the fiber direction on the 1-2 plane. For 8 = 45", Eq. (6.3) yields 

(6.37) 
1 
2 

0, = (T, = Iz,I = -F45r 

where F45t is the off-axis tensile strength of the lamina at 45" to the fiber direction. 
Substituting the above in Eq. (6.29) we obtain 

which can be solved forf,, as a function of the other coefficients and the off-axis strength 

In general it is difficult, or not accurate enough, to determine the interaction co- 
efficient experimentally. It was shown that the coefficientf,, can be bounded by imposing 
certain restrictions to the failure envelope.I6 It was shown that for typical carbon and glass 
fiber composites the coefficient f12 is bounded as follows:16 

F451' 
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A reasonable approximation of fi2 is 

1 
f l 2  - p l f 2 2 ' 1 ' 2  (6.40) 

This relation is compatible with the von Mises yield criterion in Eq. (6.10) for isotropic 
materials where 

(6.41) 

For a transversely isotropic material, the interaction coefficient fI3 is equal to f12. The 
remaining interaction coefficient f23 can be expressed in terms of basic strength param- 
eters. Consider a lamina under uniaxial tensile loading oy on the 2-3 plane of isotropy 
along the 2'-axis at 45" to the 2-axis (Fig. 6.8). Then, at failure, 

and, by transformation to the 2- and 3-axes, 

(6.43) 

Substituting this state of stress, with 6, = 2, = T~ = 0, in the Tsai-Wu criterion, Eq. (6.28), 
we obtain 

and, using relations in Eqs. (6.33) and (6.35), we obtain 

74 

or 

0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0  0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 

0 0 0 0 0  0 0 0 0 0 
0 0 0 0 0  0 0 0 0 0 This is exactly analogous to the relation- 

ship between compliances SU, S2,, and S23 
in Eq. (4.27). 

f44 
f 2 3  = f 2 2  - 

03 In general all interaction terms must 
be constrained by the stability condition12 Fig. 6.8 Equivalent states of stress on transverse plane of isotropy (2-3). 
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(6.45) 

where repeated subscripts do not signify summation in this case. 

we obtain for an isotropic material (with equal tensile and compressive strengths) 
By extending the assumption of transverse isotropy to the 1-2 and 3-1 planes as well, 

fl = f 2  = f 3  = 0 

f l l  =h2 = f 3 3  

(6.46) 

and the Tsai-Wu criterion, Eq. (6.28), is reduced to 

where F is the uniaxial strength (or yield point). The above is the well-established distor- 
tional energy failure criterion for isotropic materials (Huber-Hencky-von Mises). 

The off-axis strength of unidirectional E-glass/epoxy (Table A.4) was calculated by 
means of the Tsai-Wu criterion and plotted as a function of fiber orientation in Fig. 6.9, 
using the approximate relation in Eq. (6.40) forf,,. Superimposed in the figure is the pre- 
diction of the Tsai-Hill theory. It is seen that the predictions of the two theories are almost 
indistinguishable for the tensile strength, but they deviate somewhat for the compressive 
strength. The off-axis strength is not very sensitive to the interaction coefficientf,,. Con- 
sidering the usual scatter in measured strengths, the differences between the two theories 
are not significant in this case. 
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Fig. 6.9 Uniaxial strength of off-axis E-glass/epoxy 
unidirectional lamina as a function of fiber orienta- 
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Fig. 6.10 Failure envelopes for unidirectional 
E-glass/epoxy lamina under biaxial loading 
with different levels of shear stress (Tsai-Wu 
criterion). 
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The reduced form of the Tsai-Wu criterion in two dimensions, Eq. (6.29), is a closed 
surface in the Gl-G2-76 space. Failure envelopes for constant values of shear stress 2, = kF6 
have the form 

and are illustrated in Fig. 6.10 for the same E-glass/epoxy material (Table A.4). 
The Tsai-Wu failure criterion has several desirable features: 

1. 
2. 

3. 

4. 

It is operationally simple and readily amenable to computational procedures. 
Like the Tsai-Hill theory, it is expressed in terms of a single criterion, instead of 
six subcriteria required in the maximum stress and maximum strain theories. 
The stress interaction terms can be treated as independent material properties 
determined by appropriate experiments, unlike the Tsai-Hill theory where the 
interaction terms are fixed as functions of the other terms. 
The theory, through its linear terms, accounts for the difference between tensile 
and compressive strengths. 

The theory satisfies the invariant requirements of coordinate transformation, following 
normal tensor transformation laws. The strength tensors display similar symmetry proper- 
ties as the stiffnesses and compliances. 

6.7 FAILURE-MODE-BASED THEORIES (HASHIN-ROTEM) 

In most composites reinforced with strong and stiff fibers, there is a clear distinction 
between fiber and interfiber (matrix, interface) failure modes. This allows for the treatment 
of failure in a simplified and more physically significant way than in the case of the max- 
imum stress, maximum strain, and fully interactive theories. 

For example, in the case of tensile off-axis loading, Ishai" noted that only the interfiber 
failure mode is dominant. He obtained experimental results for off-axis tensile strength of 
a unidirectional lamina for two types of composites, one with a brittle matrix and the other 
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with a ductile one. He found that, in the case of the ductile matrix composite, the experi- 
mental failure envelope agreed with the von Mises prediction. 

Hashin and Rotem13 noted that failure of a lamina under a general in-plane loading can 
be characterized by two failure criteria, one for fiber failure and the other for interfiber fail- 
ure. as follows: 

2 2 (2) +($ = 1  

(6.49) 

(6.50) 

These criteria can be extended for a general three-dimensional state of stress in terms 
of stresses acting on the three principal material planes and related to the expected failure 
modes on those planes. 

2 2 (2) +($ +(;I = I  

(2) +($+(:) = 1  
2 2 

(6.51) 

The above criteria correspond to fiber failure on the 2-3 plane and interfiber failures 
on the 1-3 and 1-2 planes. In the equations above the normal strengths F, (i = 1, 2, 3) take 
the following values: 

F,, when oi>O 
F,, when oi<O 

(6.52) 

In the criteria above, the strength values are the ultimate values when the stress-strain 
behavior is linear to failure. In the case of nonlinear behavior, the strength values can be 
defined as the proportionality limits of the corresponding stress-strain curves. 

In general, nine strength parameters are required. However, for a transversely isotropic 
material (with the 2-3 plane as the plane of isotropy), 

F 2 r  = F3, 

F2c = F3c 

F5 = F, 

(6.53) 

hence, six independent strength parameters suffice. 
Other more elaborate failure theories have been proposed based on the concept of 

separating fiber and interfiber failure modes. Hashin’’ proposed a modification of the 
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Hashin-Rotem theory discussed before. He proposed more interactive criteria for tensile 
failure of the fiber and for combined transverse compression and shear. In the latter case 
he introduced the effect of transverse shear strength F4 (F23) in the criterion. 

Puck and his coworkers have developed over the years a phenomenological failure 
theory based on the physical behavior of the composite. A thorough treatment of the the- 
ory was presented recently by Puck and S c h u r m a ~ . ’ ~  The theory accounts for nonlinear 
stress-strain relationships and, like the Hashin-Rotem theory, distinguishes between fiber 
and interfiber failures. They proposed interactive criteria for fiber failure, including effects 
of fiber properties and transverse composite stress. The prediction of interfiber failure is 
based on Mohr’s hypothesis that fracture is produced only by the stresses acting on the 
fracture plane. They proposed three different failure criteria for interfiber failure, which 
include, in addition to macroscopic strength parameters, the inclination of the fracture 
plane. 

The increased complexity of Hashin’s and Puck’s theories and the need for additional 
material parameters, without a proven advantage, make these theories less attractive than 
the simpler Hashin-Rotem theory. 

6.8 FAILURE CRITERIA FOR TEXTILE COMPOSITES 

The failure mechanisms of textile-reinforced composites depend on the weave style (plain, 
twill, satin) in addition to the fiber and matrix properties. One general characteristic of fab- 
ric composites is their nonlinear stress-strain behavior under normal stress. In the case of 
in-plane tensile loading along principal axes (warp and fill directions), the nonlinearity is 
due to matrix microcracking preceding ultimate failure. 

Typical tensile stress-strain curves of glass and carbon fabric composites are shown in 
Figs. 6.11 and 6.12. Two characteristic strength parameters can be identified, the propor- 
tional limit and the ultimate strength. The woven glass/epoxy exhibits more pronounced 
nonlinearity than the woven carbon/epoxy. In a conservative approach for the glass fabric 

composite, the proportional limit associated 
with the initial tangent modulus can be defined 
as the strength parameter. In a less conservative 
approach, the ultimate value associated with 
the secant modulus can be used as the strength 
parameter. In the case of the carbon fabric 
composite, with a nearly linear stress-strain 
response to failure, the ultimate strength can be 
used in the failure criteria, as in the case of uni- 

In the general three-dimensional case, the 
material is characterized by nine strength param- 
eters: Fl, ,  F,,, F2,, F20 F3,, F30 F4, 4, 4. In 
many fabric composites the properties in the 
warp direction are the same or nearly the same 
as those in the fill direction, that is, Fit z F213 
F,, F20 and F4 E F5. Then, the number of inde- 
pendent strength parameters is reduced to six. 
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Fig. 6.11 Stress-strain curve of woven glass/epoxy composite under 
uniaxial tensile loading in the warp direction (eight-harness satin 
weave; MlOE E-glass/epoxy). 
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Fig. 6.12 Stress-strain curve of woven carbon/epoxy 
composite under uniaxial tensile loading in the warp 
direction (five-harness satin weave; AGP370-5H/ - 
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The failure theories discussed before can be applied to fabric composites as well, with 
certain modifications and approximations like the ones mentioned above. The Tsai-Hill 
interactive theory in three dimensions takes the form 

As discussed before, the Tsai-Hill formulation does not make an automatic distinc- 
tion between tensile and compressive strengths. Appropriate values must be used for the 
strengths depending on the sign of the normal stresses, that is, 

(6.52 bis) 

l k  1 
- Tsai-Hill 

Experimental 1 

m & 0.6 - 

0.2 t 

The three-dimensional failure criterion of 
Eq. (6.54) could be further simplified by noting 
that, for some satin-weave fabric composites 
such as AGP370-5H/3501-6S carbonlepoxy, 
F ,  z F,  = F,, Z=- F3, and F,, G F4 z F ,  z F,. 
For in-plane loading, 0, = T~ = 7, = 0, and the 
above criterion is reduced to 

100 
S 

The in-plane off-axis tensile strength of the 
01 I0 woven carbonlepoxy composite discussed 

0 10 20 30 40 50 60 70 80 90 before was calculated by the criterion of 
Eq. (6.55) and plotted as a function of warp 
fihment orientation in Fig. 6-13. The super- 
imposed experimental results are in excellent 
agreement with predictions. 

Angle, 9 (degrees) 

Fig. 6.13 Tensile strength of off-axis woven carbon/epoxy composite 
as a function of warp filament orientation (comparison of Tsai-Hill 
criterion and experimental results; AGP370-5H/3501-6S). 
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6.9 COMPUTATIONAL PROCEDURE FOR DETERMINATION OF LAMINA STRENGTH- 
TSAI-WU CRITERION (PLANE STRESS CONDITIONS) 

As mentioned before, the Tsai-Wu criterion is operationally simple; therefore, it is a 
desirable one for computation. The goal of this computation is twofold: to determine the 
safety factor for a given loading and to determine the strength components of the lamina 
referred to any system of coordinates. 

The safety factor S, for a given two-dimensional state of stress oi(ol, o,, 26) is a 
multiplier that is applied to all stress components to produce a critical or failure state as 
defined by the selected failure criterion, say, the Tsai-Wu criterion. Thus, for a given state 
of stress (o,, 02, 26), the state of stress at failure is (Sp,, S p 2 ,  sf26). Substitution of the 
critical stresses in the Tsai-Wu criterion in Eq. (6.29) yields 

or 

where 

aS;+bSf-l=O (6.57) 

(6.58) 

Thus, the problem of determining the safety factor is reduced to that of solving the qua- 
dratic Eq. (6.57). The roots of Eq. (6.57) are 

(actual state of stress) 
-b + JG 

2a Sfa = (6.59) 

(reversed-in-sign state of stress) (6.60) 

A flowchart for computation of the safety factor as well as the strength components 
of a unidirectional lamina based on the Tsai-Wu criterion is shown in Fig. 6.14. The pro- 
cedure for determination of safety factors consists of the following steps: 

Step 1 

Step 2 

Step 3 

Step 4 
Step 5 

Enter the given stress components ox, cry, and 2, referred to the (x-y) coordi- 
nate system. 
Enter the fiber orientation 8, that is, the angle between the x-axis and the 
fiber direction (1 -direction) measured positive counterclockwise. 
Calculate the stress components o,, o,, and 2 6  referred to the principal mate- 
rial directions using the stress transformation relations in Eq. (4.57). 
Enter the basic lamina strengths F1,,  Flcr Fzr. F2cr and F6 for the material. 
Compute the Tsai-Wu coefficientsfl,fz,fll,f2z,~6, andf,, using Eqs. (6.32), 
(6.33), (6.35), and (6.40). 
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4 Basic lamina strengths 
M1,z  [F]1,2 Tsai-Wu coefficients 

Stress components (x- and y-axes) 

Fiber orientation 

Stress components (1 - and 2-axes) 

Fig. 6.14 Flowchart for computation of safety 
factors and transformed lamina strengths based 
on the Tsai-Wu failure criterion. 

I 

I 1  Coefficients of quadratic equation 

Safety factors for actual and reversed 
(in sign) state of stress 

[FI x.y Transformed strength components 

Step 6 Compute coefficients a and b of the quadratic Eq. (6.57) using Eq. (6.58). 
Step 7 Obtain the roots of the quadratic equation S,, and S,, for the actual and 

reversed (in sign) states of stress, respectively. 

The procedure above is modified slightly for computation of the transformed lamina 
strengths, by introducing separately a unit applied normal stress in the x- and y-directions 
and a unit applied shear stress. 

To obtain the strength components E, and F, along the x-axis the following state of 
stress is entered. 

ox= 1 

oy = 0 (6.61) 

Ts = 0 

Then, the roots of the quadratic equation will give the strength components along the 
x-axis as 

F,, = S,, (tensile strength) 

F,, = S,, (compressive strength) 
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To obtain the strength components along the y-axis, the following stresses are entered: 

0, = 0 

OY = 1 

Ts = 0 

(6.62) 

Then, the strength components are 

F,, = S,.. (tensile strength) 

F,, = S, (compressive strength) 

To obtain the shear strength F, referred to the x- and y-axes, the following stresses are 
entered: 

0, = 0 

0, = 0 

2, = 1 

which yield the following shear strengths: 

F',f' = S,, 

Fi-) = S, 

(positive shear strength) 

(negative shear strength) 

(6.63) 

SAMPLE PROBLEM 6.1 
Transformation of Shear Strength 

Given the basic lamina strengths F , ,  F,, and F6, it is required to determine the shear 
strength F, at 45" to the fiber direction according to the Tsai-Hill criterion (Fig. 6.15). The 
transformed stresses along the principal material directions are 

0, = 2171117, = T, 

(3, = -2mnz, = -2, 

T~ = (m' - n2)Ts = 0 

(6.64) 

Substitution into the Tsai-Hill criterion in Eq. (6.16) yields 

Fig. 6.15 Unidirectional 
lamina under pure shear 
loading at 45" to the fiber I direction. At failure, T, = F, and 
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1 2 1  
F:  F: F i  
-= -+-  

which can be solved for F,. 
For a high-fiber-strength composite with F, S F,, 

or 

F = F2c 

F = F,, 

(6.65) 

(6.66) 

(6.67) 

As discussed in Section 6.1, this result shows that the positive shear strength at 45" to 
the fiber direction is controlled by the transverse compressive strength F, of the lamina, 
whereas the negative shear strength is controlled by the transverse tensile strength F2(. 
The same approximate result is obtained by using the Tsai-Wu criterion, the Hashin-Rotem 
criteria, or the maximum stress theory. 

SAMPLE PROBLEM 6.2 
Biaxial Strength 

Consider a unidirectional lamina loaded under equal biaxial normal stress 0, = oy = 0, at 
an angle 0 with the fiber direction (Fig. 6.16). It is required to determine the biaxial strength 
Fo according to the Tsai-Wu criterion. 

The transformed stresses along the principal material directions are 

o1 = oxm2 + oYn2 = oo 

0, = 0,nZ + Gym, = 0, 

7, = (oy - o,)mn = 0 

that is, transformation does not change the hydrostatic 
nature of the state of stress. At failure, 

(6.68) 

0, = 0, = 0, = Fo (6.69) 

Substitution into the Tsai-Wu criterion, Eq. (6.29), 
yields 

Foul +f2) + mf,, +f** + 2f12) = 1 (6.70) 
Fig. 6.16 Unidirectional lamina 
under equal biaxial normal loading. which can be solved for F,. 



6.10 Evaluation and Applicability of Lamina Failure Theories 143 

For a high-strength composite with F ,  S F,, it follows that 

fi + f z  
fil + f 2 2  

f12 4 f 2 2  

and Eq. (6.70) yields 

(6.71) 

(6.72) 

After substitution off2 and f,, from relations in Eq. (6.33), the two roots of Eq. (6.72) yield 
the tensile and compressive biaxial strengths 

(6.73) 

As expected, the strength under equal biaxial normal loading, which produces a 
hydrostatic state of stress, is an isotropic property. 

6.10 EVALUATION AND APPLICABILITY OF LAMINA FAILURE THEORIES 

As mentioned previously in Section 6.2 numerous failure theories have been proposed 
and are available to the composite structural designer. They are classified into three broad 
categories. The validity and applicability of a given theory depend on the convenience of 
application and agreement with experimental results. The plethora of theories is accom- 
panied by a dearth of suitable and reliable experimental data, which makes the selection 
of one theory over another rather difficult. Considerable effort has been devoted recently 
to alleviate this difficulty. 

C. T. Sun’ reviewed six failure theories and showed comparisons of theoretical pre- 
dictions with experimental results for six different composite material systems and various 
loading conditions. The latter included uniaxial (normal and shear) loading, off-axis load- 
ing, and biaxial (normal and shear) loading. It was found, as observed before, that most 
theories differed little from each other in the first quadrant (tension-tension). The biggest 
differences among theories occurred under combined transverse compression and shear. 
In this case, predictions of the Tsai-Wu interactive theory were in better agreement with 
experimental results than other theories. 

A “Worldwide Failure Exercise” was organized and conducted by Hinton, Soden, and 
Kaddour over a twelve-year period for the purpose of assessing the predictive capabilities 
of current failure theories. The results of this exercise, encompassing nineteen theories and 
fourteen problems, appeared in three special issues of the journal Composites Science and 
Technology.’*-’’ All results were collected and organized into a book? In the first phase of 
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this exercise (Part A), the developers or advocates of twelve different theories, given the 
basic lamina properties, presented failure predictions for four material systems, six lami- 
nate configurations, and various loading conditions.18 One observation of this exercise was 
that, even for the unidirectional lamina, predictions of the various theories differed by up 
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Fig. 6.17 Failure envelopes for unidirectional carbon/epoxy 
(AS4/3501-6) lamina under biaxial normal loading, obtained 
by various failure theories. 
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Fig. 6.18 Failure envelopes for unidirectional carbon/epoxy 
(AS4/3501-6) lamina under transverse normal and shear 
loading, obtained by various failure theories. 

- -  
to 200-300% from each other.2' 

In the second phase of the exercise (Part B), 
the above theoretical predictions, including those 
of modified versions of the original theories, were 
compared with experimental results provided by the 
initiators of the exercise." Comparisons covered a 
wide range of biaxial stress conditions from which 
failure envelopes and stress-strain curves to failure 
were obtained. The third phase of the exercise (Part 
C) introduced four additional theories and their com- 
parisons with experiments." Overall evaluation and 
conclusions were presented by the initiators of the 
e x e r c i ~ e . ~ ~ ~ ~ ~  Regarding failure of the unidirectional 
lamina, based on eighteen test cases, best agreement 
with experimental results was shown by the fully 
interactive Tsai-Wu approach and the theories by 
Puck and S~hiirmann'~ and Cuntze and Fre~nd. '~  

Of the failure theories reviewed and discussed in 
the literature, five representative and widely used 
theories were described in detail in this chapter. 
Comparison of these theories can be graphically 
illustrated by means of failure envelopes for different 
materials and different biaxial states of stress. 
Figures 6.17 and 6.18 show failure envelopes 
obtained by the five failure theories discussed before, 
that is, maximum stress, maximum strain, Tsai-Hill, 
Tsai-Wu, and Hashin-Rotem, for two biaxial states of 
stress (o,-02 and o&, for a unidirectional carbon/ 
epoxy composite (AS4/3501-6). 

The failure envelopes of the interactive theories 
have quasi-elliptical shapes, whereas those of the 
noninteractive theories are rectangular or parallelo- 
gram-shaped. In the case of biaxial normal loading 
(01-02), the highest predictions in the tension-tension 
quadrant (ol > 0 , 0 2  > 0) are given by the maximum 
strain theory; in the tension-compression quadrants 
(ol > 0, o2 < 0 and ol < 0, oz > 0) by the maximum 
stress theory; and in the compression-compression 
quadrant (ol < 0, o2 < 0) by the Tsai-Wu interaction 
theory. 

Since failure modes depend greatly on material 
properties and type of loading, it would seem that the 
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TABLE 6.1 ComDarison of Failure Theories 

Operational Required Experimental 
T w e  Theorv Phvsical Basis Convenience Characterization 

Limit or Maximum stress Tensile behavior of 
noninteractive brittle material 

0, > 0 , 0 2  > 0 
No stress interaction 

brittle material 
Maximum strain Tensile behavior of 

0, > 0 , q  > 0 
Some stress interaction 

Interactive Strain-energy-based Ductile behavior of 
(Tsai-Hill) anisotropic materials 

0 1 . 2  < 0, 26 f 0 
“Curve fitting” for 

heterogeneous 
brittle composites 

Interactive tensor Mathematically 
polynomial consistent 
(Tsai-Wu) Reliable “curve fitting” 

Mixed Failure mode Distinct separation 
separation between fiber and 
(Hashin-Rotem) interfiber failures 

Inconvenient 

Inconvenient 

Can be programmed 
Different functions 

required for tensile 
and compressive 
strengths (for each 
quadrant) 

General and 
comprehensive; 
operationally simple 

Somewhat 
inconvenient 

Few parameters by 
simple testing 

Few parameters by 
simple testing 

Biaxial testing is 
needed in addition 
to uniaxial testing 

Numerous parameters 
Comprehensive 

experimental 
program needed 

Few parameters by 
simple testing 

applicability of the various theories is also related to the type of material and state of 
stress. A comparison of the five selected failure theories is summarized in Table 6.1 from 
the points of view of physical basis, operational convenience, and required experimental 
input. 

For example, the maximum stress and strain theories are more applicable when 
brittle behavior is predominant, typically in the first quadrant of the failure envelope (i.e., 
6, > 0, 0, > 0). Of these two theories, only the maximum strain theory allows for a small 
degree of stress interaction through Poisson’s ratio effect. These theories, although con- 
ceptually simple, are inconvenient for computational operations because they consist of 
several conditional subcriteria. 

The interactive theories, such as the Tsai-Hill and Tsai-Wu theories, are more appli- 
cable when ductile behavior under shear or compression loading is predominant. The Tsai- 
Hill theory is based on Hill’s theory for ductile anisotropic materials and adapted to the 
more brittle heterogeneous composites by a form of “curve fitting.” Although suitable for 
computational operations, each quadrant of the failure envelope in the o,-o, space requires 
a different input because of the inability of the theory to distinguish automatically between 
tensile and compressive strengths. Although the coefficient accounting for the o,-o, inter- 
action can be approximated, a more precise determination requires some form of biaxial 
testing. 
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The Tsai-Wu theory is mathematically consistent and operationally simple. The addi- 

tional coefficients in the criterion allow for distinction between tensile and compressive 
strengths. It represents a more reliable form of “curve fitting.” Although the interaction 
coefficient f12 can be approximated, a more precise determination requires biaxial testing. 
However, determination of f I 2  by means of a biaxial tensile test or an off-axis test as 
discussed before is not very accurate, because the Tsai-Wu criterion under these loading 
conditions is not very sensitive to the value of fI2. This interaction coefficient is more 
important when compression and/or shear are present. For this reason, it should be deter- 
mined by means of a test that produces such a state of stress, for example, an off-axis com- 
pressive test. Because of the fully interactive nature of the Tsai-Wu criterion, some stress 
components may have a greater weight under certain loading conditions. This is the case, 
for example, with off-axis shear loading for fiber orientations in the range 8 = 20-30”, 
which maximizes the influence of the shear strength Fe5 For this reason, the property F6 
must be measured accurately. 

The Hashin-Rotem theory uses both limit and interaction criteria. Sometimes it coin- 
cides with the maximum stress criterion, as in the case of biaxial normal loading (ol, 0,) 

(Fig. 6.17), and sometimes it coincides with the Tsai-Hill criterion, as in the case of trans- 
verse normal and shear (02, 7,) biaxial loading (Fig. 6.18). 

Composite materials that exhibit pronounced transitions between brittle and ductile 
behavior with type of loading would be best described by hybrid or combined failure cri- 
teria. Figure 6.19 shows such a hybrid failure envelope combining the maximum strain 

0 2  
A Maximum strain theory 

Interactive theory 

Fig. 6.19 Hybrid failure envelope incorporating two failure criteria. 

0 2  

Max. strain 

Max. stress 
Interactive theory 

Fig. 6.20 Illustration of “conservative approach” in design by using 
different failure theories. 

theory in the first quadrant (ol > 0, o2 > 0) and 
an interactive theory in the remaining quad- 
rants. When the material behavior and mode of 
failure are not known and when a conser- 
vative approach is desired, it is recommended 
to check a number of theories and select the 
most conservative envelope in each quadrant 
(Fig. 6.20). 

The accuracy and predictive capabilities 
of the various theories can be assessed by 
comparing theoretical predictions with experi- 
mental results for various biaxial (or multi- 
axial) states of stress. Uniaxial off-axis tensile 
tests usually yield reliable, albeit limited in 
scope, biaxial data corresponding to the tension- 
tension quadrant of the failure envelope. 
Figure 6.21 shows the variation of the off-axis 
tensile strength with fiber orientation as pre- 
dicted by various theories and compared with 
experimental results for a boron/epoxy com- 
posite (Sun5 and Pipes and Cole25). It is seen 
that for the orientation range of 15” < 8 < 75”, 
the interaction criteria of the Tsai-Wu, Tsai- 
Hill, and Hashin-Rotem theories agree well 
with experimental results. The limit criteria 
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Fig. 6.21 Comparison of various failure theories and off-axis 
strength data for unidirectional boron/epoxy (AVCO 5505) 
lamina under off-axis tensile loading (Sun’ and Pipes and 
coiezs). 
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Fig. 6.23 Failure envelopes for unidirectional carbon/epoxy 
(AS4/55A) lamina under transverse normal and shear load- 
ing, obtained by various failure theories, compared with 
experimental results (Sun’ and Swanson et al.”) 
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Fig. 6.22 Failure envelopes for unidirectional glass/epoxy 
(E-glass/LY556) lamina under transverse normal and shear 
loading, obtained by various failure theories, compared with 
experimental results (Hinton et al.22 and Hiitter et a1.26). 

(maximum stress, maximum strain) deviate from 
the experimental results, especially in the region of 
8 G 40°, where there is a transition in the dominant 
failure mode from shear to transverse tension (see 
Fig. 6.6). 

A more critical test is provided by the inter- 
action of in-plane shear stress, %,, and transverse 
normal stress, 0,. Comparisons between theoretical 
predictions and experimental results for two mate- 
rials are shown in Figs. 6.22 and 6.23. As can be seen, 
in the region of transverse normal tension (02 > 0) 
all the interactive criteria (Tsai-Hill, Tsai-Wu, and 
Hashin-Rotem) are in good agreement with experi- 
mental results. In the region of transverse normal 
compression (02 < 0) only the Tsai-Wu criterion is 
in reasonable agreement with experimental results. 
The compressive normal stress (02) allows for shear 
stresses to reach values in excess of the in-plane 
shear strength of the material, a fact not predicted by 
the Tsai-Hill and Hashin-Rotem theories. It appears 
that in the case above, the fully interactive Tsai-Wu 
theory is in better agreement with experiments 

although the failure mode is interfiber (matrix dominated) and the contribution of the lon- 
gitudinal normal stress o1 can be neglected. 
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Another challenging test of the theories would be in the compression-compression 
quadrant (6, < 0, o2 < 0) as seen in Fig. 6.17. However, no suitable experimental data are 
available for a unidirectional lamina. Another case of discrepancy between theories is in 
the regime of high tensile longitudinal stress ((5,) and shear stress (T,), which occurs in off- 
axis testing at  small angles (0 < 10’). Hashin,” in his modified theory, proposed an inter- 
action criterion for 0, and T, that is relevant for this case. 

In general, interactive theories based on  curve fitting, like the Tsai-Wu theory, are bet- 
ter a t  predicting failure of a single lamina. All comparisons were made with very limited 
available experimental data in two-dimensional form. A comprehensive evaluation of  the 
failure theories in three-dimensional form would require data under three-dimensional 
states of stress. 
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PROBLEMS 

6.1 A unidirectional lamina is under biaxial normal 
loading ox = -20y = 20, at 45” to the fiber direction 
as shown in Fig. P6.1. The basic strength properties 
of the material are F,,  = F, ,  = 3F,, = 5F6 = 12F2, = 

Oq = -0, 

’ t  I f l  

‘ =Y 

Fiq. P6.1 

600 MPa (87 ksi). Determine the stress level at 
failure of the lamina according to the maximum 
stress theory. What is the failure mode? 
For the off-axis lamina under positive and negative 
shear loading as shown in Fig. P6.2, express the 

6.2 

y 4  y 4  

- .. 

Fig. P6.2 
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positive and negative shear strengths Fr '  and Fj-' in 
terms of the basic lamina strengths (F,,, F,,, . . . ) 
using the maximum stress theory. Obtain a relation- 
ship between F r )  and F:-) assuming F,, > F,, % F,, 
> F6 > F,, and F6 = 2F,,. 
A thin-wall cylindrical pressure vessel, made of a 
unidirectional composite lamina with the fiber 
direction at 45" to the cylinder axis, is loaded under 
internal pressure p (Fig. P6.3). Using the maximum 
stress criterion, determine the pressure p at failure 
in terms of geometrical (0, h) and strength (F,,,  F,,, 
F,,, F,,, F6) parameters, assuming F,,  % F6 > F,,. 

6.3 

Fig. P6.3 

1 

Pipe 

Fig. P6.5 

6.6 A unidirectional lamina is under biaxial tensile 
normal loading as shown in Fig. P6.6. For the 
material properties of AS4/3501-6 carbon/epoxy 
given in Table A.4, determine the maximum value 
that o, can reach at failure, based on the maximum 
strain theory. 

6.4 A thin-wall tube made of a unidirectional compos- 
ite lamina with a fiber direction 8 with its axis is 
loaded in torsion as shown in Fig. P6.4. Using the 
maximum stress criterion determine the transition 
angle 8, at which the failure mode shifts from shear 
to transverse compression, for the following mater- 
ial properties: El = 5E,, v,, = 0.3, F,,  = 1.5F,, = 
7.5F,, = 10F6 = 20F,, = 1000 MPa. 

T T 

Fig. P6.6 

Fig. P6.4 

6.5 A thin-wall pipe is made of a unidirectional 
glass/epoxy with the fiber direction at 30" to its axis 
and has an allowable pressure p , .  (Fig. P6.5). A 
cylindrical container (closed ends) made of the 
same material with the fiber direction at 45" to its 
axis has the same outer diameter but twice the wall 
thickness of the pipe (d, = d,,  h, = 2 4 ) .  Relate the 
allowable pressure p% of the container to that of the 
pipe p l a  assuming the same safety factor based on 
the maximum stress theory with the following rela- 
tions: F, ,  * F6 > F,,. 

Container 

6.7 A unidirectional lamina is under biaxial normal 
loading (o,, o,) such that 0, = ko, (Fig. P6.7). Using 
the maximum strain criterion, determine the value 

Fig. P6.7 
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of k (in terms of material parameters E l ,  E,, v,,, F,,, 
F,,, F,,, and so on) for which the maximum value of 
0, is reached at failure. 
A unidirectional S-glass/epoxy lamina is loaded in 
tension at an angle to the fiber direction (Fig. P6.8). 
Using the maximum strain criterion, determine the 
off-axis strength, F,, and the fiber orientation 8 at 
which the predictions of in-plane shear and trans- 
verse tensile failure coincide. 

F,, = 1280 MPa (185 ksi) 
F,, = 50 MPa (7.2 ksi) 
F, = 70 MPa (10 ksi) 
v,, = 0.27 
v,, = 0.06 

6.8 

Y t  

Fig. P6.8 

6.9 A 45" off-axis lamina is loaded under uniaxial 
tension and shear of equal magnitude, 0, = z, 
(Fig. P6.9). Using the maximum strain theory, 
determine the strength 0: = z: = F, in terms of the 
shear strength F6 for a material with properties F, ,  = 
lOF,, = 30F6, v,, = 0.30, and v,, = 0.02. 

Fig. P6.9 

6.10 For the off-axis lamina under positive and negative 
shear stress as shown in Fig. P6.10, and using the 
maximum strain theory, express the positive and 
negative shear strengths, FT) and FS-), in terms of 
the basic lamina strengths (Fir, F,,, . . , ) and mate- 
rial Poisson's ratios. Assume F,, > F,, S F,, > F,,, 
F,  = F,,, and F,, = 3F,,. 

Fig. P6.10 

6.11 An off-axis lamina is loaded under biaxial com- 
pression ox = 2oY = -Fo as shown in Fig. P6.11. 
Calculate the ultimate value F, using the maximum 
strain theory for the AS4/3501-6 carbon/epoxy (see 
Table A.4). 

' t  1" 

I ov 
Fig. P6.11 

6.12 A unidirectional carbon/epoxy lamina with fiber 
direction at 30" to the reference x-axis is loaded 
under pure shear (case 1) and equal biaxial normal 
tensile stress (case 2) as shown in Fig. P6.12. It was 
found for case 1 that the positive shear strength was 
four times the negative shear strength, Fr) = 4F(-) S .  

Based on this finding, calculate the biaxial strength 

Y 4  Y 4  

1 1 

GX X I X x 

zs - I 
Case 1 

Fig. P6.12 

+ OY 
Case 2 
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O: = 0; = F,, for case 2 using the maximum strain 
theory with the following material properties: F,, = 
F,, = lOF,, = 16F6 = 1600 MPa (230 ksi) * F,,; 
El * E,; v,, = 0.25. 

6.13 A thin-wall tube made of a unidirectional lamina 
with a fiber direction 8 to its axis is loaded in tor- 
sion as shown in Fig. P6.13. Using the maximum 
strain theory, plot torsional strength, T,, versus 8 
(for 0" I8 5 90') for the following material proper- 
ties: El  = lOE,, v,* = 0.25, F,, = F, ,  = 2F2, = 4F6 = 
IOF,, = 1000 MPa (145 ksi). 

T T+ 

h 

Fig. P6.13 

6.14 For the data in Problem 6.13, calculate the tran- 
sition fiber direction angles 8, and 8, at which the 
failure mode shifts from shear to transverse com- 
pression and from transverse compression to shear, 
respectively. 
For the geometry and loading of Problem 6.13 
and using the maximum strain criterion, determine 
the transition angle 8,, at which the failure mode 
shifts from shear to transverse compression, for the 
following material properties: El = 5E2, v,, = 0.3, 
F,, = 1.5F,, = 7.5F2, = lOF, = 20F2, = 1000 MPa. 

6.16 Express the Tsai-Hill failure criterion for pure shear 
loading of a lamina at an angle 8 to the principal 
material axes and find an expression for the shear 
strength 2: = F, in terms of F,, F,, and F ,  (Fig. 
P6.16). 

6.15 

't L 7" 

Fig. P6.16 

6.17 A unidirectional lamina is loaded in pure shear T~ at 
an angle 8 = 30" to the fiber direction (Fig. P6.17). 
Determine the shear stress at failure z: = F, using the 
Tsai-Hill failure criterion for AS4/3501-6 carbon/ 
epoxy (see Table A.4). 

' t  L 7. 

Fiq. P6.17 

6.18 The unidirectional carbon/epoxy lamina of Problem 
6.17 is loaded under pure shear. It was found that 
the positive shear strength was four times the nega- 
tive shear strength, Fr '  = 4F:-'. Based on this find- 
ing, obtain an approximate value for the transverse 
tensile strength F,, of the material using the Tsai- 
Hill theory with the following material properties: 
F,, = F , ,  = lOF,, = 16F, = 1600 MPa (230 ksi) * F,,; 
El  >> E2; v,, = 0.25. 
For the lamina shown in Fig. P6.19 loaded under 
biaxial compression, o, = ko,, determine the value 
of k (in terms of strength parameters F,,, F,,, and so 
on) for which the maximum value of loll is reached 
at failure, using the Tsai-Hill criterion. 

6.19 - 
Fig. P6.19 

6.20 An off-axis lamina is loaded as shown in Fig. P6.20. 
Determine O: = 20; = -Fo at failure using the Tsai- 
Hill and maximum stress criteria for AS4/3501-6 
carbon /epoxy (Table A.4). 
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6.21 

6.22 

6.23 

Y t  1"' 

' "Y 

Fig. P6.20 

Using the Tsai-Hill failure criterion, determine the 
strength of a lamina under uniaxial tension and 
shear of equal magnitude at 45" to the fiber direc- 
tion, that is, determine 0: = 2: = F, at failure in 
terms of F,, F,, and F6 (Fig. P6.21). 

Y t  L 7  

Fig. P6.21 

Using the Tsai-Hill failure criterion, determine the 
strength of a lamina under equal biaxial tension and 
shear at 45" to the fiber direction 0, = oy = 2z5, that 
is, determine 0: = 0; = 22: = F, at failure in terms 
of F, and F, (Fig. P6.22). 

0: = -0; = 22: = F, for an E-glass/epoxy material 
with properties listed in Table A.4. 

' "Y 

Fig. P6.23 

6.24 A thin-wall tube is made of a unidirectional carbon/ 
epoxy with fiber direction at 45" to its axis (Fig. 
P6.24). The tube is loaded under combined internal 
pressure and torsion producing a normal hoop stress 
oy = 0, and a shear stress z, = 20,. Calculate the 
ultimate value of 0; at failure of the tube according 
to the Tsai-Hill failure criterion for the following 
material properties: F,, = F,, = lOF,, = 20F6 = 30F,, 
= 1800 MPa (260 ksi). 

T T 

Fig. P6.24 

+ OY 
Fig. P6.22 

A 45" off-axis lamina is loaded under the biaxial 
stresses ox = -oy = 2~~ (Fig. P6.23). Using the 
Tsai-Hill failure criterion, determine the strength 

6.25 The off-axis strength of a unidirectional lamina can 
be higher than F, at some angle between 0" and 90". 
Using the Tsai-Hill failure criterion, Eq. (6.19), find 
a relationship among F,, F,, and F6 such that F, > F ,  
for some angle 0" < 0 < 90". 

6.26 For the same conditions above find a relationship 
among F,, F,, and F6 such that F' < F2 for some 
angle 0" < 0 < 90". 

6.27 Using the Tsai-Wu failure criterion for pure shear 
loading of a lamina at 45" to the fiber direction, 
express the shear stress at failure z: = F, in terms of 
the Tsai-Wu coefficients (Fig. P6.27). Then, obtain an 
approximate expression when F, ,  > F,, S F2e > F,,. 
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Fig. P6.27 

6.28 Using the Tsai-Wu failure criterion for pure shear 
loading of a lamina at an angle 6 to the fiber direc- 
tion, express the shear stress at failure 7: = F, in 
terms of the Tsai-Wu coefficients (Fig. P6.28). Find 
approximate relation for composites with much 
higher longitudinal than transverse strengths. 

't L 7. 

6.32 
Fig. P6.28 

6.29 For the off-axis lamina under positive and negative 
shear stress as shown in Fig. P6.29, express the 
positive and negative shear strengths F 
using the Tsai-Wu failure theory in terms of the 
polynomial coefficients (f,, f2, fll, f22, f12). Then, 
obtain approximate values for F',+) and Fj-' in terms 
of the basic lamina strengths (F,,, F,,, . . . ) by assum- 

and F 

ingf, Q f 2 3 f I l  +f22r andf,, Qf22. 

6.30 For the off-axis lamina of Problem 6.29, obtain 
expressions for the coefficient f12 of the Tsai-Wu 
criterion in terms of the basic strength parameters 
and the positive or negative shear strength, F:) or 
F t-). Compare the values of fI2 based on F y) and F t-) 
by assuming f, Q f2 and fl, Q fZ2. 

6.31 Using the Tsai-Wu criterion, determine the strength 
of a lamina under the loading -0, = oy = F, 
(Fig. P6.31). Obtain first the exact solution for 
the ultimate value of F, in terms of the Tsai-Wu 
coefficients f,, f2, f,,, and so on. Then, obtain an 
approximate solution in terms of lamina strengths 
(F,, ,  F,,, F,,, and so on) for high-strength compos- 
ites, that is, when fl Q f2, fll Q fZ2, and fi2 f2> 

+ 0, 
Fig. P6.31 

An off-axis lamina is under biaxial loading ox = 
40 MPa (5.8 ksi), oy = -120 MPa (-17.4 ksi) 
(Fig. P6.32). Determine the safety factor by using 
the Tsai-Wu criterion and the maximum stress the- 
ory for an S-glass/epoxy material (Table A.4). 

't lo, 

X 
7L- - 

Fig. P6.29 

6.33 

' 0, 
Fig. P6.32 

An off-axis lamina is under biaxial loading ox= -0, 

= -&T, = 50 MPa (7.2 ksi) (Fig. P6.33). Determine 
the safety factor using the Tsai-Wu criterion for 
a carbon/epoxy material (AS4/3501-6, Table A.4). 
Show that the answer is the same for all other four 
theories discussed. 
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6.34 

6.35 

I 0 Y  

Fig. P6.33 

An off-axis lamina is under biaxial loading -0, = 
o, = 7, = 50 MPa (7.2 ksi) (Fig. P6.34). Determine 
the safety factor using the Tsai-Wu and Tsai-Hill 
criteria for a carbon/epoxy composite (AS4/3501-6, 
Table A.4). 

+ 0, 
Fig. P6.34 

Three failure envelopes are illustrated in Fig. P6.35 
for a given unidirectional lamina based on three 

Casel m Case 1 1 1  Case IV 
ux = -30, 0, = 0, = 0 ox = 0, ox = -u, 

0 2  

failure theories: maximum stress (Mo), maximum 
strain (ME), and Tsai-Wu (TW). Rank the three 
theories from the most conservative to the least 
conservative for each one of the loading cases 
shown in Fig. P6.35. (Hint: Plot o1 versus o,, the 
loading path, for each loading case and relate to the 
failure envelopes.) 

6.36 For the off-axis lamina under positive and negative 
shear stress as shown in Fig. P6.36, and using the 
Hashin-Rotem criteria, express the positive and 
negative shear strengths, F r )  and FL-), in terms of 
the basic lamina strengths (Fir, F,,, . . . ). Obtain 
first exact expressions, and then approximations for 
a high-strength composite (F, %- Fs. F ,  %- F,). 

I L T. 

Fig. P6.36 

6.37 For the lamina and loading of Problem 6.32, deter- 
mine the safety factor using the Hashin-Rotem 
criteria. 

6.38 A 30" off-axis lamina is loaded as shown in Fig. 
P6.38. Using the Hashin-Rotem criteria determine 
0:: = z: = F, at failure for the lamina properties 

F,, = 855 MPa (125 ksi) 
F,, = 1030 MPa (150 ksi) 
F,, = 48 MPa (7 ksi) 
FZe = 165 MPa (24 ksi) 
F6 = 52 MPa (7.5 ksi) 

Fig. P6.35 Fig. P6.38 



6.39 

6.40 

6.41 

6.42 

6.43 

For the same lamina and loading as in Problem 
6.23, determine F, at failure using the Hashin- 
Rotem criteria. 
For the same lamina and loading as in Problem 
6.34, determine the safety factor using the Hashin- 
Rotem criteria. 
The composite thin-wall pressure vessel shown in 
Fig. P6.41 is made of a unidirectional glass/epoxy 
material with the fiber direction at 60" to its axis 
and loaded by internal pressure p. Find the max- 
imum pressure at failure by the Hashin-Rotem cn- 
teria for the data 

D = 5 cm (1.97 in) 
h = 1 mm (0.04 in) 

F,, = 1080 MPa (155 ksi) 
F2, = 50 MPa (7.2 ksi) 
F6 = 90 MPa ( 13.0 ksi) 

Fig. P6.41 

Plot the shear strength F, of a unidirectional E- 
glass/epoxy laminate (see Table A.4) as a function 
of fiber orientation 8, using the maximum stress, 
maximum strain, Tsai-Hill, and Tsai-Wu theories 
(Fig. P6.42). 

Fig. P6.42 

Determine the shear strength F, of an off-axis lamina 
with a fiber orientation 8 = 35" using the maximum 
stress, Tsai-Wu, and Hashin-Rotem theories for a 
carbon/epoxy composite (AS413501-6, Table A.4) 
(Fig. P6.43). Compare results. 

Fig. P6.43 

6.44 Determine the shear strength F, of an off-axis 
lamina with a fiber orientation 8 = 110" using the 
maximum stress, Tsai-Wu, and Tsai-Hill theories for 
a carbon/epoxy composite (IM71977-3, Table A.4) 
(Fig. P6.44). Compare results. 

' t  L I  

Fig. P6.44 

6.45 Determine the shear strength F, of an off-axis lamina 
with principal material axis at 8 = 45" using the 
maximum stress, maximum strain, Tsai-Wu, Tsai- 
Hill, and Hashin-Rotem theories for a woven carbod 
epoxy composite (AGP370-5H/3501-6S, Table AS) 
(Fig. P6.45). 

' t  L T  

Fig. P6.45 

6.46 For the same lamina and loading as in Problem 
6.11, determine the ultimate value F ,  using the 
maximum stress, Tsai-Hill, Tsai-Wu, and Hashin- 
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Rotem theories. Compare all results with that of 
Problem 6.11. 

6.47 For the 4.5" off-axis lamina under biaxial stress ox = 
3~~ = F, determine the ultimate value of F, using 
the maximum stress, Tsai-Wu, and Tsai-Hill the- 
ories for the AS4/3501-6 carbon/epoxy (Table A.4) 
(Fig. P6.47). 

OX 

' X  

Fig. P6.47 



7 Elast ic Behav io r  of 
Mu l t i d i rec t i ona l  Laminates  

7.1 BASIC ASSUMPTIONS 

It is apparent that the overall behavior of a multidirectional laminate is a function of the 
properties and stacking sequence of the individual layers. The so-called classical lamina- 
tion theory predicts the behavior of the laminate within the framework of the following 
assumptions and restrictions: 1-3 

1 .  
2. 

3. 

4. 
5. 

6. 

7. 
8. 

Each layer (lamina) of the laminate is quasi-homogeneous and orthotropic. 
The laminate is thin with its lateral dimensions much larger than its thickness and 
is loaded in its plane only, that is, the laminate and its layers (except for their 
edges) are in a state of plane stress (02 = T,, = zrz = 0). 
All displacements are small compared with the thickness of the laminate ( lu l ,  I v ~ ,  
IWI e h). 
Displacements are continuous throughout the laminate. 
In-plane displacements vary linearly through the thickness of the laminate, that is, 
u and v displacements in the x- and y-directions are linear functions of z. 
Straight lines normal to the middle surface remain straight and normal to that sur- 
face after deformation. This implies that transverse shear strains yxz and yrZ are zero. 
Strain-displacement and stress-strain relations are linear. 
Normal distances from the middle surface remain constant, that is, the transverse 
normal strain E, is zero. This implies that the transverse displacement w is inde- 
pendent of the thickness coordinate z. 

7.2 STRAIN-DISPLACEMENT RELATIONS 

Figure 7.1 shows a section of the laminate normal to the y-axis before and after deformation. 
The x-y plane is equidistant from the top and bottom surfaces of the laminate and is called 
the midplane or reference plane. 

158 
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Fig. 7.1 Laminate section before (ABCD) and after (A’B’C’D’) deformation. 

and in general, 

The reference plane displacements 
u, and V, in the x- and y-directions and 
the out-of-plane displacement w in the 
z-direction are functions of x and y only: 

The rotations of the x- and y-axes 
are 

aw 
ax 
aw 

I a Y  

ax= - 

a =-  
(7.2) 

The in-plane displacement com- 
ponents of a point B of coordinate z b  

(Fig. 7.1) are 

aw 
ax u = u,- z- 

aw 
a Y  

v=v , - z -  
(7.4) 

where z is the through-the-thickness coordinate of a general point of the cross section. 

yield 
For small displacements, the classical strain-displacement relations of elasticity 

au au, a Z w  

ax ax a x 2  

av avo a Z W  

I ay ay a y 2  

Ex = - = - - z- 

& = -=- -  Z- (7.5) 

au av au, avo a Z W  

ay ax ay ax axay y = y = - + - = -  +--22- XY 
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Noting that the strain components on the reference plane are expressed as 

0 -  duo a v o  yg = ys - - + - ay ax 
and the curvatures of the laminate as 

(7.6) 

we can relate the strains at any point in the laminate to the reference plane strains and the 
laminate curvatures as follows: 

[ ;] = [ ;] + [,;I (7.8) 

7.3 STRESS-STRAIN RELATIONS OF A LAYER WITHIN A LAMINATE 

Consider an individual layer k in a multidirectional laminate whose midplane is at a dis- 
tance Zk from the laminate reference plane (Fig. 7.2). The stress-strain relations for this 

layer referred to its material axes are 

Layer k 
Y 

Z k  

X 

Fig. 7.2 Layer k within laminate. 

Reference plane 

and after transformation to the laminate co- 
ordinate system, 
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Z 

A 
Fig. 7.3 Illustration of linear strain variation and 
discontinuous stress variation in multidirectional 

Laminate Strain Relative layer Stress 
variation (E,) moduli (Ex) variation (ox) 

(7.10) 

Substituting the expressions for the strains from Eq. (7.8), we obtain 

(7.11) 

or, in brief, 

From Eqs. (7.8) and (7.11) it is seen that, whereas the strains vary linearly through the 
thickness, the stresses do not. Because of the discontinuous variation of the transformed 
stiffness matrix [Q]x,y from layer to layer, the stresses may also vary discontinuously from 
layer to layer. This is illustrated by the hypothetical four-layer laminate in Fig. 7.3 under 
uniaxial stress in the x-direction. For a certain linear strain variation through the thickness, 
which can result from axial and flexural loading, the variation of the modulus Ex from layer 
to layer can cause the discontinuous stress variation illustrated. In many applications 
the stress gradient through the layer thickness is disregarded. The average stresses in 
each layer are determined by knowing the reference plane strains [E'],,~, the curvatures 
[K],,~ of the laminate, the location of the layer midplane fk, and its transformed stiffness 
matrix [Qlx,y. 

7.4 FORCE AND MOMENT RESULTANTS 

Because of the discontinuous variation of stresses from layer to layer, it is more convenient 
to deal with the integrated effect of these stresses on the laminate. Thus, we seek expres- 
sions relating forces and moments to laminate deformation. The stresses acting on a layer 
k of a laminate (Fig. 7.2) given by Eq. (7.11) can be replaced by resultant forces and 
moments as shown in Fig. 7.4, as 
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z 

t 

X 

Fig. 7.4 Element of single layer with force and moment resultants. 

and 

(7.12) 

(7.13) 

J -112 

where 

z = through-the-thickness coordinate of a point in the cross section 

t = layer thickness 

N:, N: = normal forces per unit length 

NS = shear force per unit length 

M t ,  M: = bending moments per unit length 

MS = twisting moment per unit length 

In the case of a multilayer laminate, the total force and moment resultants are obtained 
by summing the effects for all layers. Thus, for the n-ply laminate in Fig. 7.5, the force and 
moment resultants are obtained as 

and 

[;]=ssl [;j k zdz 

(7.14) 

(7.15) 

where zk and Zk-1 are the z-coordinates of the upper and lower surfaces of layer k. 



7.5 General Load-Deformation Relations: Laminate Stiffnesses 163 

Fig. 7.5 Multidirectional laminate with coordinate 
notation of individual plies. 

k =  

k =  
k =  
k =  

7.5 GENERAL LOAD-DEFORMATION RELATIONS: LAMINATE STIFFNESSES 

Substituting Eq. (7.11) for the layer stresses in Eqs. (7.14) and (7.15), we obtain 

and 

In the expressions above, the stiffnesses reference plane strains [E~], ,~,  and cur- 
vatures [K],,~ are taken outside the integration operation since they are not functions of z. 
Of these quantities only the stiffnesses are unique for each layer k,  whereas the reference 
plane strains and curvatures refer to the entire laminate and are the same for all plies. Thus, 
[ E ~ ] , , ~  and [ K ] ~ , ~  can be factored outside the summation sign as follows: 

(7.18) 



where 

(7.20) 

1 "  
D,, = 7 C Qt (z,' - z L )  

1 = I  

with i, j = x, y, s. 
Thus, in full form the force-deformation relations are 

(7.21) 

and the moment-deformation relations are 

(7.22) 

The expressions above can be combined into one general expression relating in-plane 
forces and moments to reference plane strains and curvatures: 

(7.23) 

or, in brief, 

(7.24) 
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It should be noted that all the above matrices are symmetric, that is, 

The relations above are expressed in terms of three laminate stiffness matrices, [A] ,  
[B] ,  and [ D ] ,  which are functions of the geometry, material properties, and stacking 
sequence of the individual plies, as defined in Eq. (7.20). They are the average elastic param- 
eters of the multidirectional laminate with the following significance: 

A, are extensional stiffnesses, or in-plane laminate moduli, relating in-plane loads 
to in-plane strains. 
B, are coupling stiffnesses, or in-plane/flexure coupling laminate moduli, relating 
in-plane loads to curvatures and moments to in-plane strains. Thus, if B, # 0, 
in-plane forces produce flexural and twisting deformation in addition to in-plane 
deformation; moments produce extensional and shear deformation of the middle 
surface in addition to flexural and twisting deformation. 
D ,  are bending or flexural laminate stiffnesses relating moments to curvatures. 

7.6 I N V E RS I0 N 0 F LO AD- D E FO R M AT I 0 N RE L AT I0 N S: LAM I N AT E CO M P L I A N C ES 

Since multidirectional laminates are characterized by stress discontinuities from ply to ply, 
it is preferable to work with strains, which are continuous through the thickness. For this 
reason it is necessary to invert the load-deformation relations, Eqs. (7.23), and express 
strains and curvatures as a function of applied loads and moments. 

Equations (7.23) can be rewritten as follows by performing the appropriate matrix 
inversions: 

(7.25) 

or, in brief, 

(7.26) 
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Here, matrices [a ] ,  [ b ] ,  [c], and [ d ]  are the laminate compliance matrices obtained from 
the stiffness matrices as f01lows:~ 

[a]  = [A-'1 - ( [B*][D*- ' ] ] [C*]  

[b]  = [B*][D*-'] 

[c]  = -[D*-I][C*] 

[ d ]  = [D*-'] 

where 

[A-'1 = inverse of matrix [A] 

[B*] = -[A-'][B] 

[C*] = [B][A-'] 

[D*I = [Dl - I [BI[A-'l I PI 

From the inverse relations of Eqs. (7.24) and (7.26), it follows that 

(7.27) 

(7.28) 

that is, the 6 x 6 compliance matrix is the inverse of the 6 x 6 stiffness matrix. Since the 
stiffness matrices [A] ,  [B] ,  and [D]  and the combined 6 x 6 stiffness matrix are symmetric, 
the 6 x 6 compliance matrix in Eq. (7.28) and the individual matrices [a] and [ d ]  are also 
symmetric. However, [b]  and [c ]  need not be symmetric nor equal to each other. In fact 
[c ]  = [bIT, that is, matrix [c ]  is the transpose of matrix [b]  obtained from it by interchang- 
ing columns and rows. 

The observations above can be illustrated for a specific laminate. For example, the cal- 
culated stiffness matrices of a [O/k30/90] carbon/epoxy laminate (AS4/3501-6, Table A.4 
in Appendix A) are 

42.95 7.35 0 
[A] = 7.35 25.50 0 (MN/m) [ 

-3.32 0 -0.70 
[ B ] = [  0 3.32 - 7 ] ( k N )  

-0.70 -0.26 

0.88 0.06 
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As mentioned before, these matrices as well as the combined 6 x 6 matrix shown in 
Eqs. (7.23) and (7.24) are symmetric. 

- 

The calculated compliance matrices are 

4.43 -2.00 1.45 
[a] = -2.00 10.36 -1.61 (10-8m/N) [ 1.45 -1.61 12.03l 

1 
1 

17.29 7.55 22.54 
-5.68 -43.71 11.92 (lO”/N) 
14.23 9.65 5.15 

17.29 -5.68 14.23 
7.55 -43.71 9.65 (10-5/N) 
22.54 11.92 5.15 [ 1::; 0.13 0.931 

[d ]  = 0.13 3.18 -0.56 (1/N-m) 
-0.56 10.83 

As mentioned before, it is seen in this example that matrices [a] and [d]  are sym- 
metric, whereas [b] and [c] are not. Matrix [c] is the transpose of matrix [b] .  However, 
the combined 6 x 6 compliance matrix in Eq. (7.25) is symmetric and is the inverse of 
the 6 x 6 stiffness matrix in Eq. (7.23), as indicated in Eq. (7.28). 

7.7 SYMMETRIC LAMINATES 

A laminate is called symmetric when for each layer on one side of a reference plane (middle 
surface) there is a corresponding layer at an equal distance from the reference plane on 

the other side with identical thickness, orientation, and proper- 
ties. The laminate is symmetric in both geometIy and material 
properties. 

Consider the n-layer laminate in Fig. 7.6, where identical 
layers k and k’ are symmetrically situated about the reference 
plane. Then, 

X tk = tk. 

Q:=Qg ( i , j = x , y , s )  

= -Fk. (z-coordinates of lamina midplanes) 

(7.29) 

Fig. 7.6 Symmetric laminate with identical layers 
k and k’. nesses are 

and according to the definition of Eq. (7.20), the coupling stiff- 



since 

and 

For the conditions of symmetry stated before, the above sum will consist of pairs of terms 
of equal absolute value and opposite sign. Thus, for a symmetric laminate, 

(7.30) B ,  = 0 (i, j = x, y, s) 

and the load-deformation relations are reduced to 

and 

KY 

KS 

(7.3 1) 

(7.32) 

In symmetric laminates no coupling exists between in-plane loading and out-of-plane 
deformation (curvatures) and between bending and twisting moments and in-plane defor- 
mation. These laminates exhibit no distortion or warpage after fabrication and are easier 
to analyze. Some special types of symmetric laminates are discussed below. 

7.7.1 Symmetric Laminates with Isotropic Layers 

If the layers are isotropic although not all of the same material, the stiffnesses of each pair 
of symmetrically situated layers k and k' are 

(7.33) 
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The above relations lead to 

A, = A, 

0, = Dyy 

A, = A, = 0 

D, = D, = 0 

and the load-deformation relations take the form 

and 

7.7.2 Symmetric Laminates with Specially Orthotropic 
Layers (Symmetric Crossply Laminates) 

(7.34) 

(7.35) 

(7.36) 

In a symmetric laminate with specially orthotropic layers, the principal material axes of 
each layer coincide with the laminate axes, for example, [0/90/0] and [0/90],,. Because of 
symmetry, the coupling stiffnesses B, = 0, that is, there is no coupling between in-plane 
loading and out-of-plane deformation. 

Assuming that the kth layer is oriented with its principal 1-direction along the x-axis, 
we have 

(7.37) 
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and 

From the above it follows that 

A, = A,, = 0 

D,  = D,, = 0 

The load-deformation relations then are reduced to 

MX 

MY 
MS 

7.7.3 Svmmetric Anqle-Plv Laminates 

(7.38) 

(7.39) 

(7.40) 

Laminates containing plies oriented at +8 and -8 directions are called angle-ply laminates. 
They can be symmetric or asymmetric. If such a laminate consists of an odd number of 
alternating +8 and -8 plies of equal thickness, then it is symmetric, for example, [8/-8/8/ 

In a laminate with an odd number of plies n, (n - 1)/2 plies have orientation 8, 
(n - 1)/2 plies have orientation -8, and one ply has orientation 8. For a ply thickness t and 
laminate thickness h = nt, the shear coupling terms A,  (i = x ,  y )  are 

-0/0] = [+0/6],. 

n n 

k = l  k = l  k = l  k = l  

since Q J 8 )  = -Qi,(-8) from Eq. (4.67). 

in inverse proportion to the number of plies for the same overall laminate thickness. 

plane shear coupling terms A, are 

Similarly, it can be shown that D ,  # 0. The nonzero A,  and D ,  terms above decrease 

For an angle-ply laminate with an even number of plies, for example, [kelp,, the in- 

n12 nl2 .- 
A,, = c Qkt = 2 Qf;,(e)t + c Q,k,(-O)t = 0 

k = l  k = l  k = l  

(7.42) 

However, the coupling terms D,  are not zero, but their magnitude decreases in inverse pro- 
portion to the number of plies as in the previous case. 
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7.8 BALANCED LAMINATES 

A laminate is balanced if it consists of pairs of layers with identical thickness and elastic 
properties but having +8 and -8 orientations of their principal material axes with respect 
to the laminate principal axes. 

For each balanced pair of layers k and k' 

Then, it follows from the transformation relations of Eq. (4.67) that 

Qis<e> = -Qis(-8) 

and 

(7.43) 

The fact that the in-plane shear coupling stiffnesses A ,  are zero is a defining characteristic 
of a balanced laminate. Thus, a laminate consisting of pairs of identical layers of 8 and 
-8 orientations plus any number of 0" or 90" plies is also balanced. 

A balanced laminate can be symmetric, antisymmetric, or asymmetric. For example, 
a laminate consisting of pairs of 8, and -8, and 8, and -8, plies can be arranged in the 
following layups: 

Symmetric: [+8,/+8,], 

Antisymmetric: [8,/8,/-8,/-8,] 

Asymmetric: [8,/8,/-8,/-8,] 

In general, the bendinghwisting coupling stiffnesses D, are not zero unless the laminate is 
antisymmetric, as we will see below. 

The general load-deformation relations for this class of laminates are 

(7.44) 
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7.8.1 Antisymmetric Laminates 

An antisymmetric laminate is a special case of a balanced laminate, having its balanced +8 
and -8 pairs symmetrically situated about the middle surface. 

In this case the bendinghwisting coupling stiffnesses are 

. n  

(7.45) 

since 

and 

for the symmetrically situated balanced pair of k and k' (or 8 and -0) layers. 
The coupling stiffnesses B ,  for antisymmetric laminates are in general nonzero, and 

they vary according to the specific layup. The overall load-deformation relations for this 
class of laminates are 

7.8.2 Antisymmetric Crossply Laminates 

(7.46) 

Antisymmetric crossply laminates consist of 0" and 90" plies arranged in such a way that 
for every 0" ply at a distance z from the midplane there is a 90" ply of the same material 
and thickness at a distance -z from the midplane. By definition then, this laminate has 
an even number of plies. Antisymmetric laminates with +45" and -45" plies fall in this 
category, since the reference axes of the laminate can be rotated by 45". 

For every pair k and k' of 0" and 90" plies we have 

(7.47) 
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Then, it follows from the definitions of laminate stiffnesses that 

A,  = A, 
A, = A,, = 0 

B, = -B, 
B , = B  xs = B  ys  = B  ss = O  

D,  = D,  
D ,  = Dy, = 0 

The overall load-deformation relations are 

For crossply laminates 

(7.48) 

(7.49) 

with an even number of alternating 0" and 90" plies, the - 

coupling stiffness B, decreases in inverse proportion to the number of plies for the same 
laminate thickness. 

SAMPLE PROBLEM 7.1 
Stiffnesses of Antisymmetric Crossply Laminate 

It is required to derive approximate expressions for stiffnesses A,, A,, A,,, B,, D,, D,, 
and D,, of a [0/90] antisymmetric crossply laminate in terms of the basic lamina properties 
( E l ,  E2, G12, and vI2) and the lamina thickness t. It is assumed that the composite material 
contains high-stiffness fibers such that El  B E2 and v2, 4 1. 

From the definitions of laminate stiffnesses we obtain 

(7.51) 

(7.52) 

(7.53) 
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1 "  2 
k = l  3 D,, = 3 QL(z; - zi-,) E -t3G12 

(7.54) 

(7.55) 

(7.56) 

7.8.3 Antisymmetric Angle-Ply Laminates 

Antisymmetric angle-ply laminates consist of pairs of plies of +€Ii and -ei orientations 
(0 < Oi < 90), symmetrically situated about the middle plane and having the same thick- 
ness and elastic properties. Because of antisymmetry 

A .  = D .  = O  ( ~ = x , Y )  
1s IS 

For every balanced pair of k and k' plies with orientations 0 and -0 we have 

Zk = -zk, 
0, = -ek, 

Q; = Q; 

Qiy = Qii 

QL = -Qti 
Q:, = 

Q,", = Qti 

t k  = t k *  

QL = Q; 

Then, from the definition of B, it follows that 

B = B  = B  = B  = O  
** YY XY ss 

and the overall load-deformation relations take the form 

(7.57) 

(7.58) 
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A more special case of this class of laminates is the antisymmetric regular angle-ply 
laminate, consisting of an even number of plies alternating between 8 and -8 in orienta- 
tion, that is, [8/-8/8/. . . /8/-81 or [_+81,,. 

The nonzero coupling stiffnesses B, and B, decrease in inverse proportion to the 
number of plies for the same overall laminate thickness. 

7.9 ORTHOTROPIC LAMINATES: TRANSFORMATION OF LAMINATE STIFFNESSES AND COMPLIANCES 

A symmetric and balanced laminate has its ply orientations parallel to or balanced about 
two perpendicular axes X and j j ,  referred to as principal laminate axes (Fig. 7.7). On a 
macroscopic scale, this laminate can be treated as a homogeneous orthotropic material 
with the 2 and j j  axes as the principal material axes. This type of laminate is called an 
orthotropic laminate. 

By definition, the in-plane/flexure coupling stiffnesses and the in-plane shear coupling 
stiffnesses are zero, that is, 

B ,  = 0 ( i , j  = 2, j j ,  5) 

and 

A,  = 0 ( i  = X , j j )  

Thus, the force-deformation relations referred to the 2-7 system of coordinates are 

(7.59) 

These relations. when referred to an arbitrary x-y system (Fig. 7.7), take the form 

Y Y / 

R R 

X 

Fig. 7.7 Notation for coordinate transformation in orthotropic laminate. 

(7.60) 

or, in brief, 

Equations (7.59) and (7.60) are entirely 
analogous to Eqs. (4.31) and (4.63) for a single 
lamina, repeated here: 

= [ ;: 2 :] [ "1 (4.31 bis) 

a6 Y6 
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TABLE 7.1 Relations for Stiffness and Compliance 
Transformation of OrthotroPic Laminates 

rn = cos cp. n = sin cp 

and 

(4.63 bis) 

Then, the transformation relations for the laminate stiffnesses and compliances (Aij and 
a, with i, j = x, y ,  s) are identical to those for the lamina stiffnesses and compliances (Q, 
and S ,  with i, j = x, y, s). These relations, presented in Table 7.1, are identical to those of 
Table 4.2. 

The transformation relations of Table 7.1 could be extended to three dimensions by 
analogy with the three-dimensional transformations for the elastic parameters of a com- 
posite lamina (see Table 4.3). 

There is a special class of orthotropic laminates for which the elastic properties along its 
principal directions i and jj are equal. Referring to Fig. 7.7, this condition is expressed as 

This type of laminate has properties analogous to those of a tetragonal crystal and has 
tetragonal symmetry. Then, from the transformation relations of Table 7.1 we obtain, for 
any orthogonal system (x, y ) ,  

An =A,  (7.62) 

Equation (7.61) can be written as 

n n 

or, assuming equal lamina thicknesses, 

n n 
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Using the transformation relations of Eqs. (4.67), we obtain 

n c (m4QIl + n4& + 2m2n2Q12 + 4m2n2(&6)k 
k = l  

n 

or 

or 

and, since (Q, ,  - Q2J is a constant, 

n 

C ( m 2  - n2>k = o 
k = l  

or 

(7.63) 

(7.64) 

where 8, is the orientation of lamina k. The lamina orientations must satisfy the &,we rela- 
tions for condition of Eq. (7.61) to hold, that is, Eq. (7.63) or (7.64) is a necessary and 
sufficient condition for a laminate to have tetragonal symmetry. 

7.10 QUASI-ISOTROPIC LAMINATES 

There is a special class of orthotropic laminates for which the elastic properties are inde- 
pendent of orientation, that is, the in-plane stiffnesses and compliances and all engineer- 
ing elastic constants are identical in all directions. Referring to Fig. 7.8, this condition is 
expressed as 

= [A]x,y = constant 

[u],?,~ = [ a ] , ,  = constant 

A . . = A - - = A  = A  = o  
xs ys xs Y S  

(7.65) 

or, in terms of engineering constants, 



Fig. 7.8 Quasi-isotropic laminate. 

or 

E, = Ex = constant 

G, = Gq = constant 

0, = Vq = constant 
(7.66) 

where symbols with an overbar denote effective laminate proper- 
ties. All of the above properties are invariant with respect to orien- 
tation cp. 

The simplest type of quasi-isotropic laminate is one of 
[0/60/-60], layup. Another type is the so-called n/4 quasi-isotropic 
laminate, or [O/k45/90],. In general any laminate of 

layup is quasi-isotropic for any integer n greater than 2.  

SAMPLE PROBLEM 7.2 
Quasi - i so t ro p i c [ 0/&45/90], Laminate 

It is required to prove that the [0/*45/90], laminate is quasi-isotropic. Referring to Fig. 7.8 
and the specific laminate layup, we observe that 

(7.67) 

From the stiffness transformation relations (Table 7.1) and Eq. (7.67) we obtain for 
cp = 450 

1 
2 

(Ass),+,=450 = A ,  = -(A, - A--)  v 

The stiffness A, along any arbitrary direction cp is 

A,  = (m4 + n4)A,fj + 2m2n2A, + 4m2n2A, 

and, in view of Eq. (7.68), 

(7.68) 
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A, = (m4 + n4)A, + 2m’n’(A, + A,  - A,) 
(7.69) 

= (m4 + n4 + 2m2n2)A, = (m’ + n2)’A, = A, 

Similarly we can prove that 

A X Y X Y  = A - -  (7.70) 

A ss =A..  ss (7.71) 

(7.72) A, = A, = 0 

7.11 DESIGN CONS ID ER AT I0 N S 

A summary of the characteristic properties of the various types of laminates is given in 
Table 7.2.  It is important to keep these properties in mind in the selection of the appropri- 
ate layup and stacking sequence of a laminate. The coupling stiffnesses B,, A,,, and D,  
complicate the analysis and design of multilayer and multidirectional laminates. 

The extensiodbending coupling stiffnesses B ,  (i, j = x,  y, s), coupling in-plane loading 
with out-of-plane deformation, are responsible for laminate warpage due to cooldown after 
curing and to hygrothermal environment variations. It is therefore desirable in general to 
eliminate this type of coupling by selecting a symmetric layup. It is conceivable that in some 
special designs such coupling might be used to advantage, such as laminate shells subjected 
to aerodynamic loading (smart composites). In other cases of nonsymmetric laminates, it 
is possible to minimize bending coupling by selecting an appropriate stacking sequence. 

TABLE 7.2 Summary of Laminate Characteristics 

Symmetric Balanced Symmetric/Balanced General 

Angle-ply, n = odd Antisymmetric Crossply symmetric Isotropic layers 
[0/-e/e/ . . ./el A, =A, = 0 
A m  A,, f 0 B,#O Angle-pl y B, = B, = 0 
4, D ,  f 0 Crossply antisymmetric [ H I ,  D ,  = D ,  = 0 

(B,  = 0 )  (A, = A ,  = 0 )  (B, = 0; A,, = A, = 0 )  (Alp Bij, D, * 0)  

D ,  = D,, = 0 D ,  = D ,  = 0 

Angle-ply Tetragonal Specially orthotropic 
layers 

antisymmetric A, = A, 
A, = A,, = 0 
Bx, = B, = 0 

IJ’ IJ’ I J  D ,  = D ,  = 0 

[*el, Quasi-isotropic 
D ,  = D,, = 0 A,.  a,. E .  

Independent of 
reference axes 

B,, B, f 0 
All other B,, = 0 
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Shear coupling stiffnesses A, and A, cause in-plane shear deformations under in-plane 
normal loading, and normal in-plane deformation under in-plane shear loading. These 
stiffnesses become zero for a balanced or a crossply layup. For unbalanced laminates it is 
advisable to select a stacking sequence that minimizes these shear coupling stiffnesses. 

Torsion coupling stiffnesses D, and D, are responsible for twisting deformation 
under cylindrical flexure and may produce interlaminar stresses under bending. These 
stiffnesses are zero only for antisymmetric (special case of balanced) or crossply layups. 
In other cases it is possible to minimize the torsion coupling stiffnesses by a proper choice 
of stacking sequence. 

The only layup for which all three types of coupling stiffnesses B, ,  A,,, and D,, are 
zero is the crossply symmetric layup, for example, [0/90],. One can design symmetric and 
balanced laminates where B,, = 0 and A,, = 0, but in general D,, # 0. However, by proper 
selection of the stacking sequence, for example, by increasing the number of layers for the 
same overall laminate thickness, D,, can be minimized. 

Consider, for example, a laminate consisting of ten 0" plies, four 45" plies, and four 
-45" plies arranged in the following three stacking sequences: 

Balanced/asymmetric: [05/454/-45,/0,] 

This stacking sequence is definitely not recommended because of its asymmetry 
and coarse ply distribution. The shear coupling stiffnesses A ,  and torsion coupling 
stiffnesses D,, are zero, but the extension/bending coupling stiffnesses B, are nonzero. 
The coarseness of the ply distribution would increase the interlaminar edge stresses. 
It has been shown analytically that interlaminar edge stresses are a function of the 
stacking sequence and decrease as the thickness of the various layers  decrease^.^ 
Balanced/symmetric: [0,/45,/-45,], 

This stacking sequence is balanced and symmetric; therefore, B, = 0 and A,  = 0. 
However, the torsion coupling stiffnesses D,  are nonzero and are relatively high due 
to the coarseness of the ply distribution. It represents an adequate but not the best 
design. 
Balanced/symmetric: [o2/45,/o,/-45,/0], 
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The bending coupling stiffnesses B ,  and shear coupling stiffnesses A,, are zero again. 
The nonzero torsion coupling stiffnesses D,  are relatively low because of the finer 
ply distribution. This design is recommended. The minimum for D,  and corre- 
sponding interlaminar stresses is obtained by selecting a finer ply distribution, for 
example, [0/45/0/-45/0/45/0/-45/0],. Although this design represents an optimum 
mechanically, it may make the fabrication process more complicated and expensive. 

Î_̂ -----_- ~ - ~ ~ 1 1 1 - - 1 1 1  I----- ~~~-~ 

Whenever possible it is recommended to select a symmetric and balanced layup with 
fine ply interdispersion in order to eliminate extensionbending coupling and shear cou- 
pling and to minimize torsion coupling. Thus, warpage and unexpected distortions will be 
avoided, interlaminar stresses will be reduced, and the analysis will become considerably 
simpler. 

7.12 LAMINATE ENGINEERING PROPERTIES 

NX - 

7.1 2 .l S y m met r i c Ba I a nce d La m i nates 

Simple relations can be derived for engineering properties as a function of laminate stiff- 
nesses for the special case of a symmetric balanced laminate. Consider an element of such 
a laminate under uniaxial loading N,  as shown in Fig. 7.9. Then, by definition, the Young’s 
modulus Ex and Poisson’s ratio 0, of the laminate are given by 

(7.73) 

where &I: and E; are the normal strains in the x- and y-directions, respectively, and h is the 
laminate thickness. Symbols with an overbar denote effective 
laminate properties, and the x- and y-axes here are the principal 
laminate axes (denoted before as X and 1). 

The force-deformation relations are i 

- Nx 

+ x  

Fig. 7.9 Symmetric balanced laminate under 
uniaxial loading. 

There is no shear strain yz under the applied loading because 
laminate is balanced. 

Equations (7.74) in expanded form (Aq = Ayx) are 

.74) 

the 

N,  = A s :  + A& 

0 = A,&: + Ayy&y” 
(7.75) 
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From Eqs. (7.75) and (7.73) we obtain 

Similarly, by considering a uniaxial loading N ,  in the y-direction, we obtain 

For pure shear loading Ns we obtain 

The shear coupling coefficients for this balanced laminate are zero: 

(7.76) 

(7.77) 

(7.78) 

(7.79) 

It follows from the above that 

7.12.2 Symmetric Laminates 

Expressions for engineering properties in terms of laminate stiffnesses are more compli- 
cated for more general types of laminates, such as symmetric but not balanced laminates. 
In that case it is preferable to develop relations in terms of laminate compliances. For sym- 
metric laminates the extension/bending coupling stiffnesses B, and compliances b, (with 
i, j = x, y,  s) are zero. Thus, the reference plane strains are related only to in-plane forces 
as follows: 

(7.80) 

where [a] is the extensional laminate compliance matrix, which in this case is the inverse 
of the corresponding stiffness matrix 



7.12 Laminate Engineering Properties 183 

[a] = [A-’1 (7.81) 

- - - l l _ l - ~  ~- 

A symmetric laminate may be treated on a macroscopic scale as a homogeneous 
anisotropic material. Its elastic behavior is analogous to that of a unidirectional lamina, 
and thus similar expressions can be used between average stresses and strains and effec- 
tive laminate constants. Thus, Eq. (7.80) can be written in terms of engineering constants 
by replacing the lamina constants in Eq. (4.77) with corresponding laminate moduli and 
noting that the average laminate stresses are 

(7.82) 

By analogy with the single lamina, the strain-force relations for the laminate are writ- 
ten in terms of engineering constants as follows: 

1 - 
EY 
q y s  

EY 

(7.83) 

where 

Ex, Ey = effective laminate Young’s moduli in the 
x- and y-directions, respectively 

Gq = effective laminate shear modulus 

Vxy, Vyx = effective laminate Poisson’s ratios 

qXs, Tiys, qsx, qsY = effective laminate shear coupling coefficients 

By equating corresponding terms in the compliance matrices of Eqs. (7.80) and (7.83), 
we obtain the following relations, analogous to Eqs. (4.80): 

(7.84) 
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The symmetry of the compliance matrix implies the following relations among the 
laminate engineering constants, as in the case of the single unidirectional lamina, Eqs. (4.78): 

(7.85) 

In order to calculate the engineering properties of a symmetric laminate using Eqs. 
(7.84) one needs to calculate the extensional stiffness matrix [A] and then invert it to obtain 
the compliance matrix [a]. 

7.12.3 General Laminates 

Expressions for engineering constants of general asymmetric laminates can be obtained 
from the general strain-load relations, Eq. (7.25), that are reduced to Eq. (7.80) for in-plane 
loading. Thus, using the normal definitions of engineering properties in terms of average 
in-plane stresses and strains, one obtains that relations in Eqs. (7.84) are equally valid for 
general laminates. For example, comparison of engineering constants of a [0/90] asym- 
metric and a [0/90], symmetric laminate leads to the correct conclusion that the Young's 
moduli of the two laminates are different. This is because in Eqs. (7.84) the compliance 
matrices [au] of the two laminates are different due to coupling effects. 

SAMPLE PROBLEM 7.3 
Axial Modulus of Angle-Ply Laminate 

It is required to determine Young's modulus Ex of a [k45],, laminate in terms of the basic 
lamina properties (Fig. 7.10). For this symmetric balanced laminate we can apply Eq. (7.76), 

l i  

I Fig. 7.10 [f45],, angle-ply laminate. 

where 

4" 

k = l  
4n  

A*, = CQ,lktk = hexy 
k = l  
4n 

(7.76 bis) 

(7.86) 
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where tk is the ply thickness, h the laminate thickness, and Qn, Qyy, and Q, are the trans- 
formed 45" lamina stiffnesses. 

From the stiffness transformation relations in Eq. (4.67) we obtain 

Then, 

(7.90) h 
A, = ;(Qii + Q22 + 2Qi2 - 4 Q d  

From Eqs. (7.76) and (7.86) it follows that 

and from Eqs. (7.87) and (7.88) 

- 
Ex = 4(Qii + Q22 + 2Q12)e66 

Qii + Q22 + 2Qi2 + 4Q66 

For composites with high-stiffness fibers 

and then Eq. (7.92) is reduced to 

(7.91) 

(7.92) 

(7.93) 

GI2 (7.9' 

This result shows that the axial Young's modulus of a [&45],, laminate is a matrix- 
dominated property since it depends primarily on the in-plane shear modulus GI, of the 
lamina. This was also true for the case of the [45] off-axis lamina (see Eq. (4.83)). 
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SAMPLE PROBLEM 7.4 
Shear Modulus of Anqle-Ply Laminate 

It is required to determine the shear modulus G, of a [k45],, laminate as a function of the 
basic lamina properties (Fig. 7.10). This is obtained from Eq. (7.78), 

where 

4n 

4, = ( Q S s Y t k  = h(QS,)8=*45O 
k = l  

From the stiffness transformation relations in Eq. (4.67) we obtain 

and then, using Eqs. (7.78) and (7.95), 

For composites with high-stiffness fibers, 

(7.78 bis) 

(7.95) 

(7.96) 

(7.97) 

(7.98) 

Thus, the shear modulus of a [*45],, laminate is a fiber-dominated property since it 
depends primarily on the longitudinal lamina modulus El. 

SAMPLE PROBLEM 7.5 
Poisson's Ratio of Angle-Ply Laminate 

It is required to determine Poisson's ratio 3, of a [k45],, laminate as a function of the basic 
lamina properties (Fig. 7.10). This is obtained from Eq. (7.76), 

(7.76 bis) 

I Substituting Eqs. (7.89) and (7.90) into Eq. (7.76) yields 
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- 1 _ _ 1 ~  

I Thus, from Eq. (7.101) we obtain 

I For composites with high-stiffness fibers, 

(7.99) 

(7.100) 

SAMPLE PROBLEM 7.6 
En g in e e r i n g Cons t a n t s of [ O h 4  5/9 01 Q u as i - i s o t ro p i c La m i n a t e 

For the [O/k45/90], laminate discussed before, 

where 

i, j = x,  y,  s 

t = lamina thickness 

h = laminate thickness 

(7.101) 

The transformed lamina stiffnesses Q, for the four different ply orientations are 

Similarly, from the relations 

(7.102) 
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we obtain I 
(7.103) 

h 
A, = + Q22 + 6Q12 - 4 Q d  

(7.104) 

Introducing Eqs. (7.102) and (7.103) into (7.76), we obtain 

For a high-stiffness composite 

and Eq. (7.105) becomes 

(7.106) 

Similarly, from the same Eqs. (7.102), (7.103), and (7.76) we obtain 

0 =A= A QII + Q22 +6Q12 -4Qa 

I 
Avv 3Qll + 3Q22 + 2Q12 + 41266 

A? 

which, for a high-stiffness composite, becomes I 
(7.107) 

(7.108) 
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I Finally, from Eqs. (7.78) and (7.104) we obtain 

which, for a high-stiffness composite, becomes I 
(7.109) 

(7.110) 

7.13 CO M P U TAT I 0 N A L PR 0 C ED U R E FO R DETER M I N AT I 0 N 0 F EN G I N E E R I N G E LAST I C P R 0 P E RT I ES 

A flowchart for the determination of engineering properties of multidirectional laminates 
is given in Fig. 7.11. It consists of the following steps: 

Fig. 7.11 Flowchart for computation of engineering 
elastic properties of multidirectional laminates. Engineering constants of unidirectional layer 

Principal layer stiffnesses 

Fiber orientation of layer k 

Transformed layer k stiffnesses referred 
to x-y system 

Location of layer k surfaces 

Laminate stiffness matrices referred to 
x-y system 

I [a],, I Laminate extensional compliance matrix 
U 

Total laminate thickness 

P x y ,  v y x ,  ?,x Laminate engineering constants 
9 x s 9  ?YS! ?sy 
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Step 1 
Step 2 

Step 3 
Step 4 

Step 5 
Step 6 
Step 7 

Step 8 
Step 9 

Enter the engineering properties of the unidirectional layer, E,, E,, v,,, and Glz. 
Calculate the layer stiffnesses Q,,, Qzz, Q,z, and Q66 referred to the principal 
material axes using Eq. (4.56). 
Enter the fiber orientation or principal material axis orientation, 9,, of layer k. 
Calculate the transformed stiffnesses [QlX,? of layer k referred to the laminate 
coordinate system (x, y), using Eq. (4.67). 
Enter the through-the-thickness coordinates of layer k surfaces zk and z ~ - ~ .  
Calculate the laminate stiffness matrices [A] ,  [B], and [D] using Eqs. (7.20). 
Calculate the laminate compliance matrix [a] using relations in Eq. (7.27), 
or by inversion of the 6 x 6 stiffness matrix of Eq. (7.23). 
Enter the total laminate thickness, h. 
Calculate the laminate engineering properties referred to the x- and y-axes 
using Eq. (7.84). 

7.14 COMPARISON OF ELASTIC PARAMETERS OF UNIDIRECTIONAL AND ANGLE-PLY LAMINATES 

Exact and approximate expressions for the elastic properties of a [k45],, angle-ply lami- 
nate were obtained before [see Eqs. (7.92), (7.94), and (7.97) through (7.100)]. In addition 
to these results it should be mentioned that the laminate shear coupling coefficients n,, Tisx, 
qys, and 4, are zero since the laminate is balanced. It is of interest to compare the proper- 
ties of the angle-ply laminate with those of the 45" off-axis lamina obtained before [see 
Eqs. (4.82) through (4.90)]. 

Numerical results for all properties above, exact and approximate, were obtained 
for a typical carbon/epoxy material (AS4/3501-6) and compared in Table 7.3. It is seen 
that values obtained by the approximation formulas are close to the exact values. The 
differences between the unidirectional lamina and angle-ply laminate are illustrated in 
Figs. 7.12-7.15. The Young's modulus, shear modulus, Poisson's ratio, and shear coupling 
coefficient are plotted as a function of fiber orientation for the AS4/3501-6 carbon/epoxy 
material. Results for a quasi-isotropic laminate are also plotted for reference. 

TABLE 7.3 Comparison of Engineering Constants of 1451 Unidirectional and 
[f45], Angle-Ply Carbon/Epoxy Laminates (AS4/3501-6) 

C451 CW51, 

Approximation Approximate Exact Approximation Approximate Exact 
Property Formula Value Value Formula Value Value 

16.7 (2.42) 16.6 (2.40) 4G12 G E 2  
G,, + E2 

Ex, GPa (Msi) 28.0 (4.06) 23.9 (3.47) 

G,, GPa (Msi) E2 10.4 ( 1  S O )  9.3 (1.35) Ell4 36.7 (5.32) 38.2 (5.53) 

0.19 

0 

0.68 

0 

0.71 

0 

4, -0.50 -0.50 -0.42 0 0 0 
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Fig. 7.12 Young's modulus of unidirectional and angle-ply 
laminates as a function of fiber orientation compared with that 
of a quasi-isotropic laminate (AS4/3501-6 carbon/epoxy). 
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Fig. 7.14 Poisson's ratio of unidirectional and angle-ply lam- 
inates as a function of fiber orientation compared with that 
of a quasi-isotropic laminate (AS4/3501-6 carbon/epoxy). 

6 1  I 

c3 N 5 1  * X 

I2 4 

a 

[el Unidirectional 

0 10 20 30 40 50 60 70 80 90 

8 (degrees) 

0 1 ~ 1 ~ 1 ~ 1 ~ 1 ~ 1 ~ 1 ~ 1 ~ 1 ~  

Fig. 7.13 Shear modulus of unidirectional and angle-ply lami- 
nates as a function of fiber orientation compared with that of 
a quasi-isotropic laminate (AS4/3501-6 carbon/epoxy). 
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Fig. 7.15 Shear coupling coefficient of unidirectional and angle- 
ply laminates as a function of fiber orientation compared with 
that of a quasi-isotropic laminate (AS4/3501-6 carbon/epoxy). 

7.15 CARPET PLOTS FOR MULTIDIRECTIONAL LAMINATES 

Many design applications involve layups consisting of various numbers of 0", 90", and 
k45O plies. These layups are balanced since the +45" plies are balanced by an equal num- 
ber of -45" plies. A designation for such a general layup is [Orn/90,/(Ifr45),], where m, n, 
and p denote the number of O", 90°, and f45" plies, respectively. The in-plane engineering 
constants of a symmetric laminate depend only on the proportion of the various plies in 
the entire laminate and not on the exact stacking sequence. Thus, in-plane engineering 
constants are a function of the fractional values a, p, and y, where 
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Fig. 7.16 Carpet plot for Young's modulus of [Om/9O,/(k45),], 
carbon/epoxy laminates (AS4/3501-6) (a, p, and yare frac- 
tions of 0", 90", and f45" plies, respectively). 
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Fig. 7.18 Carpet plot for Poisson's ratio of [Om/9O,/(f45),], 
carbon/epoxy laminates (AS4/3501-6) (a, p, and yare frac- 
tions of Oo, 90", and f45" plies, respectively). 
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Fig. 7.17 Carpet plot for shear modulus of [0,/90,/(+45),], 
carbon/epoxy laminates (AS4/3501-6) (a, 0, and y are frac- 
tions of 0", 90", and f45" plies, respectively). 

2m 
N 

a=-  

2n 
N 

p = -  (7.1 11) 

y=- 4P 
N 

N = 2(m + n + 2p) = total number of plies 

For a given material with known basic lamina 
properties, in-plane properties for the general 
[0,,/90,/(~45),], laminate can be obtained as a func- 
tion of a, p, and y. Although such computations can 
be performed readily using available computer pro- 
grams, it is sometimes useful and practical for the 
designer to have so-called carpet plots. A carpet plot 
is a parametric family of curves with one of the frac- 

tions a,  p, or y as a variable and the other two as parameters, keeping in mind that a+ p 
+ y= 1. Such plots for Young's modulus, shear modulus, and Poisson's ratio are shown in 
Figs. 7.16-7.18 for a carbon/epoxy material (AS4/3501-6). 

7.16 TEXTILE COMPOSITE LAMINATES 

Many analytical models exist for the calculation of average stiffness matrices of textile 
 laminate^.^-'^ They are mostly based on micromechanics analyses of a representative unit 
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cell, which is different for every weave pattern. Many of these models do not consider the 
distribution and effect of the crimp (or undulation) regions in the fabric and the resulting 
nonzero coupling terms in the fabric layer stiffness matrices. A modified lamination 
theory was proposed recently, where the single fabric layer is treated as a fundamental unit 
(sublaminate) with its own average stiffness properties determined 

Textile composites have distinct mechanical properties different from those of uni- 
directional composites. Some common weave patterns, such as five-harness or eight-harness 
satin weaves (Figs. 2.10 and 2.11), lack certain symmetry properties. A single layer of 
these fabrics is neither symmetric nor balanced. It is similar but not exactly equivalent to 
an antisymmetric [0/90] laminate with unidirectional plies. These problems are minimized 
or resolved by appropriate stacking of fabric layers. For example, a pair of five-harness 
satin layers stacked with their warp or fill tows in contact (flipped pair) is not quite sym- 
metric but is balanced with respect to the crimp A stacked pair of these layers 
rotated by 90" with respect to each other is symmetric but not quite balanced. A stack of 
the two pairs of layers above would produce in theory the thinnest symmetric and balanced 
laminate of five-hamess satin fabric composite. 

In general, multilayer textile composites can be treated in an approximate way by the 
classical lamination theory discussed before, by considering each single fabric layer as a uni- 
directional (orthotropic) one, with the warp and fill directions as the principal material axes 
1 and 2, respectively. This is more justified as the number of layers in the laminate increases. 

7.17 MODIFIED LAMINATION THEORY-EFFECTS OF TRANSVERSE SHEAR 

In the classical lamination theory discussed before, it was assumed that the laminate is thin 
compared to its lateral dimensions and that straight lines normal to the middle surface 
remain straight and normal to that surface after deformation. As a result, the transverse 
shear stresses (T,~, T ~ ~ )  and shear strains (yxz, yyz) are zero. These assumptions are not valid 
in the case of thicker laminates and laminates with low-stiffness central plies undergoing 
significant transverse shear deformations. In the theory discussed below, referred to as 
first-order shear deformation laminated plate theory, the assumption of normality of 
straight lines is removed, that is, straight lines normal to the middle surface remain straight 
but not normal to that surface after def0rmati0n.l~ 

Figure 7.19 shows a section of a laminate normal to the y-axis before and after deforma- 
tion, including the effects of transverse shear. The result of the latter is to rotate the cross 
section ABCD by an angle a, to a location A'B'C'D', which is not normal to the deformed 
middle surface. 

The displacements of a generic point B can be expressed asI3 

(7.1 12) 

where u,, v,, and w, are the reference plane displacements and a, and ar are the rotations 
of the cross sections normal to the x-  and y-axes. 
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Fig. 7.19 Laminate section 
before (ABCD) and after 
(A’B’C’D’) deformation with 
noticeable effects of trans- 
verse shear. 

Y 

The classical strain-displacement relations yield the strains 

aw 
aZ 

& = - = o  

av aw aw y = y  =-+-=-a,+- 
yz aZ ay aY 

(7.113) 

au aw aw 
aZ ax ax y , ; = y , = - + - = - a  +- 

au av auo avo 
ay ax ay ax y = y = - + - = - - + - - z  xy 

From the above we can observe that the transverse shear strains yxz and yyz are equal to 
the rotations of the cross sections relative to the normals to the middle surface after 
deformation. 

The in-plane stress-strain relations of a layer k within the laminate are decoupled from 
the transverse shear terms (if the z-direction is a principal material direction for the layer) 
and are the same as in Eq. (7.10): 
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Qn Qq Qxs 

-Qyx Qn Q Y S ] ~ [ ; ] ~  (7.10 bis) 

-Qs.y Qq Qss 

The transverse shear stress-strain relations, which are decoupled from the in-plane 
stress and strain terms are 

(7.114) 

The in-plane force and moment resultants are obtained by the same relations as in Eqs. 
(7.14) and (7.15), and the transverse shear force resultants are obtained from the following: 

(7.115) 

where K is the so-called shear correction factor introduced to account for the nonuniform 
distribution of transverse shear stresses through the thickness of the layer. In many cases, 
depending on the laminate and material, it may be sufficiently accurate to assume K = 1. 

Substituting the stress-strain relations in Eqs. (7.10) and (7.114) in Eqs. (7.14), (7.19, 
and (7.115), and using the strain expressions in Eqs. (7.113), we obtain 

[a,, 

+- Lay ax 

(7.116) 

(7.117) 

(7.118) 

where the laminate stiffnesses A,, B,, and D, ( i ,  j = x, y, s) are defined as before in Eqs. 
(7.20). The transverse shear laminate stiffnesses A,j (i, j = q, r )  are defined as 
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I I  

A, = C$, (i, j = q, r )  
k = l  

(7.1 19) 

The stiffnesses C,, Cqr, and C,, are related to stiffnesses C, and C,, or the engineering 
shear moduli G,, and GI3, as shown in Eqs. (4.103) and Table 4.3. 

In Eqs. (7.116) and (7.117) the last deformation terms represent the gradients of 
the total rotations of the sections that were initially normal to the reference surface. In 
Eq. (7.11 8) the deformation terms represent the relative rotations of the sections initially 
normal to the middle surface with respect to the deformed middle surface. 

7.18 SANDWICH PLATES 

Sandwich construction is of particular interest and widely used, because the concept is 
very suitable for lightweight structures with high in-plane and flexural stiffness. A sand- 
wich panel is a special type of laminate consisting typically of two thin facesheets (facings 
or skins) and a lightweight, thicker, and low-stiffness core. Commonly used materials for 
facings are composite laminates and metals, while cores are made of metallic or non- 
metallic honeycombs, cellular foams, balsa wood, and trusses. Properties of typical core 
materials are given in Table A.9 in Appendix A. The facings carry almost all of the bend- 
ing and in-plane loads, and the core helps to stabilize the facings against buckling and 
defines the flexural stiffness and out-of-plane shear and compressive behavior. 

Depending on the geometry (aspect ratio, core thickness), constituent material prop- 
erties, and type of loading, a sandwich plate can be analyzed by the classical lamination 
theory or the modified lamination theory including transverse shear effects. Figure 7.20 
shows a section of a sandwich plate under the action of forces and moments. This sand- 
wich plate can be treated as a three-ply laminate consisting of the core and the two 
face sheet^.'^ 

If the two facesheets are identical in thickness and properties, the laminate is sym- 
metric, that is, 

X Y 

Fig. 7.20 Element of sandwich plate with force and moment 
resultants. 

The in-plane extensional laminate (sandwich) 
stiffnesses are determined as 

where 

i,J = x,  y,  s 

hf, h, = facesheet and core 

(Q,),, (Q,), = facesheet and core 

thickness, respectively 

stiffnesses, respectively 
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The flexural laminate stiffnesses are 

l 3  D..= LJ - X Q i ( z :  - z : ~ )  = 
k=l 

The transverse shear laminate stiffnesses are, from Eq. (7.119), 

3 

A ,  = C Citk (i, j = q, r )  
k = l  

or 

(7.122) 

or 

where C,, C,,, and C,, are the transformed transverse shear stiffnesses of a layer, corre- 
sponding to the x-y-z coordinate system. These are obtained by transformation of the trans- 
verse shear stiffnesses C,, Cd5, and C,, using Eqs. (4.103). 

If the facesheets are much thinner and stiffer than the core, that is, 

and if 

2<Qjj)& 9 (Qij>chc (7.123) 

the expressions for the in-plane extensional and the flexural laminate stiffnesses in Eqs. 
(7.120) and (7.121) can be approximated as 

A, s 2(Q,),4 (i, j = x, y, s) (7.124) 

1 1 
D, = ?(Q,),h,hZ E ;A,hf (7.125) (i, j = x, y, s) 

If, in addition to the previous assumptions, Eq. (7.123), the facesheets are unidirec- 
tional laminae with their principal directions 1 and 2 along the x- and y-axes, then 

Qii Qiz 

“,=[:I QZZ ( i , j = 1 , 2 , 6 )  (7.126) 
0 Q66 



and 

Qi, Qi2 

Dij 5 [ Qz, Q22 ] hfh: ( i , j=  1,2,6)  (7.127) 

a6 f 

where 

The transverse shear stiffnesses for an isotropic core are expressed as 

(4.56 bis) 

(7.128) 

For isotropic facesheets 

The load-deformation relations for a symmetric sandwich plate are the same as those 
for a symmetric laminate, Eqs. (7.31) and (7.32), that is, 

"1 = [A][&'] (7.31 bis) 

[MI = [D"l (7.32 bis) 

Strains and curvatures, obtained by inverting these relations, are 

[E'] = [A-'][N] = [u][N] (7.129) 
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SAMPLE PROBLEM 7.7 
Load-Deformation Relations for Sandwich Beam 

A composite sandwich beam, consisting of identical unidirectional lamina facesheets and 
an isotropic core, is subjected to a general type of loading as shown in Fig. 7.21. It is 
required to determine the load-deformation relations in terms of material and geometric 
properties. 

Assuming that the principal directions 1 and 2 of the unidirectional facesheets coin- 
cide with x- and y-directions and that h, G h,, we obtain from Eqs. (7.31), (7.32), (7.126), 
(7.127), and (7.128), 

For a high-stiffness composite facesheet, that is, El  S E2, Eqs. (7.13 1) and (7.132) can 
be approximated as 

N, G 2h,Qlle~ (7.134) 

1 1 
,- 2 2 

M = -hfh:Qll~l G -hfhcQll(&: - E;) (7.135) 

where I 
E:, E ;  = strains at top and bottom facesheets 

Fig. 7.21 Composite sandwich beam under general type of loading. I 



200 7 ELASTIC BEHAVIOR OF MULTIDIRECTIONAL LAMINATES 

REFERENCES 
1. K. S. Pister and S. B. Dong, “Elastic Bending of Layered Plates,” J .  Eng. Mech. Division, 

2. E. Reissner and Y. Stavsky, “Bending and Stretching of Certain Types of Heterogeneous 
Aeolotropic Elastic Plates,” J. Appl. Mech., 1961, pp. 402-408. 

3. R. M. Jones, Mechanics of Composite Materials, Second Edition, Taylor and Francis, 
Philadelphia, 1998. 

4. N. J. Pagano and R. B. Pipes, “The Influence of Stacking Sequence on Laminate Strength,” 
J. Comp. Materials, Vol. 5 ,  1971, pp. 50-57. 

5. T. Ishikawa and T. W. Chou, “Elastic Behavior of Woven Hybrid Composites,” J .  Comp. 
Materials, Vol. 16, 1982, pp. 2-19. 

6. T. W. Chou, Microstructural Design of Fiber Composites, Cambridge University Press, New 
York, 1992. 

7. N. K. Naik and V. K. Gamesh, “Prediction of On-Axes Elastic Properties of Plain Weave 
Composites,” Composites Science and Technology, Vol. 45, 1992, pp. 135-152. 

8. I. S. Raju and J. T. Wang, “Classical Laminate Theory Models for Woven Fabric Composites,” 
J .  of Comp. Technology and Research, Vol. 16, No. 4, 1994, pp. 289-303. 

9. T. J. Walsh and 0. 0. Ochoa, “Analytical and Experimental Mechanics of Woven Fabric 
Composites,” Mech. of Comp. Materials and Structures, Vol. 3, 1996, pp. 133-152. 

10. P. Tang, L. Tong, and G. P. Steven, “Modeling for Predicting the Mechanical Properties of 
Textile Composites-A Review,” Composites, Part A ,  Vol. 28, No. 11, 1997, pp. 903-922. 

11. A. J. Jacobsen, J. J. Luo, and I. M. Daniel, “Characterization of Constitutive Behavior of Satin- 
Weave Fabric Composite,” Journal of Comp. Materials, Vol. 38, No. 7,2004, pp. 555-565. 

12. J. J. Luo and I. M. Daniel, “Sublaminate-based Lamination Theory and Symmetry Properties of 
Textile Composite Laminates,” Composites, Part B,  Vol. 35, No. 6-8, 2004, pp. 483-496. 

13. J. N. Reddy, Mechanics of Laminated Composite Plates, Second Edition, CRC Press, New 
York, 2004. 

14. J. R. Vinson, The Behavior of Sandwich Structures of Isotropic and Composite Materials, 
Technomic Pub. Co., Lancaster, 1999. 

ASCE, 1959, pp. 1-10. 

PROBLEMS 

7.1 Show that the laminate stiffnesses can be written as 
n 

A ,  = C. Q t t k  
k = l  

k = l  

n 

Dij = Q$(t& + -) t: 
k = i  12 

where 
tk =thickness of layer k 
4 = distance from the midplane to 

the centroid of layer k 
i, j = x , y ,  s 

7.2 Identify each of the following laminates by name 
(i.e., symmetric, balanced, and so on) and indicate 

which terms of the [A], [B],  and [D] matrices are 
zero for each laminate. 
(a) [0/?45/T45/0] 
(b) [0/*451 
(c) [0/90/0/90/01 
(d) [0/45/90/-451 
(e) [O/k30/T30/0] 
(f) [0/90/0/901 
(g) [30/-45/-30/451 

(i) [*45/T45] 
(j) [0/?45/90/T45/0] 

Name two types of laminates, with specific exam- 
ples, for which 

(h) [-45/30/-30/45] 

7.3 

B.. = 0 
A = A  = D  = D  = O  

1;1 yr xs ys 



7.4 

7.5 

7.6 

7.7 

7.8 

7.9 

7.1 0 

7.11 

7.1 2 

7.1 3 

Which terms of the [A],  [B] ,  and [D] matrices are 
zero for the following laminates? 
(a) [*e/e/~e]  
(b) [*el, 
(c) [*el, 
(dl [e1/-e2/e2/-e1i 
Determine and compare the coupling terms B,, of 
the [B] and [+0/33] laminates having the same total 
thickness, h, but different ply thickness. 
For a [kelp laminate, determine B,, in terms of the 
total laminate thickness, h, the number of plies, 
n = 2p, the basic lamina stiffnesses (Q,,, Q,,, Q,,. 
Q66), and the ply orientation 8. 
A laminate consists of two equal-thickness iso- 
tropic layers of properties as shown in Fig. P7.7. 
Determine all terms of the [A], [B],  and [ D ]  matrices 
in terms of Ei, vi, and t. 

Fig. P7.7 

Compute all terms of the [A], [B],  and [D] matrices 
for a [0/90] laminate with the lamina properties 

El = 145 GPa (21 Msi) 
E, = 10.5 GPa (1.5 Msi) 

GI2 = 7.0 GPa (1.0 Msi) 

t = 0.25 mm (0.01 in) 
v,, = 0.28 

(lamina thickness) 
Compute all terms of the [A] and [B] matrices for 
a [+45/-45] laminate with the lamina properties of 
Problem 7.8. 
Evaluate the [B] matrix for a [+45/-45] laminate in 
terms of the lamina engineering properties E l ,  E,, 
v,,, GI,, and the lamina thickness t .  
Compute all terms of the [ A ]  matrix for a [0/*45] 
laminate with the lamina properties of Problem 7.8. 
Determine and compare the terms of the [B] matrix 
for laminates [0,/902] and [0/90], in terms of lamina 
properties Q, and thickness t. 
An antisymmetric [*45] laminate consists of two 
carbon/epoxy layers of thickness t .  The elastic prop- 
erties of the lamina are 

El = 15E0 
E2 = E, 

GI, = 0.6E, 

Determine the laminate stiffnesses [A],  [B], and [D] 
in terms of E, and t. Obtain approximate expres- 
sions by assuming El * E, > G,,. 

Show that the [0/*60], laminate is quasi-isotropic, 
that is, A ,  =A,  for any angle cp (Fig. P7.14). 

7.14 

i i  

Fig. P7.14 

7.15 

7.16 

Prove Eqs. (7.70) through (7.72) in Sample Prob- 
lem 7.2. 

Prove that a laminate of 

[ ;/;n/. . . 3. n . . /%GI n 
S 

layup is quasi-isotropic, that is, that all extensional 
stiffnesses A, are independent of orientation of ref- 
erence axes. 
Prove that an orthotropic laminate is quasi-isotropic 
if A, =A,  and 2Asr = A ,  -A,, where R and j j  are its 
principal directions (Fig. P7.17). 

7.17 

t i  

v,, = 0.3 Fig. P7.17 
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7.18 Given a symmetric crossply laminate [0/90],, 
determine 
(a) the stiffnesses (AEi, A,, A,, A,) and moduli (E1, 

I?,, G,) referred to the 2-J system of coordi- 
nates in terms of the reduced lamina stiffnesses 
( Q , , ,  Q,, ,  Q,,, Q66) and the lamina thickness t 

(b) the approximate stiffnesses (A,, A , ,  A,, A,J 
and moduli (Er, E),  G,) referred to a system of 
coordinates rotated by an angle e with respect 
to the X-j system, in terms of the lamina prop- 
erties (Q, , ,  Q,, ,  Q2,, Q66, t )  for a high-stiffness 
composite (El % E,) 

A symmetric crossply laminate is designed such that 
Ex = 54,. The relative lamina moduli are E l  = 14E2. 
Determine the approximate ratio r of the number of 
0" plies to that of the 90" plies. 

7.20 Two samples were cut from a [0/90], laminate, 
one along the 0" direction and the other at 45". The 
measured moduli from these samples were (.!?x)o=oo = 
80 GPa (11.6 Msi) and (.!?x)e=45s = 24 GPa (3.5 Msi). 
Determine the lamina moduli El and GI, assuming 
E ,  >> E,. 

Two samples were cut from a [0/90], laminate, 
one along the 0" direction and the other at 45". 
The measured properties from the first sample were 
Ex = 80 GPa (11.6 Msi) and Vv Q 1 .  The second 
sample gave strains E, = - E ~  = 5 x under a uni- 
axial loading of 120 MPa (17.4 ksi). Determine the 
lamina moduli E l  and G,, assuming El  %- E,. 

7.22 Prove that for a [*45], angle-ply laminate, the in- 
plane lamina shear modulus G,, is related to the 
laminate modulus and Poisson's ratio as follows: 

7.19 

7.21 

(Hint: See Sample Problems 7.3 and 7.5.) 

7.23 Determine Ex, G,, and 0, for a [k45], angle-ply 
laminate with the lamina properties of Problem 7.8. 

7.24 (a) Give general expressions for Poisson's ratio 
of a [45] lamina and a [f45], laminate in terms 
of lamina engineering properties (El, E,, GI,, v,,. 

E l  = 191 GPa (27.7 Msi) 
E, = 10 GPa (1.45 Msi) 

GI, = 7.8 GPa (1.13 Msi) 
v,, = 0.35 

7.25 Determine Poisson's ratio V, for a [f30], angle-ply 
laminate with the lamina properties of Problem 
7.8. 

7.26 Determine the shear modulus G, of a [O/f45], lam- 
inate in terms of lamina engineering properties (El, 
E,, GI,, vI2) both exactly and also using approxima- 
tions for a high-stiffness composite, that is, El  %- E,, 

7.27 Determine Poisson's ratio 0, for a [0/*45], laminate 
with the lamina properties of Problem 7.8. 

7.28 Show that for a quasi-isotropic laminate the fol- 
lowing relation holds among axial modulus, shear 
modulus and Poisson's ratio: 

v,, .==3 1. 

G, = ~ 

2(1 + V,) 
7.29 Based on the results of Problem 7.20, compute 

the approximate properties E?, G,, and 0, of a 
[O/k45/90], quasi-isotropic laminate of the same 
material. Verify the relationship of Problem 7.28 
above. 

7.30 Prove that, for an orthotropic laminate, if = E j  
referred to the principal system of coordinates (f, J )  
then E, = Ey referred to any other orthogonal system 

Determine the fiber orientation 8 in terms of lamina 
properties (Q, , ,  Q] , ,  Q,,, Q66) so that the moduli 
of lamina [el and laminate [*el, are related as = 

7.32 (a) Show that the force N, for a [€+el laminate 

N ,  = A,&; + A,&; + B,K, 
(b) Express A,, A,, and B, in terms of transformed 

lamina stiffnesses (Q,, Q,, Q,,, Q,,) of the 
&ply and the ply thickness t .  

(c) Obtain an approximate relation between N, and 
E;, E;, and K, in terms of E, and t for E l  % E, and 

(X> Y ) .  
7.31 

2E.V 

takes the form 

V2J.  e = 450. 
(b) Express approximate formulas for Poisson's 

ratios of the Same lamina and laminate for a 
high-stiffness composite (El  %- E,). 

7.33 A laminate of [0/*45/90], layup is loaded under in- 
plane biaxial loading 

(c) Compare exact and approximate values of N, = No 
Poisson's ratio for each case, [45] and [*45],, N ,  = 2No 
for a material with the properties N, = 0 
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7.34 

7.35 

7.36 

7.37 

7.38 

and the resulting strains are 
E, = 1.3 x 10-~ 
E, = 5.1 x 10-3 

Determine Poisson's ratio 0,. 

An asymmetric [0/90] laminate is subjected to biax- 
ial loading N, = N ,  = No, and the following strains 
and curvatures are obtained: E: = E; = E,, K, = -$ = 
K,. Assuming Vq Q 1, obtain an expression for the 
laminate modulus Ex as a function of its relevant 
stiffness parameters A,, B,, and D,. 
For the laminate of Problem 7.34 made of 
AS4/3501-6 carbon/epoxy (see Table A.4) deter- 
mine the load No corresponding to a curvature K, = 
2 x mm-' (0.051 in-'). The layer thickness is 
t = 0.1 mm (0.004 in). 
An antisymmetric [0/90] laminate is loaded under 
axial load N,. Determine curvatures K, and K, in 
terms of the load N, and stiffnesses A,, B,,, and D,, 

A symmetric and unbalanced laminate for which 
Ex = Ey and tixs = 4, is loaded in pure shear N, = N o  
and the normal strain E, is measured. 
(a) Determine the shear strain yo produced under 

biaxial compressive loading N, = N ,  = -No of 
the same laminate as a function of E,. 

(b) Determine Poisson's ratio Vq of this laminate if 
the normal strain E, under equal normal biaxial 
loading is zero. 

Determine the [A] and [D] stiffness matrices of a 
sandwich panel with the following properties: 
Facesheets 

E-glass fabric/epoxy (MlOE/3783, Table 
A.6), 1.52 mm (0.060 in) thick 

(i, j = x, Y ,  4. 

Core 
Balsa wood CK57 (Table A.9), v,,, = 0.4, 
25 mm (1 in) thick 

Compare the exact results with those obtained by 
neglecting the contribution of the core. 

7.39 Determine the [A] and [D] stiffness matrices of a 
sandwich panel with the following properties: 
Facesheets 

Carbon fabric/epoxy (AGP370-5H/3501-6S, 
Table A.6), 1.0 mm (0.040 in) thick 

PVC foam H250 (Table A.9), v,, = 0.4, 
25 mm (1 in) thick 

Determine stiffnesses exactly and also by neglect- 
ing the contribution of the core. 

7.40 Consider a sandwich beam cut from the panel of 
Problem 7.38 with the 1-direction (warp) of the 
composite facesheet coinciding with the x-axis. 
Obtain a relationship between the axial load N, 
(per unit width of the beam) and the average strain 
E:, with and without consideration of the core 
contribution. 
Consider a sandwich beam cut from the panel 
of Problem 7.39 with the 1-direction (warp) of the 
composite facesheet coinciding with the x-axis. 
Obtain a relationship between the bending moment 
M, (per unit width of the beam) and the maximum 
tensile strain (El),,, with and without consideration 
of the core contribution. 

Core 

7.41 



8 Hygrot hermal Effects 

8.1 INTRODUCTION 

The fabrication process of composite materials introduces reversible and irreversible 
effects due to the processing thermal cycle and chemical changes, and due to the mismatch 
in thermal properties of the constituents. The most common manifestation of these effects 
are residual stresses and warpage. 

After fabrication, composite structures operate in a variety of thermal and moisture 
environments that may have a pronounced impact on their performance. These hygrother- 
ma1 effects are a result of the temperature and moisture content variations and are related 
to the difference in thermal and hygric properties of the constituents. 

Processing and environmental effects are similar in nature. They can be viewed and 
analyzed from the microscopic point of view, on the scale of the fiber diameter, or from 
the macroscopic point of view, by considering the overall effects on the lamina, which is 
treated as a homogeneous material. 

Analysis of the processing and hygrothermal effects is an important component of the 
overall structural design and analysis. The performance of a composite structure is a func- 
tion of its environmental history, temperature and moisture distributions, processing and 
hygrothermal stresses, and property variations with temperature and moisture. 

In general, it is assumed that the composite material is exposed to an environment 
of known temperature and moisture histories, T(t)  and H(t ) ,  respectively. For the given 
hygrothermal conditions, the hygrothermal analysis seeks the following: 

1. 
2. 
3. 

4. 
5. 

temperature inside the material as a function of location and time 
moisture concentration inside the material as a function of location and time 
changes in material properties as a function of time (e.g., strength, stiffness, glass 
transition temperature, thermal conductivity, thermal expansion) 
hygrothermal stresses in the material as a function of location and time 
dimensional changes and deformation of material (e.g., warpage) as a function of 
location and time 

Although temperature and moisture concentration and their effects vary with location 
and time, only uniform and steady-state conditions will be discussed in this chapter. 
Hygrothermal effects can be categorized as follows. 

204 
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8.1.1 Physical and Chemical Effects 

Numerous studies have been reported on the diffusion of water into  composite^.'-^ 
Moisture absorption and desorption processes in polymeric composites depend on the cur- 
rent hygrothermal state and on the environment. The glass transition temperature of the 
polymeric matrix varies with moisture content! Polymerization processes are a function 
of the hygrothermal properties of the polymer matrix and the current hygrothermal state. 
Material degradation and corrosion can be related to hygrothermal factors. 

8.1.2 Effects on Mechanical Properties 

Elastic and viscoelastic (time-dependent) properties may vary with temperature and mois- 
ture concentration. Strength and failure characteristics, especially interfacial and matrix- 
dominated ones, may vary with temperature and moisture content. 

8.1.3 Hygrothermoelastic (HTE) Effects 

The composite material undergoes reversible deformations related to thermal expansion (a) 
and moisture expansion (p) coefficients. Intralaminar and interlaminar stresses are developed 
as a result of the thermoelastic and hygroelastic inhomogeneity and anisotropy of the material. 

8.2 HYGROTHERMAL EFFECTS ON MECHANICAL BEHAVIOR 

The hygrothermal state affects the stress-strain behavior of composite materials in two dif- 
ferent ways: the properties of the constituents may vary with temperature and moisture 
concentration, and fabrication residual stresses may be altered by the hygrothermal state. 
Since the fibers are usually the least sensitive to environment, hygrothermal effects are 

most noticeable in matrix-dominated proper- 
ties, for example, transverse tensile, transverse 
compressive, in-plane shear, and longitudinal 
compressive properties. 

12 Effects of temperature on stress-strain 
behavior of typical composites are illustrated in 
Figs. 8.1-8.4. Figure 8.1 shows the transverse 10 

Y 
8 6 stress-strain behavior of a carbon/epoxy 
6 (AS4/3501-6) composite at various tempera- ' ? tures? It is seen that the transverse modulus 
I5 

4 decreases steadily with increasing temperature, 
although the strength and ultimate strain are not 
affected much. Figure 8.2 shows similar stress- 
strain curves for in-plane shear loading. The 
in-plane shear modulus and strength decrease 
with increasing temperature, but the ultimate 
shear strain remains nearly constant. Figure 8.3 
shows the effect of temperature on the transverse 

0 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Strain, E~ (%) 

Fig. 8.1 Transverse tensile stress-strain curves for dry AS4/3501-6 
carbon/epoxy composite at various  temperature^.^ 
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stress-strain behavior of a silicon carbide/aluminum (SiC/Al; SCS-2/6061-A1) unidirec- 
tional composite. The initial modulus is not affected, but the yield stress decreases and the 
ultimate strain increases with increasing temperature. A similar behavior is displayed by 
the same material under in-plane shear loading (Fig. 8.4). 

The influence of moisture concentration is similar to that of temperature on polymer- 
matrix composites, and it is more pronounced at elevated temperatures. Figure 8.5 shows 
that a 1 % moisture concentration produces a very small difference in the shear stress ver- 
sus shear strain behavior of a carbon/epoxy composite at room temperature; however, it 
has a noticeable effect at the elevated temperature of 90 "C (195 O F ) .  The most deleterious 
effects on stiffness and strength are produced by a combination of elevated temperature 
and high moisture con~entration.~.~ This is further illustrated in Fig. 8.6, where it is shown 

- 14 100 14 

12 - 12 

-10 $ Q 70 10 h 

. - 8 $  2 6 0  8: 

- 6 ;  $ 4 0  6 $  
?? 

90 
80 

u) 

$ 50 

1 4 6 i  g 3 0  4 5  
20 
10 

cn . 
- 2  2 

0 0 0 



8.2 Hyqrothermal Effects on Mechanical Behavior 207 

- m 
E z" 0.2 

structures, submersibles, and civil infrastructure." 
Glass fiber composites with rubber-modified epoxy 

matrix exhibited high strength degradation when exposed 
to hot and humid ambient conditions, compared with 

6--Fe,, Fic - 
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TABLE 8.1 Properties of Unidirectional Carbon /Epoxy Composite at 
Different Temperatures (lM7/977-3) 

Property 24 "C (75 O F )  93 "C (200 O F )  149 O C  (300 O F )  

Longitudinal modulus, E , ,  GPa (Msi) 
Transverse modulus, E,, GPa (Msi) 
In-plane shear modulus, GI,, GPa (Msi) 
Major Poisson's ratio, v,, 
Minor Poisson's ratio, v,, 
Longitudinal tensile strength, F,,, MPa (ksi) 
Ultimate longitudinal tensile strain, E;, 

Transverse tensile strength, F,,. MPa (ksi) 
Ultimate transverse tensile strain, E;, 

In-plane shear strength, F6, MPa (ksi) 
Ultimate in-plane shear strain, yz 
Longitudinal thermal expansion 

Transverse thermal expansion 
coefficient, a,, lO-'/OC ( 10-6/OF) 

coefficient, a,, lO-'/OC (10?'F) 

191 (27.7) 
9.89 (1.44) 
7.79 (1.13) 

0.35 
0.02 

3250 (470) 
0.016 

62 (8.9) 
0.006 

75 (10.9) 
0.014 

186 (27.0) 
9.48 (1.38) 
7.45 (1.08) 

0.35 
0.02 

3 167 (460) 
0.015 

55 (7.9) 
0.006 

61 (8.9) 
0.013 

179 (26.0) 
8.93 (1.30) 
6.53 (0.95) 

0.34 
0.02 

2961 (430) 
0.014 

51 (7.3) 
0.006 

50 (7.2) 
0.012 

-0.9 (-0.5) -0.9 (-0.5) -0.9 (-0.5) 

22.3 (12.4) 23.2 (12.9) 25.9 (14.4) 

8.3 COEFFICIENTS OF THERMAL AND MOISTURE EXPANSION OF A UNIDIRECTIONAL LAMINA 

The hygrothermal behavior of a unidirectional lamina is fully characterized in terms of 
two principal coefficients of thermal expansion (CTEs), a, and a,, and two principal 
coefficients of moisture expansion (CMEs), PI and p, (Fig. 8.8). These coefficients can be 
related to the geometric and material properties of the constituents. 

Approximate micromechanical relations for the coefficients of thermal expansion 
were given by Schapery" for isotropic constituents. The longitudinal coefficient of a 
continuous-fiber composite is given by the relation 

2 

c 

t t  
P v  

' t  t 
Fig. 8.8 Coefficients of thermal and moisture 
expansion of a unidirectional lamina. 
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where 

Ef, Em = fiber and matrix moduli, respectively 

9, a, = fiber and matrix coefficients of thermal expansion, respectively 

V,, Vm = fiber and matrix volume ratios, respectively 

(Ea) ,  = EfafVf + EmamVm 

E l  = longitudinal composite modulus (by rule of mixtures) 

This relation is similar to the rule of mixtures for longitudinal modulus and gives fairly 
accurate results. It is identical to that obtained by the self-consistent scheme discussed 
before. 

The relation for the transverse coefficient of thermal expansion based on energy 
principles isI5 

a, = a,y( 1 + Vf) + amV,( 1 + v,) - v,,a, (8.2) 

where 

vf, v, = Poisson’s ratios of fiber and matrix, respectively 

v,, = vfV, + v,V, = major Poisson’s ratio of composite lamina as obtained 
by the rule of mixtures, Eq. (3.24) 

a, = longitudinal CTE of lamina as obtained by Eq. (8.1) 

In many cases, such as carbon and aramid composites, the fibers are orthotropic, that is, 
they have different properties in the axial and transverse directions. Properties for com- 
posites with orthotropic constituents were obtained by Hashin.16 The relation for the trans- 
verse CTE for orthotropic fibers and isotropic matrix is 

where 

a,, aY = axial and transverse CTEs of fiber, respectively 

am = CTE of matrix 

vII, v, = Poisson’s ratios of fiber and matrix, respectively 

El = E,Vf+ E,V, 
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Fig. 8.9 Thermal strains as a function of temperature for three 
representative unidirectional composites. 

In the thickness direction (3-direction) it can 
be assumed that for a unidirectional lamina a, = 
&. This is not true in the case of a fabric composite 
layer. 

The coefficients of thermal expansion are 
obtained by measuring strains as a function of tem- 
perature and determining the slopes of the thermal 
strain versus temperature curves. Thermal strains 
versus temperature curves are shown in Fig. 8.9 
for three material systems, S-glass/epoxy, carbon/ 
epoxy, and Kevlar/epoxy." It is seen that the CTEs 
in general are not constant but vary with tem- 
perature. The S-glass/epoxy system is the least 
anisotropic material thermally with both prin- 
cipal coefficients positive. The carbon/epoxy and 
Kevlar/epoxy systems display negative longi- 
tudinal coefficients of thermal expansion, with the 
Kevlar/epoxy being the most thermally anisotropic 
material. Coefficients of thermal expansion of some 

typical composite materials are listed in Table 8.2. Similar coefficients for many constituent 
and composite materials are included in Tables A.2-A.7 in Appendix A. 

Once the principal coefficients a, and a, are known (a, = 0), the coefficients referred 
to any system of coordinates (x, y) can be obtained by the following transformation rela- 
tions, which are the same as those for strain transformation, Eqs. (4.61) (Fig. 8.8): 

a, = a,m* + a,n2 

ay = a,n2 + a,m2 

a9 = a, = 2(a, - a2)mn 
(8.6) 

TABLE 8.2 Coefficients of Thermal Expansion of Typical Unidirectional Composite Materials" 

Lonqitudinal Coefficient of Transverse Coefficient of 
Thermal Expansion, a, Thermal Expansion, a, 

1Ob/OC (10"/"F) lO"/"C (lOb/"F) 

Material 24 OC (75 O F )  177 OC (350 O F )  24 "C (75 O F )  177 OC (350  O F )  

Boron/epoxy (boron/AVCO 5505) 6.1 (3.4) 6.1 (3.4) 30.3 (16.9) 37.8 (21.0) 
Boron/polyimide (boron/WRD 937 1) 4.9 (2.7) 4.9 (2.7) 28.4 (15.8) 28.4 (15.8) 
Carbon/epoxy (AS4/3501-6) -0.9 (-0.5) -0.9 (-0.5) 27.0 (15.0) 34.2 (19.0) 
Carbon/epoxy (IM7/977-3) -0.9 (-0.5) -0.9 (-0.5) 22.3 (12.4) 27.0 (15.0) 
Carbon/polyimide (modmor I/WRD 9371) -0.4 (-0.2) -0.4 (-0.2) 25.3 (14.1) 25.3 (14.1) 
S-glass/epoxy (Scotchply 1009-26-5901) 3.8 (2.1) 3.8 (2.1) 16.7 (9.3) 54.9 (30.5) 
S-glass/epoxy (S-glass/ERLA 4617) 6.6 (3.7) 14.1 (7.9) 19.7 (10.9) 26.5 (14.7) 
Kevlar/epoxy (Kevlar 49/ERLA 4617) -4.0 (-2.2) -5.7 (-3.2) 57.6 (32.0) 82.8 (46.0) 
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where 

m = cos 0 

n = sin 0 

Micromechanical relations for the coefficients of moisture expansion are entirely 
analogous. However, some simplification results by taking into consideration the fact that 
in most cases the fiber (graphite, boron, glass) does not absorb moisture, that is, Pf = P I f  
= PZf = 0. Then the relations for the longitudinal and transverse coefficients of moisture 
expansion for isotropic constituents take the form 

and 

For a composite with isotropic matrix but orthotropic fibers, PI is given by Eq. (8.7), and 
P2 takes the form 

The transformation relations for PI and P2 are entirely analogous to Eq. (8.6) for the CTEs. 
Methods for determination of hygrothermal properties are discussed in Sections 

10.3.4 and 10.3.5 in Chapter 10. Results for a unidirectional and a fabric carbon/epoxy 
composite are shown in Table 8.3. 

TABLE 8.3 Hygrothermal Properties of Typical Unidirectional and 
Fabric Carbon/Epoxy Composites 

Property 
Unidirectional Woven Fabric 
(AS4/3501-6) (AGP370-5H/3501-6S) 

Longitudinal thermal expansion coefficient, 
a,, 104PC (10"PF) -0.9 (-0.5) 3.4 (1.9) 

Transverse thermal expansion coefficient, 
a2, l0"PC (104PF) 27 (15) 3.7 (2.1) 

Out-of-plane thermal expansion coefficient, 

Longitudinal moisture expansion coefficient, p1 0.01 0.05 
a3, 104PC (104PF) 27 (15) 52 (29) 

Transverse moisture expansion coefficient, p2 
Out-of-plane moisture expansion coefficient, p3 

0.20 
0.20 

0.05 
0.27 
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8.4 HYGROTHERMAL STRAINS I N  A UNIDIRECTIONAL LAMINA 

A lamina undergoes hygrothermal defor- 
mation when subjected to a uniform 
change in temperature AT = T - To 
and change in moisture concentration 

6 A c  = c - c,, where (To, c,) is a reference 
c !! hygrothermal state. Assuming the 
- m thermal and moisture deformations to be 

uncoupled and the thermal and moisture 
expansion coefficients to be constant 5 P 

0) (which is a good approximation for 
most composites under normal service 
conditions), the hygrothermal strains 
referred to the principal material axes of 
the lamina are 

a, 

.- 

ln 

E 
2- 

0 10 20 30 40 50 60 70 80 90 
Fiber orientation, 8 (degrees) el = a,AT + plAc 

e2 = a2AT + p2Ac 

e6 = 0 

(8.10) Fig. 8.10 Variation of hygrothermal strains with fiber orientation in unidi- 
rectional lamina. 

The transformed hygrothermal strains referred to the x-y coordinate system of 
Fig. 8.8 are 

e, = e,m2 + e2n2 

ey = e,n2 + e2m2 (8.11) 

exy = e, = 2(e1 - e2)mn 

where 

m = cos 0 

n = sin 0 

The variation of the normal and shear hygrothermal strains ex and e, with fiber orien- 

Substituting e, and e2 from Eq. (8.10) into Eq. (8.11), and in view of relations in 
tation 0 is shown in Fig. 8.10. 

Eq. (8.6),  we obtain 

ex = a,AT + pxAc 

ey = ayAT + pyAc 

e, = a,AT + psAc 

(8.12) 

where a,, ay, a, and p,, p y ,  ps are the transformed lamina coefficients of thermal and 
moisture expansion. 



8.5 HYGROTHERMOELASTIC LOAD-DEFORMATION RELATIONS 

When a multidirectional laminate is subjected to mechanical (“1. [MI) and hygrothermal 
(AT, Ac) loading, a lamina k within the laminate is under a state of stress [(TI:,, and defor- 
mation [&I$. The hygrothermoelastic superposition principle states that the strains [&I:,, in 
lamina k within the laminate are equal to the sum of the strains produced by the stresses 
[(T]:,~ acting in the lamina and the free (unrestrained) hygrothermal strains of the lamina, 
that is, 

or, in brief, 

-:I + 
-‘s k 

-q 
-es k 

[El :,y = [SI :,y[ol:,Y + [el :., 

[: = [QYx Qyy Q s] [ EY - eY] 

Equations (8.13) can be inverted to give the stresses in lamina k as follows: 

Q,, Q.ry Qxs E x  - e.r 

Qsx Qsy Q, k Y s  - es k 

or, in view of Eq. (7.8), 

or, in brief, 

% + ZKS - eS 1 k 

E: + ZK, - ex 
&; + ZK, - eY 

(8.13) 

(8.14) 

(8.15) 

[(JI:,, = [Ql~,y[Eolx,y + [ Q l ~ , y [ ~ l x . y ~  - ~Ql~,y[elkx,y (8.16) 

As mentioned in Chapter 7, stresses in the laminate may vary discontinuously from 
lamina to lamina. Therefore, a more convenient form of expressing the stress-strain rela- 
tions in Eq. (8.15) is in terms of force and moment resultants for the entire laminate. 

Integration of the stresses from Eq. (8.15) across the thickness of each lamina k and 
summation for all laminae in the laminate gives the force resultants: 

or 

N, [ = $I:-, K, 

,Ks 

..I - 21 ). 
es k 
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or, in view of Eqs. (7.18) through (7.22), 

(8.17) 

where the laminate stiffness matrices [A] and [B] are defined as in Eqs. (7.20), and [NHT]x,y 
are the hygrothermal force resultants defined as 

and t k  = zk - Zk-1 is the thickness of lamina k. 
In a similar fashion, integration of the stresses from Eq. (8.15) multiplied by the 

z-coordinate across the thickness of the lamina k and summation for all laminae in the 
laminate gives the moment resultants: 

or, in view of Eqs. (7.18) through (7.22), 

(8.19) 

where the laminate stiffness matrices [B] and [D] are defined as before in Eqs. (7.20), and 
[MHT],, are the hygrothermal moment resultants defined as 

where t k  is the lamina k thickness, and 
of lamina k. Equations (8.17) and (8.19) can be rewritten in the form 

= (zk + zk-])/2 is the z-coordinate of the midplane 
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or, in brief, 

where [m and [m are total force and moment resultants equal to the respective sums of 
their mechanical and hygrothermal components. 

The above relations can also be presented in a combined concise form as 

(8.25) 

Thus, the force-deformation and moment-deformation relations are identical to those 
derived before for mechanical loading only Eqs. (7.21) to (7.24), except for the fact that 
here the hygrothermal forces and moments are added to the mechanically applied forces 
and moments. 

8.6 HYGROTHERMOELASTIC DEFORMATION-LOAD RELATIONS 

As mentioned in Chapter 7, it is preferable to work with strains because they are continu- 
ous through the laminate thickness and because the applied loads are independent vari- 
ables. Inversion of the load-deformation and moment-deformation relations in Eqs. (8.2 1) 
and (8.22) yields the following relations, which are identical to Eq. (7.25) except for the 
substitution of total forces and moments for the mechanical forces and moments. 

or, in brief, 

(8.26) 

(8.27) 

where [a] ,  [b],  [ c ] ,  and [d ]  are the laminate compliance matrices related to the stiffness 
matrices [A] ,  [ B ] ,  and [ D ]  by Eq. (7.27) or obtained by direct inversion of the 6 x 6 stiff- 
ness matrix in Eq. (7.28). 



8.7 HYGROTHERMAL LOAD-DEFORMATION RELATIONS 

In the absence of externally applied mechanical forces and moments, that is, when [ N ]  = 0 
and [MI = 0, the hygrothermoelastic relations in Eqs. (8.21) and (8.22) are reduced to 

(8.28) 

(8.29) 

The hygrothermal forces [ N m ]  and moments [ M H T ]  are defined as in Eqs. (8.18) and 
(8.20). 

Inversion of the relations above yields the reference plane strains [&'I and curvatures 
[K] produced by purely hygrothermal changes: 

(8.30) 

(8.31) 

8.8 COEFFICIENTS OF THERMAL AND MOISTURE EXPANSION OF MULTIDIRECTIONAL LAMINATES 

For purely hygrothermal loading, that is, [ N ]  = 0 and [MI = 0, the reference plane strains 
can also be related to the effective, or laminate, coefficients of thermal and moisture 
expansion as 

[ ; ] = E ] A T + l ] A c  (8.32) 

where [@I,, and [b]X,y are the coefficients of thermal and moisture (hygric) expansion of 
the laminate, respectively. These can be determined by comparing Eqs. (8.30) and (8.32) 
and equating the right-hand sides of those equations. 

The coefficients of thermal expansion are obtained by setting AT = 1 and Ac = 0 in the 
above relations. Thus, 
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(8.33) 

where 
Eqs. (8.18) and (8.20) in the absence of moisture concentration change (Ac = 0). 

and Ac = 1. Then 

and [ M T ] , ,  are the resultant thermal forces and moments as defined in 

The coefficients of moisture expansion are obtained by setting in Eq. (8.32) AT = 0 

(8.34) 

where [ N H ] x , y  and [MH]x,y  are the resultant hygric forces and moments as defined in Eqs. 
(8.18) and (8.20) in the absence of temperature change (AT = 0). 

In the case of symmetric laminates Eqs. (8.33) and (8.34) are simplified by noting that 
the coupling compliance matrices [b] and [c] are zero. 

8.9 COEFFICIENTS OF THERMAL AND MOISTURE EXPANSION OF 
B A LAN C ED/SY M M ETR I C LAM I NATES 

In the case of symmetric and balanced laminates a more direct determination can be made 
of the coefficients of thermal and moisture expansion in terms of the laminate stiffnesses. 
The hygrothermal load-deformation relations in Eq. (8.28) referred to the principal lami- 
nate axes i? and 7 are reduced to 

By setting AT = 1 and Ac = 0, the relations above can be written as follows in an 
expanded form (Aa = Ajf) :  

(8.36) 

From the definition of thermal force resultants in Eq. (8.18), by setting AT = 1 and 
Ac = 0, we obtain for the balanced laminate 
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since for each pair of plies of orientations 0 and -0 

and for plies of 0" and 90" orientation 

Q,=Q--=0 SY and a,=O 

The coefficients of thermal expansion along the principal laminate axes are obtained 
from the system of Eq. (8.36) as follows: 

(8.37) 

a, = 0 

These coefficients can be transformed to an arbitrary system of coordinates (x,  y) making 
an angle cp with the principal laminate axes .% and J (Fig. 7.7) as follows: 

(8.38) 

where 

m = cos cp 

n = sin cp 

The principal coefficients of moisture expansion for the laminate are obtained in an 
entirely analogous manner by setting AT = 0 and Ac = 1: 

(8.39) 
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The transformed coefficients of moisture expansion are 

(8.40) 

In some cases, such as those of thick composites or laminates with curvature, it is 
important to know the coefficients of thermal (and moisture) expansion in the thickness 
direction (z-direction). Such coefficients can be calculated exactly in terms of lamina prop- 
erties and the laminate configuration.'* 

8.10 PHYSICAL SIGNIFICANCE OF HYGROTHERMAL FORCES AND MOMENTS 

The hygrothermal forces and moments (Ny, My), as defined in Eqs. (8.18) and (8.20), are 
not just a mathematical abstraction, but can be understood in physical terms. They may be 
defined as the equivalent mechanical forces and moments (Ni, Mi), which produce lami- 
nate deformations (E~, K ~ )  equal to the hygrothermal deformations (E", K Y ~ )  resulting from 
a purely hygrothermal loading (AT, Ac) (i = x ,  y, s). 

For purely hygrothermal loading (AT, Ac) and in the absence of mechanical loading 
(Ni = Mi = 0), the hygrothermal force-deformation relations given by Eqs. (8.28) and (8.29) 
can be written as 

A B EO HT [:I] = [ B  D][ K ]  
(8.41) 

Similarly, for purely mechanical loading (AT = Ac = 0),  the force-deformation rela- 
tions are given by Eqs. (7.24) 

Hence, if 

(7.24 bis) 

(8.42) 

then 

This equivalence can be demonstrated for the case of an orthotropic (balanced/ 
symmetric) laminate under thermal loading AT (Fig. 8.11). The reference plane strains 
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Thermal loading in Eq. (8.41) can be written in terms of the 
laminate coefficients of thermal expansion 
(see Eq. (8.32)) along the principal laminate 
axes (2, J )  as 

AT = ATo 

Ni = Ny = 0 

NZ = (Ain@i + A,$ty)ATo 

N i  = (A@i + Ap&)AT0 

&: = @gAT, (8.44) 
&! - @- y -  YATO 

:- - - - - - - - - - - - I  

Mechanical loading 

4 NB 
AT=O 

N~ = N: 

N, = N; 

&: = &ATo 
&! - a- y - -yATo 

Fig. 8.11 Illustration of the physical significance of thermal forces. 

and from Eqs. (8.41) we obtain for the 
orthotropic laminate 

A= A- 0 bf 
N; = bj bj 0 Cij AT (8.45) [T] [ 0 0 AJ][O] 

The force-deformation relations for me- 
chanical loading, obtained from Eqs. (7.24), are 

If the strains in Eqs. (8.45) and (8.46) are equal, the corresponding forces are also 
equal. Thus, the thermal forces Nland N;are equal to the mechanical forces Ni and N? that 
produce strains equal to the purely thermal strains. 

8.11 HYGROTHERMAL ISOTROPY AND STABILITY 

An orthotropic laminate with tetragonal symmetry, that is, with identical stiffnesses along 
its two principal axes (2, J ) ,  has identical hygrothermal properties in all directions and is 
called hygrothermal isotropic. 

Consider, for example, the orthotropic laminate in Fig. 7.7 with f and J the principal 
laminate axes. For the case when AT = 1, Ac = 0, and tk = 1, the thermal force resultants 
referred to the principal laminate axes are (see Eq. (8.18)). 

(8.47) 
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or 

(8.48) 

It was shown in the discussion following Eq. (8.36) that NT = 0 because of the 
balanced nature of the laminate. Using the transformation relations in Eqs. (4.67) and 
Eq. (8.6) for the stiffnesses and coefficients of thermal expansion of the lamina, we obtain 

n 

N: - N; = c [ ( m 4 Q 1 1  + n 4 ~ 2 2  + 2m2n2QI2 + 4m2n2Q66) (alm2 + a,n2) 
k=l 

+ (m2n2Qll + m2n2Q2, + (m4 + n4)Q12 - 4m2n2Q66)(aln2 + a2m2) 
+ (m3nQll - mn3Q2, - mn(m2 - n2)QI2 
- 2mn(m2 - n2)Q66)2mn(al - CLJ - (m2n2Q,, + m2n2Q,, 
+ (m4 + n4)QI2 - 4m2n2Q66)(a1m2 + &n2) - (n4Qll + m4Q2, 
+ 2m2n2Q12 + 4m2n2Q6,)(a1n2 + q m 2 )  - (mn3Qll - m3nQ,, 
+ mn(m2 - n2)QI2 + 2mn(m2 - n2)Q66)2mn(al - a 2 ) ] k  

which reduces to 
n 

N: - NJ = [CQlI - QI2)al - (Q22 - Ql2>a21c (m2 - n2)k 
k = l  

If the laminate has tetragonal symmetry, then, it satisfies the condition 
n n 

C (m2 - n2)k = ccos28k  = o 
k=l k = l  

For the above condition, 

A.. = A.. 
YY 

and, from Eq. (8.49), 

(8.49) 

(7.64 bis) 

(7.61 bis) 

(8.50) 

From Eqs. (8.37) it follows that 

(8.51) 
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Then, from the transformation relations in Eq. (8.38), we obtain for any arbitrary direction 
x at an angle cp with the f-axis (Fig. 7.7) 

(8.52) 

where 

m = cos cp 

n = sin cp 

= invariant coefficient of thermal expansion 

Thus, a laminate with tetragonal symmetry has a constant coefficient of thermal ex- 
pansion in all directions. It can be shown in an entirely similar way that the same laminate 
has a constant coefficient of hygric expansion in all directions. Therefore, all laminates 
with tetragonal symmetry are hygrothermal isotropic. Examples of such laminates (with 
tetragonal symmetry) are those of [k45],,, [0/90],,, and [O/k30/9O2],, layup. 

Composite materials such as carbon/epoxy and Kevlar/epoxy with E ,  + E2 and 
Ja,l 4 a2 have the additional characteristic that 

Such materials are defined as thermal isotropic and stable, meaning that they have a very 
low coefficient of thermal expansion in all directions, and therefore they are nearly dimen- 
sionally stable. Similarly, for hygric characteristics, materials having the property 

are defined as hygric isotropic and stable. 

SAMPLE PROBLEM 8.1 
Coefficient of Thermal Expansion of [+45], Laminate 

It is required to calculate the coefficient of thermal expansion of a carbon/epoxy [k45], 
laminate. For this material the following observations can be made regarding the lamina 
properties: 

Q,, z El  
Q,2 z v I 2 E 2  = v 2 , E ,  < E2 4 E l  

Qcx = G12 < E2 4 El 

a,zO a 2 = a  

QZ2 z E, 4 E ,  

(8.53) 
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Thus, 

The transformed coefficients of thermal expansion of the 45" layer are 

m' n2 -2mn 3 -1 0 

mn -mn (m' -n2)  -_ 0 0  = [  n2 m2 2mn ][;I=[! 3; l][a] 
(8.54) 

The transformed lamina stiffnesses are 

[z] [" Qq Qxs] 
N,' = Qyx Qyy Qys 

Q, Q, Qss 45 

where t is the ply thickness. 

a, ay] 2tAT+ 

. a s  45' 

(8.55) 

2tAT (8.57) 

45' 

(8.56) 

Substituting the relations in Eqs. (8.55) and (8.56) in the above we obtain 

where h = 4t is the laminate thickness. 
From Q. (8.37) (in which AT = l), we obtain 

(8 .58)  

& = O  
(8.59) 
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Noting that in this case 

(A, + AJ = MQ, + QJ4y 

and substituting Eq. (8.58) into Eq. (8.59) with AT = 1, we obtain 

(8.60) 

Taking Eqs. (8.55) and (8.56) into consideration, we obtain 

(8.61) 

from which it follows, for high-fiber-stiffness composites, that 

(8.62) 

and 

Thus, the [*45], laminate is thermoelastic isotropic, and in the case of carbon/epoxy, 
its coefficient of thermal expansion in any direction is much less than the transverse CTE 
a2.  For carbon/epoxy (AS4/3501-6) in particular ax z 0.093% E a2/11, that is, the CTE of 
a [k45], carbon/epoxy laminate is fiber dominated. 

8.12 COEFFICIENTS OF THERMAL EXPANSION OF UNIDIRECTIONAL AND 
MULTIDIRECTIONAL CARBON/EPOXY LAMINATES 

A typical carbon/epoxy composite (AS4/3501-6), has the following principal coefficients 
of thermal expansion: 

a, = -0.9 x lO-'/"C (-0.5 x 104/"F) 

= 27 x lO-'/"C (15 X 10-6/oF) 

The variation of the transformed CTE, a,, for a unidirectional lamina with fiber orientation 
8 is illustrated in Fig. 8.12, where it is compared with the of the angle-ply laminate [+€I], 
and the thermally isotropic laminate. It is interesting to note that the variation of el with 
angle 8 for the angle-ply laminate is not monotonic and has a local minimum at 8 28". 
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Fig. 8.12 Coefficients of thermal expansion 
of unidirectional and angle-ply laminates 
as a function of fiber orientation compared 
with that of a thermally isotropic laminate 
(e.g., [0/90],) (AS4/3501-6 carbon/epoxy). 

0 10 20 30 40 50 60 70 80 90 
8 (degrees) 

Fiq. 8.13 Carpet plot for principal coefficient 
of thermal expansion of [0,/90,/(~45),], 
carbon/epoxy laminates (AS4/3501-6) (a, 
p, and y are fractions of 0", 90", and k45" 
plies, respectively). 

- 16 

l4 .$ 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Fraction of +45" plies (y) 

A carpet plot of the CTE for the general class of [Om/90,/(f45),], laminates is shown 
in Fig. 8.13 as a function of the percentages of the 0", k45", and 90" plies. It can be seen 
that there are many laminates with exactly zero CTE, (in the x-direction), a fact of great 
importance in the design of dimensionally stable structures, such as space telescopes, 
antennae, mirrors, and other aerospace components and structures. 

8.13 HYGROTHERMOELASTIC STRESS ANALYSIS OF MULTIDIRECTIONAL LAMINATES 

Given a hygrothermomechanical loading [N] and [A?], as defined in Eqs. (8.21) and (8.22), 
the reference plane strains and curvatures of the laminate are obtained from Eq. (8.27) 
repeated here: 
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The total (net) strains in layer k at a distance z from the reference plane are 

(8.27 bis) 

(7.8 bis) 

Based on the hygrothermoelastic principle stated in Eq. (8.13), the stress-induced 
(elastic) strains in layer k are obtained as 

(8.63) 

The stresses in layer k referred to the laminate coordinate axes (x, y) can be 
obtained by 

Q, Q, Qxs E,, 

(8.64) 

[ ? ] k = [ z  2 : ] k [ z ] k  

These stresses can then be transformed to the lamina axes (1,2) by the transformation 
relation 

where 

=,TI[!] 

m2 n2 2mn 
[ T I = [  n2 m2 -2mn]  

-mn mn m2 - n 2  

m = cos 0 

n = sin 0 

(4.57 bis) 

Alternatively, these stresses can be obtained by first transforming the stress-induced 
(elastic) strains from Eq. (8.63) to the lamina principal axes and then using the stress-strain 
relations for the lamina referred to its principal axes as follows: 
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(8.65) 

and 

(8.66) 

k 

In the absence of mechanical loading, the total loading [ N ]  and [M] in Eq. (8.27) is 
replaced by the hygrothermal forces and moments [NHT] and [ M H T ] .  Then, Eqs. (8.64) and 
(8.66) above give the stresses in each layer due to purely hygrothermal loading. 

8.14 RESIDUAL STRESSES 

Residual stresses are introduced in composite laminates during fabrication. On a micro- 
mechanical scale, residual stresses are introduced in unidirectional layers in and around 
individual fibers due to the mismatch in thermal properties of the constituents. These 
stresses are accounted for in the analysis and design of laminates by using lamina proper- 
ties determined macroscopically by standard testing. In addition, there exist residual 
stresses on a macroscopic level, the so-called lamination residual stresses, due to the 
thermal anisotropy of the layers and the heterogeneity of the laminate. These stresses are 
similar in nature to the hygrothermal stresses discussed before. 

During processing at elevated temperatures, there is a certain temperature level at 
which the composite material is assumed to be stress free. This temperature level may be 
taken as the glass transition temperature of the polymer matrix, or the melting temperature 
of the metal matrix, or the sintering temperature of the ceramic matrix. Residual stresses 
develop in the initially stress-free laminate if the thermally anisotropic plies are oriented 
along different directions. Residual stresses are a function of many parameters, such as ply 
orientation and stacking sequence, curing process, fiber volume ratio, and other material 
and processing variables. 

Lamination residual stresses can be analyzed by using lamination theory and lamina 
propert ie~. l~-~~ Experimentally, they can be determined using embedded electrical- 
resistance strain gages and fiber-optic strain sensors, or measuring out-of-plane 
defle~tions.’~~~”~ The effect of curing cycle on the development of residual strains and 
stresses was studied e~perimentally.’~ It has been shown by viscoelastic analysis that re- 
sidual stresses are also a function of the cooldown path in the curing ~ y c l e . ~ ~ , ~ ~  For a given 
temperature drop over a specified length of time, there is an optimum cooldown path that 
minimizes curing residual stresses. A more precise analysis of residual stresses should 
take into consideration the viscoelastic properties and the irreversible polymerization (or 
chemical) shrinkage of the matri~.’~-~’ 

The procedure for elastic analysis of thermal residual stresses consists of the follow- 
ing steps: 
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Step 1 Determine the free (unrestrained) thermal strains in each layer (ei = a,AT)  by 
introducing the difference AT between ambient and stress-free temperature 
in Eqs. (8.12) (i = x ,  y, s). 

Step 2 Calculate the thermal forces and moments NT and My using the definitions in 
Eqs. (8.18) and (8.20). 

Step 3 Determine the midplane strains &:and laminate curvatures K~ from the ther- 
mal strain-stress relations, Eqs. (8.30) and (8.31). 

Step 4 Determine the stress-induced (elastic) strains in each layer k using Eq. (8.63). 

= - [el:, (8.63 bis) 

Step 5 Transform these strains to the lamina principal axes as shown by Eq. (8.65). 

Step 6 Calculate the residual (thermal) stresses using the stress-strain relations in 
Eq. (8.66). 

[o1:,2 = [Qlf,2[~elf,2 (8.66 bis) 

As an example, residual stresses in a ply of a [+el, angle-ply carbon/epoxy laminate 
were calculated as a function of the fiber orientation 8 and plotted in Fig. 8.14. The prop- 

erties of carbon/epoxy (AS4/3501-6) in 
Table A.4 in Appendix A with a tempera- 
ture difference of AT = -1 10 "C (-200 OF) 
were used. The normal lamina stresses o1 
and o2 are equal and opposite in sign and 
reach maximum absolute values for 8 = 
45". In the case of a [k45], laminate, which 
is the same as a [0/90], laminate rotated 
by 45", the maximum transverse residual 
stress o2 is nearly equal to half the trans- 
verse lamina strength, F2,. 

A clear manifestation of lamination 
residual stresses is shown for hybrid 

-30 laminates in Fig. 8.15.17 Before failure the 
-407 I 8 8 0 ,  ' I I .  laminate was flat under the self-equilibrated 

0 10 20 30 40 50 60 70 80 90 residual stresses. In the [k45c/0G/0c], lami- 
nate (where superscripts C and G denote 
carbon and glass, respectively) failure of 
the 0" carbon plies caused delamination of 
the outer three-ply (k45'/OG) sublaminate. 

40 - 

30 - 

8 (degrees) 

Fig. 8.14 Residual stresses at room temperature in layer of [+€I], carbon/ 
epoxy laminate (AS4/3501-6; a temperature difference AT = -110 "C 
(-200 OF) was assumed). 
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Fiq. 8.15 Characteristic failure patterns in 
two carbon/S-glass/epoxy specimens under 
uniaxial tensile loading, illustrating presence 
of residual stresses." 

111 --- 

[*45C/OO/@]. 

The compressive residual stresses in the k45" carbon plies and tensile residual stress in the 
0" glass ply of this sublaminate caused the warpage shown in the asymmetric sublaminate. 
In the [0G/k45C/0G], laminates, the outer three-ply (OG/k45') sublaminate delaminated and 
warped as shown due to the tensile residual stress in the 0" glass ply and compressive 
residual stress in the k45" carbon plies of the sublaminate. 

SAMPLE PROBLEM 8.2 
Residual Stresses in Crossply Symmetric Laminate 

It is required to calculate the residual stresses in a [0/90], crossply symmetric laminate in 
terms of the temperature difference AT and the lamina mechanical and thermal properties 
(Fig. 8.16).*' 

z 

t 

I Fiq. 8.16 Crossply symmetric laminate. 
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The general procedure is to determine the thermal forces [ N T ] ,  the reference plane 
strains from Eq. (8.27), and the thermal strains and stresses using Eqs. (8.63) and (8.64) or 
Eqs. (8.65) and (8.66). In the present case a more direct approach may be taken by mak- 
ing some observations. 

The laminate layup implies that 

Also, from the laminate symmetry and layup, it follows that 

A,  = A, 

[B]  = 0 

N:=N: N%=O 

A, = A,  = 0 

M;, M,’= M%= 0 

The hygrothermal load-deformation relations in Eq. (8.28) are reduced to 

which, in view of Eqs. (8.67) and (8.68) are reduced to 

NT = N,’ = (A, + A,)&; 

or 

(8.67) 

(8.68) 

(8.69) 

(8.70) 

The thermal force N f  is obtained from its defining relation, Eq. (8. IS), as 

where t is the lamina thickness. 
Substituting the above into Eq. (8.70) and evaluating A, and A, for the laminate, we obtain 

(8.72) 
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The stress-induced residual (thermal) strains in the 0" ply, for example, are then 

= E': - el = E': - a,AT 

E,, = &; - e2 = E; - g A T  

and, substituting from Eq. (8.72), 

Q22 + Qiz 

Qii + Q22 + 2Qi2 

Qii + Qiz 

Qii + Qzz + 2Qiz 

E,, = AT(a2 - a,) 

~ 2 ,  = AT(a1 - a,) 

(8.73) 

(8.74) 

Finally, the residual stresses in the 0" ply are obtained as follows: 

For a high-fiber-stiffness composite the stresses above can be approximated as 

E AT(a2 - ai)E2 (8.76) E2 
E2 1 + -(1 + VI2)  
El 

G AT(a2 - a,) 

G AT(aI  - a z ) E 2  E2 

E2 1 + -(1 + V i Z )  
El 

02 G AT(a1- a,) 

For carbon fiber composites where I a, I 4 a2, 

It is seen that the residual stresses in the fiber and transverse to the fiber directions are 
of equal magnitude and opposite sign, which satisfies equilibrium conditions. For a tem- 
perature drop during cooldown, this means that there is a transverse tensile stress and lon- 
gitudinal compressive stress, since AT < 0 and g > a,. The stresses in the 90" ply referred 
to its principal axes are identical to those of the 0" ply. The results above obtained for a 
[0/90], layup are identical to those for a [k45], laminate. 
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8.15 WARPAGE 

Fig. 8.17 Warpage of [20,/-20,] carbon/epoxy laminate (AS41 
3501-6). 

Warpage or geometrical distortions occur in 
composite laminates after curing or exposure to 
hygrothermal environments. They result from a 
combination of the induced hygrothermal stresses 
and laminate asymmetry or nonuniformity (Fig. 
8.17). Factors contributing to warpage include 
resin shrinkage, which is partly irreversible 
(chemical) and partly reversible (thermal), differ- 
ence between in-plane and out-of-plane chemical 
and hygrothermal properties of the laminate, 
nonuniform fiber volume ratio, nonuniform gela- 
tion and curing, and mold constraints combined 
with viscoelastic effects. Bending asymmetries in 
laminates may result from an intentionally de- 
signed asymmetric layup, or material nonuniform- 
ities as well as thermal and moisture gradients 
through the thickness. 

Small warpage of asymmetric laminates, 
when the out-of-plane deformation is relatively 
small compared to the laminate thickness and lat- 
eral dimensions, can be calculated by classical 
lamination theory or numerical models, using 
lamina proper tie^.^'.^^,^'-^^ 

Integration of the curvature-deflection relations 

K =-- ax* 
d’w 

K =-- 
a y 2  

K =-- axay 

(7.7 bis) 

yields the out-of-plane deflection w: 

(8.77) 
1 
2 

w = --(K.$ + K J ~  + I C ~ )  + (rigid body motion) 

Warpage is described by the quadratic part of this expression. 

Eqs. (8.27): 
The curvatures are also related to the hygrothermal forces and moments as shown in 

[KIxy = [CI “H71.r,y + [4 [MHT1,,y (8.78) 

which, substituted into Eq. (8.77), yields the specific equation for w describing the warpage. 
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The analysis above is linear. However, when the panel size is large compared to its 
thickness, or when the hygrothermal loading (AT, Ac) is high, large deformations and 
rotations induce geometrical n~nlinearity.~~ Hyer developed a nonlinear theory based on 
a polynomial approximation of the displacement, and extended the classical lamination 
theory to include geometric n~nlinearities.~~ In the case of antisymmetric angle-ply lami- 
nates (Fig. 8.17), the linear solution obtained by Eq. (8.77) predicts an anticlastic (saddle- 
like) deformed shape. The nonlinear analysis predicts two cylindrical shapes, one obtained 
from the other by a simple snap-through action (Fig. 8.17). 

The original nonlinear theory was expressed in terms of lamina properties (Q,) 
and was not easily extendable to general laminates. The results are usually expressed in 
numerical format. A new closed-form general nonlinear theory was developed recently, 
which is expressed in terms of laminate stiffnesses (A,, B,, 4) and explains and quantifies 
the transition from linear to nonlinear behavior.36 

Composite laminates with changing orientation, such as angle or channel sections, 
and curved laminates undergo a special kind of warpage during curing or hygrothermal 
loading, the so-called spring-in e f fe~t .~’  This effect is due to a change in curvature related 
to the difference in hygrothermal strains (e.g., thermal expansion coefficients) between the 
in-plane and out-of-plane directions. 

SAMPLE PROBLEM 8.3 
Warpage of Crossply Antisymmetric Laminate 

It is required to calculate the warpage of a [0/90] crossply antisymmetric laminate in terms 
of the uniform temperature change AT and the lamina mechanical and thermal properties 
(Fig. 8.1 8)21,33 

z 

t 

Fig. 8.18 [0/90] antisymmetric crossply laminate. 
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The thermal force and moment resultants are 

and 

The following observations can be made for the specific layup considered: 

Furthermore, 

and 

(8.81) 

(8.82) 

The thermal force-deformation relations in Eqs. (8.28) and (8.29) are reduced to 

NT = (A, + A,)&; + B,K, 

M:= B,E; + (D,  - D,)K, 

The system of Eqs. (8.83) can be solved for the two unknowns E; and K,: 

(8.83) 

(8.84) 

(8.85) 

Substitution of Eq. (8.85) into Eq. (8.77) yields the equation of the warped surface as 

(8.86) 
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Fig. 8.19 Contours of warped surface obtained by shadow moire method and predicted 
by analysis for [0,/90,] woven glass/epoxy laminate: (a) experimental and (b) predicted. 
(Experimental and predicted fringes are loci of points of 0.60 mm [0.023 in] constant out- 
of-plane displacement with respect to points on the neighboring fringe.33) 

which represents a hyperbolic paraboloid or saddle-shaped surface. Predicted contours of 
this surface for a woven glass/epoxy antisymmetric laminate are shown in Fig. 8.19. They 
are in good agreement with the moir6 fringe pattern, which depicts the same contours.33 

8.16 COMPUTATIONAL PROCEDURE FOR HYGROTHERMOELASTIC 
ANALYSIS OF MULTIDIRECTIONAL LAMINATES 

A flowchart for hygrothermoelastic analysis of multidirectional laminates is shown in 
Fig. 8.20. It consists of two main branches. The left-hand branch is similar to the flowchart 
in Fig. 7.11 used for computation of laminate stiffnesses and compliances and has been 
discussed before. The right-hand branch consists of the following steps: 

Step 1 

Step 2 
Step 3 

Step 4 
Step 5 

Step 6 

Step 7 

Enter the lamina coefficients of thermal and moisture expansion a,, q, P,, 

Enter the temperature and moisture concentration differences, AT and Ac. 
Calculate the free lamina hygrothermal strains e, and e2 referred to their 
principal material axes (1,2) using Eq. (8.10). 
Enter the ply (or principal axis) orientation, Ok, of lamina k. 
Calculate the transformed free lamina hygrothermal strains (ex, ey, eJk 
referred to laminate reference axes (x,  y) using Eq. (8.11). 
Enter the transformed lamina stiffnesses of lamina k from the left- 
hand branch. 
Enter the through-the-thickness coordinates zk and zk-, of lamina k surfaces 
and total number of plies n. 

and P2 
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@ 
Fig. 8.20 Flowchart for hygrothermoelastic analy- 
sis of multidirectional laminates. 

Ei, Ezt via Giz 

[Qli .z 

a17 a29 P1, P 2  

Step 8 

Step 9 
Step 10 
Step 11 

Step 12 

Step 13 
Step 14 
Step 15 

Calculate the hygrothermal forces and moments, N" and M", using Eqs. 
(8.18) and (8.20). 
Enter the mechanical loading [ N ]  and [ M I .  
Combine the hygrothermal and mechanical loading, [ N ]  and [A?]. 
Enter the laminate compliances [a] ,  [b], [c], and [ d ]  from the left-hand 
branch. 
Calculate the laminate coefficients of thermal and moisture expansion, 4, 
4, PI, and Pr, using Eqs. (8.33) and (8.34). 
Calculate the reference plane strains [&'I and curvatures [K] using Eq. (8.26). 
Calculate the warpage w, using Eq. (8.77). 
Enter the through-the-thickness coordinate, z, of the point of interest in 
lamina k. For a laminate consisting of many thin (compared with the 
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Step 16 
Step 17 
Step 18 
Step 19 

Step 20 

Step 21 
Step 22 

laminate thickness) layers or for any symmetric laminate under in-plane 
loading, the coordinate of the lamina midplane z = Zk, is used. Then, the 
computed strains and stresses are the average through-the-thickness strains 
and stresses in the layer. However, when the laminate consists of few and 
thick (relative to the laminate thickness) layers and is asymmetric or sub- 
jected to bending and twisting, z = zk and z = zk-I are entered in order to 
determine the extreme values of the strains and stresses at the top and 
bottom surfaces of the layer. 
Calculate the total (net) strains (E~,  E ~ ,  yJk in lamina k using Eq. (7.8). 
Enter the orientation ek of lamina k. 
Transform the total lamina strains [&I& to lamina coordinate axes (1, 2). 
Enter free lamina hygrothermal strains el and e2 referred to lamina axes 
(1,2) from step 3. 
Calculate the stress-induced (elastic) strains referred to lamina axes 
(1, 2) using Eq. (8.65). 
Enter the lamina stiffnesses referred to lamina axes (1,2). 
Calculate the stresses [o];,, of lamina k referred to lamina axes (1,2) using 
Eq. (8.66). 

The procedure above reduces to purely hygrothermal stress analysis when the 
mechanical loading [A’] and [MI is zero and to purely mechanical stress analysis when the 
hygrothermal loading AT and Ac is zero. 
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PROBLEMS 

8.1 Determine the coefficients of thermal expansion a, 
and cc, of a unidirectional glass/epoxy lamina of the 
properties 

E, = 69 GPa (10 Msi) 
Em = 3.80 GPa (0.55 Msi) 

V, = 0.36 
a, = 4.5 x lO”/OC (2.5 x 10-6/OF) 
a, = 90 x lO“/OC (50 x 10-6/OF) 
V, = 0.55 

v, = 0.22 

8.2 Determine the coefficients of thermal expansion a ,  
and a2 of a unidirectional silicon carbide/aluminum 
(SCS-2/6061-A1) lamina of the properties 

E,= 410 GPa (60 Msi) 
E, = 69 GPa (10 Msi) 

V, = 0.33 
a,= 1.5 x lO“/OC (0.83 x 10”/OF) 
a,  = 23.4 x lO”/OC (13 x 10M6/OF) 

v, = 0.20 

v, = 0.44 

8.3 Determine the coefficients of thermal expansion 
a, and cc, of a unidirectional silicon carbide/glass- 
ceramic composite (SiC/CAS) of the properties 

E, = 170 GPa (25 Msi) 
Em = 98 GPa (14.2 Msi) 
v, = 0.20 

v, = 0.20 
a,= 3.2 x lO-‘/OC (1.8 x lO-‘/OF) 
a, = 5.0 x 10-6/”C (2.8 x 10-6/OF) 
V, = 0.39 

The measured coefficients of thermal expansion 
of a unidirectional carbon/epoxy composite of fiber 
volume ratio V, = 0.65 are 

8.4 

a, = -0.9 x lO-‘/OC (-0.5 x lO-‘/OF) 
a2 = 27 x 10-6/OC(15 x 10-6/OF) 

Determine the coefficients a,, and a2, of the fiber 
from the above and the constituent properties 

E,, = 235 GPa (34 x lo6 psi) 
E, = 4.1 GPa (0.6 x 10‘ psi) 

V, = 0.34 
a, = 41 x lO-‘/OC (23 x lO“/OF) 

Determine the thermal forces N:, N;, and NT for a 
[*45], carbon/epoxy laminate (AS4/3501-6, Table A.4) 
for a temperature difference AT = 56 “C (100 OF) in 
terms of the lamina thickness t. 

Vf = 0.20 

8.5 



8.6 

8.7 

8.8 

8.9 

8.10 

8.11 

8.12 

8.13 

8.14 

8.15 

8.16 

Determine the thermal forces N I ,  NT, and NT for a 
[*30], carbon /epoxy laminate (AS4/3501-6, Table A.4) 
for a temperature difference AT = 56 "C (100 OF) 
and lamina thickness t = 0.127 mm (0.005 in). 
Following a procedure similar to that described 
under Sample Problem 8.1, show that the coefficient 
of thermal expansion of a [0/90], carbon/epoxy 
laminate is equal to [E,(1 + V , ~ ) ~ ~ ] / E , ,  that is, it is 
equal to that of the [k45], laminate. 
Determine the coefficient of thermal expansion ax 
of a [*30], carbon/epoxy laminate (AS4/3501-6, 
Table A.4). 
Determine the coefficients of thermal expansion 
of a [0/90], laminate as a function of the lamina 
engineering constants E l ,  E,, GI,, and v,, and the 
lamina coefficients of thermal expansion a, and q. 
Find the relationship among the lamina properties 
such that the CTE of the laminate i s  zero in all 
directions. 
For a [0,/90,], crossply laminate obtain a general 
relation between r = mlp and the lamina properties 
(Q,,, Q,2 ,  Q22, Q,,, a,, q) such that the coefficient 
of thermal expansion ax along the 0" direction is 
zero. Determine a specific value of r for a carbon/ 
epoxy material (AS4/3501-6, Table A.4). 
Calculate the coefficients of thermal expansion 
and aY of a [0/*45], S-glass/epoxy laminate with 
properties listed in Table A.4. 
Calculate the coefficients of thermal expansion ax 
and aY of a [0/*45], carbon/epoxy (AS4/3601-6, 
Table A.4). 
Prove that the quasi-isotropic laminate [0/*60], is 
thermally isotropic, that is, prove that a, is indepen- 
dent of rotation. (Hint: Use transformation relations 
and the observation that ao0 = a,. = &609.) 

Show that the [0/k30/902], laminate, with tetragonal 
in-plane symmetry, is hygrothermally isotropic. 
Independently of Sample Problem 8.2, show that the 
lamina stresses in a [*45], carbon/epoxy laminate 
subjected to a temperature change AT are 

Q, E a,E2AT 
o2 E -a2EzAT 

assuming that a, E 0 and E l  S- E,. 
A [k30], carbon/epoxy laminate was cured at 180 "C 
(356 OF) and cooled down to 23 "C (73 OF) and dry 
condition. Then, it was allowed to absorb moisture. 
Determine the moisture concentration Ac at which 

the net hygrothermal stresses will be zero for the 
lamina properties 

a, = p, E- 0 
a, = 30 x lO-,/OC (16.7 X lO-,/OF) 
p2 = 0.55 

8.17 A [0/90] crossply antisymmetric carbon/epoxy lam- 
inate is cooled down during curing from 180 "C 
(356 OF) to 30 "C (86 OF) (Fig. 8.18). Compute the 
curvatures K~ and K~ for the lamina properties 

El  = 140 GPa (20.3 Msi) 
E, = 10 GPa (1.45 Msi) 

GI, = 6 GPa (0.87 Msi) 
vI2 = 0.34 
a, = p, E 0 

= 30 x lO-,/OC (16.7 x lO-,/OF) 
p2 = 0.55 

t = 1 mm (0.040 in) (layer thickness) 

8.18 Determine the maximum (in absolute terms) lamina 
stresses Q, and 6, for the laminate and conditions of 
Problem 8.17. 

8.19 After cooldown, the dry laminate of Problem 8.17 
was exposed to moisture absorption. Determine the 
moisture concentration at which the laminate will 
become flat (& = -Ky = 0). 

8.20 A [k45] antisymmetric carbon/epoxy laminate was 
cooled down during curing from 150 "C (302 OF) to 
50 "C (122 OF) and the following deformations were 
measured: 

E: = E; = -7.54 x 1 0 - ~  
y:= 0 
K, = Ky = 0 
K~ = 2.47 m-I 

Compute the maximum lamina residual stresses Q], 

02, and F, for the lamina properties of Problem 8.17. 
8.21 A [f30], laminate of AS4/3501-6 carbon/epoxy 

(Table A.4) was cured at 180 "C (356 OF) and 
cooled down to 30 "C (86 OF) where it absorbed 
0.5% moisture. Determine the lamina stresses Q,, 

02, and z, for the following measured hygrothermal 
properties of the laminate: 

ax = -3.63 x lO-,/OC (-2.02 x 10-6/OF) cy = 16.6 x lO-'/OC (7.50 x lO-,/OF) 
px = -0.0086 
by = 0.108 

8.22 An off-axis lamina undergoes a temperature rise 
of AT (Fig. P8.22) Determine the uniaxial normal 
stress Q, (tensile or compressive) that must be 
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Fig. P8.22 

applied in order to prevent shear distortion in the 
specimen. Find a general expression for ox in terms 
of material properties, AT and angle 8. 

8.23 In Problem 8.22, determine the numerical value of 
ox for a carbon/epoxy lamina (AS4/3501-6, Table 
A.4) with 8 = 45" and AT = 56 "C (100 OF). 

8.24 A 45 " off-axis lamina is loaded under pure shear z, 
and subjected to a temperature rise AT (Fig. P8.24) 
Find a relationship between T~, AT, a,, and a, and 
the engineering properties of the lamina such that 
there is no shear deformation. 

Fig. P8.24 

8.25 A [0/90], laminate is clamped on all sides to a 
rigid frame and undergoes a temperature change AT 
(Fig. P8.25) Obtain an expression for the force 
N ,  developed in terms of AT, the engineering 
properties of the lamina (E, ,  E,, v,,, GI,) and its 
coefficients of thermal expansion, a, and a,. 

8.26 In Problem 8.25, determine the force N ,  for E- 
glass/epoxy (Table A.4), AT = -50 "C (-90 OF) and 
lamina thickness f = 0.165 mm (0.0065 in). 

8.27 In Problem 8.25, determine the force N, for a silicon 
carbide/aluminum composite (Table A.4) with AT = 
-278 "C (-500 OF) and t = 0.178 mm (0.007 in). 

8.28 A [k45], square laminate is clamped on all sides to 
a rigid frame and undergoes a temperature change 
AT (Fig. P8.28). 
(a) Obtain an expression for the forces N, and N ,  

developed in terms of AT, the laminate proper- 
ties &, Vq, and &, and lamina thickness t .  

(b) Obtain a numerical value of N, for carbon/ 
epoxy (AS4/3501-6, Table A.4), AT = -50 "C 
(-90 OF) and t = 0.127 mm (0.005 in). (Hint: 
Use approximate expressions for Ex, Vq, and ax 
already derived in the text.) 

Fig. P8.28 

8.29 In Problem 8.28, prove that the reaction forces N, 
and N ,  are equal to and opposite of the respective 
thermal forces N I and N for the laminate. 

8.30 The off-axis lamina shown in Fig. P8.30 is con- 
strained without friction between two walls and is 
exposed to a temperature change AT. Determine the 

t y  

Fig. P8.25 Fig. P8.30 
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stress oy developed as a function of engineering 
lamina properties (El, E,, v,,, GI,, a,, a,), the fiber 
orientation 8, and AT. Subsequently, obtain an 
approximate expression for o, for E l  * Ez. 8 = 45", 
and a, z 0. 

8.31 An asymmetric [0/90] square laminate is cured 
while clamped on all sides to a rigid frame so that it 
remains flat (Fig. P8.31). The temperature change 
between the stress-free state and room temperature 
is AT = -125 "C (-225 OF). 

Obtain an expression for the reaction forces N ,  
and N, and moments M, and My developed in 
terms of AT, a,, &, the lamina stiffnesses Q ,  
and the laminate thickness h. 
Obtain numerical values of forces and moments 
for a carbon/epoxy (AS4/3501-6, Table A.4), 

X 

Fig. P8.31 

AT = -125 "C (-225 OF) and r = 0.127 mm 
(0.005 in). 

8.32 The [,45], laminate shown in Fig. P8.32 is con- 
strained without friction between two walls and 
is exposed to a temperature change AT. Determine 
the stresses (o,, o,, z,) developed in each lamina 
( 4 5  or -45) as a function of lamina properties 
(El, E,, GI,, v,,, a,) and AT, assuming E ,  * E, 
and a, = 0. (Hint: Utilize any properties or re- 
sults already described in the text for the [k45], 
laminate.) 

Fig. P8.32 





9 Stress and Failure Analysis of 
Multidirectional Laminates 

91 INTRODUCTION 

In the classical lamination theory discussed in Chapter 7, stress-strain or load-deformation 
relations were developed for multidirectional laminates. It was shown how the laminate 
deformation can be fully described in terms of the reference plane strains and the curva- 
tures, from which the strains can be obtained at any through-the-thickness location of the 
laminate. It was pointed out that, whereas strains are continuous (linear) through the thick- 
ness, stresses can be discontinuous from layer to layer, depending on the material properties 
and orientation of the layers (laminae). 

Failure analysis of a laminate is much more complex than that of a single lamina. The 
stresses in the individual laminae are fundamental and control failure initiation and pro- 
gression in the laminate. Failure of a lamina does not necessarily imply total failure of the 
laminate, but is only the beginning of an interactive failure process. Laminate strength the- 
ories, like lamina strength theories, are macroscopic and are expressed in terms of the 
basic lamina strength parameters discussed in Chapter 6. The strength of each individual 
lamina is assessed separately by referring its stresses to its principal axes (1,2), which vary 
from lamina to lamina, and by applying a selected failure criterion. 

The strength of a multidirectional laminate is a function of many factors, in addi- 
tion to the fundamental lamina strengths. The varying lamina orientations, stiffnesses, 
strengths, and coefficients of thermal and moisture expansion affect the directional char- 
acteristics of laminate strength. The exact stacking sequence affects the bending and 
coupling stiffnesses (D and B )  and hence the stresses and strength of the laminate. Finally, 
the fabrication process affects the residual stresses, which influence the overall strength. 
Failure or strength analysis can have one of two objectives: 

1. analysis of an existing laminate and determination of ultimate loads or safety 

2. design of a laminate for a given loading condition 
factors 

243 
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9.2 TYPES OF FAILURE 

Failure in a laminate may be caused by failure of individual laminae or plies within the 
laminate (intralaminar failure) or by separation of contiguous laminae or layers (inter- 
laminar failure). Failure of a laminate may be defined as the initial failure or the ultimate 
failure, depending on the degree of conservatism applied. These definitions are analogous 
to the yield and ultimate stress criteria used in elastic/plastic analysis of metal structures. 

In the first definition, called first p ly  failure (FPF), a laminate is considered failed 
when the first layer (or group of layers) fails. This is determined by conducting a stress 
analysis of the laminate under the given loading conditions, determining the state of stress 
in each individual layer, and assessing the strength of each layer by applying a selected 
failure criterion. This assumes that a layer, or lamina, within the laminate has the same 
properties and behaves in the same manner as an isolated unidirectional lamina. This is 
questionable, however, because the in situ properties of an embedded layer may be differ- 
ent from those of an isolated layer. Furthermore, a layer within the laminate is under a state 
of fabrication residual stresses, and its failure takes the form of dispersed damage (micro- 
cracking) rather than one major localized flaw or crack. Nevertheless, it is acceptable 
to use isolated lamina properties in existing lamina theories, such as those discussed in 
Chapter 6, for predicting first ply failure (FPF). The FPF approach is conservative, but it 
can be used with low safety factors. A general practice in design of primary structures is 
to keep working loads below levels producing first ply failure. For example, a general 
practice in the aircraft industry is to limit maximum transverse strains in carbon/epoxy 
plies below 0.4%. 

In the case of ultimate laminate failure (ULF), there is no generally accepted definition 
of what constitutes such failure. It is generally accepted that a laminate is considered failed 
when the maximum load level is reached. Other definitions of laminate failure include 
a prescribed stiffness degradation, failure of the principal load-carrying plies (0' plies), 
failure of all plies, or a prescribed level of strain. Prediction of laminate failure entails, in 
addition to a lamina failure theory, a progressive damage scheme. Following each ply fail- 
ure, the influence and contribution of the damaged ply on the remaining plies must be evalu- 
ated until final laminate failure according to the adopted progressive damage scheme. The 
ultimate laminate failure approach is more advanced and requires more precise knowledge 
of loading conditions and stress distributions, and thus it is used with higher safety factors. 

Interlaminar failure is a special type of failure consisting of separation of contiguous 
layers, even when the layers themselves remain intact. This is a common form of failure 
at free edges or in regions of geometric or loading discontinuities. Prediction of this type 
of failure requires a three-dimensional stress and failure analysis including interlaminar 
strength and toughness properties of the laminate. 

9.3 STRESS ANALYSIS AND SAFETY FACTORS FOR FIRST PLY FAILURE 
OF SYMMETRIC LAMINATES (IN-PLANE LOADING) 

Given a symmetric laminate under general in-plane loading, the average laminate stresses 
(Fig. 9.1) are 
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Fig. 9.1 Multidirectional laminate under gen- 
eral in-plane loading. 

[;]=$! (7.82 bis) 

where h is the laminate thickness. 
The laminate strains, which are uniform through the thick- 

ness, are equal to the reference plane strains and to the strains 
of any layer k and are related to the applied forces by the force- 
deformation relations in Eq. (7.80): 

The strains in layer k referred to its principal material axes are obtained by transfor- 
mation as 

mz nz 2mn [ : : I k = [  nz mz -2mn ] , [  z] (9.2) 
TY6 -mn mn (m2 - n z )  +yf 

and the corresponding stresses are 

For the FPF approach, the selected failure criterion is applied to the state of stress in 
each layer separately. Thus, for a state of stress (ol, 02, T ~ ) ~  in layer k,  the state of stress 
at failure of the same layer is S/k(o,, ozr T6)k where S, is the safety factor for layer k. 
Substitution of the critical (failure) state of stress in the Tsai-Wu failure criterion in 
Eq. (6.29) yields 

or 

where 

+ bS, - 1 = 0 (9.5) 
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The solutions of the quadratic Eq. (9.5) are 

-b f db2 + 4a  
2a 

s, = 

or 

-b + db2 + 4 a  
2a 

s,, = 

and 

-b - 1162+4a 
2a I 

(9.7) 

where Sfk, is the safety factor of layer k for the actual state of stress (o,, 02, T ~ ) ~  and 
SPr is the safety factor of the same layer k for a state of stress with reversed sign, that is, 

The procedure above is carried out repeatedly for all layers of the laminate to find 
the minimum values of Sfk, and Sfk, These minimum values are the safety factors of the 
laminate based on the FPF approach, for the actual and reversed loadings. Thus, 

(-01, - 0 2 7  -76)k. 

9.4 STRENGTH COMPONENTS FOR FIRST PLY FAILURE OF SYMMETRIC LAMINATES 

Given a multidirectional laminate, it is required, for example, to determine its axial 
strength along the x-axis based on FPF. The laminate in Fig. 9.1 is assumed to be loaded 
under unit average stress in the x-direction, that is, 

ex = 1 

= 0 

T, = 0 

Then, the reference plane strains and layer k strains are obtained by Eqs. (7.80) and 
(9.1) as 
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or 

[ ;] = [ ;] , = [ (9.10) 

The strains in layer k along its principal material axes are obtained by transformation 
as in Eq. (9.2), and the corresponding stresses are obtained as in Eq. (9.3). The critical 
(failure) state of stress for layer k is (sf),. 6,, 6,, T,),, which, substituted in the Tsai-Wu 
failure criterion Eq. (9.4), gives two safety factors, s f k ,  corresponding to ex = 1, and S,, 
corresponding to ex = -1. 

The axial tensile and compressive strengths of the laminate are obtained as 

(9.11) 

The axial strengths along the y-axis are obtained in a similar manner by assuming the 
following state of stress in the laminate: 

ex = 0 

B y =  1 

Ts = 0 

The in-plane shear strength is obtained by assuming the following state of stress: 

ex = 0 

By = 0 

In the case of quasi-isotropic laminates discussed before (Section 7. lo), the elastic 
properties are, by definition, independent of orientation. Thus, a uniaxial loading ex 
produces the same strains E, and E, in each layer regardless of the load direction x. 
Depending on the orientation of the principal layer directions with respect to the loading 
direction, a different state of stress exists in each layer. Thus, failure in each layer and the 
occurrence of first failure in any layer (FPF) depend on load orientation. This means 
that quasi-isotropic laminates are not isotropic as far as FPF is concerned. For example, 
the [O/k60], quasi-isotropic laminate would be strongest along a fiber direction (O", 60", or 
-60") and weakest along a bisector between fiber directions of different plies (30", -30", 
or 90"). 
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SAMPLE PROBLEM 9.1 
Uniaxial Strength of Angle-Ply Laminate 

It is required to determine the axial tensile strength c, of a [k45],, laminate using the Tsai- 
Hill criterion for FPF. Consider the laminate in Fig. 9.2 subjected to a uniaxial stress 

i 

Fig. 9.2 [f45], angle-ply laminate under uniaxial 
loading. 

- N  (3 =L 
" h  

6" = t, = 0 

The strains, which are uniform 
through the thickness, can be related 
to the applied stress and the laminate 
engineering properties as 

4 
E X  

~ f l  = -B - (9.12) 0 -  

The strains in the -45' lamina referred to its principal material axes are obtained from 
the strain transformation relations in Eq. (4.58) as 

and in view of Eq. (9.12) 

(9.13) 

Referring to relations in Eqs. (7.92) and (7.99), derived for Sample Problems 7.3 and 
7.5, we obtain further 

4 
Qi i + Qz + 2Qn 

El = E, = 

(9.14) 

The lamina stresses, obtained from Eq. (4.3 1), are 
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*---- **-*----p-."w---." - - ~ ~ - X I - * ~ - ~ ~  

(9.15) 

The above stress components can be introduced into the Tsai-Hill criterion to yield 
an exact value for ex at failure, that is, F,. An approximate value for the strength can be 
obtained more easily for the case of a high-stiffness composite, that is, when El B E2. Then 
the lamina stress components in Eq. (9.15) can be approximated as 

- 
(TI = ox 

E2 - o2 = (1 + v12)-ox 
El 

(9.16) 

Hence o2 G (T, and o, < 7 6 .  

Substituting the above into the Tsai-Hill criterion, 
2 2 (:) +(:J+(;) 0;o; - 1  

F: 

we obtain for 6; = E, 

For a high-strength composite with F, B F2 and F, 9 F6, the relation above is further 
approximated as 

(9.18) 

and, because E,  < El and F, G F6, 
- 

F,, z 2F6 (9.19) 

Thus, the axial tensile strength of a [?45],, angle-ply laminate, for a high-stiffness, 
high-strength composite, is controlled primarily by the in-plane shear strength of the uni- 
directional lamina; hence it is a matrix-dominated property. A similar approximation and 
conclusion holds true for the axial compressive strength Fxc. Similar results are obtained 
by using other failure theories. 
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SAMPLE PROBLEM 9.2 
In-Plane Shear Strength of Angle-Ply Laminate 

It is required to determine the in-plane shear strength of a [*45],, laminate using the 
Tsai-Hill criterion for FPF. Consider the laminate in Fig. 9.2 under in-plane shear loading 

- Ns 2, = - 
h 

The strains, which are uniform through the thickness, are 

The strains in the +45" ply, obtained by transformation, are 

and the corresponding stresses are 

or, using the relation in Eq. (7.97) in Sample Problem 7.4, we obtain 

(9.20) 

(9.21) 

(9.22) 

(9.23) 



9.4 Strength Components for First Ply Failure of Symmetric Laminates 251 

For a high-stiffness composite, with El  S E,, the above stresses can be approximated as 

E2 - 0, = -2(1 - Vl2)-zs 
El 

(9.24) 

2, = 0 

Thus, the +45" ply is under longitudinal tension and transverse compression. The stresses 
in the -45" ply are of the same magnitude but opposite sign as those of Eq. (9.24). This 
means that the -45" ply is under longitudinal compression and transverse tension for 
the same positive shear loading. Since transverse tension is the most severe loading for a 
typical unidirectional lamina, FPF will occur in the -45" ply. 

Substituting the -45" ply stresses in the Tsai-Hill criterion with appropriate considera- 
tion for tensile and compressive strengths, we obtain for the ultimate value t! = Fs 

or 

L 

or, because El S E,  and assuming F,, S F2r, 

from which we obtain 

(9.25) 

For a typical carbonlepoxy composite the quantity inside the brackets above is on the 
order of 3, which means that the shear strength F, is roughly Fl,/2&, or approximately 
30% of the longitudinal compressive strength of the lamina. It may be concluded that, 
under shear loading, this angle-ply laminate is utilized more efficiently since at FPF, which 
is a transverse failure, the longitudinal stress in the ply reaches approximately 60% of its 
ultimate value (ol E 2FJ. Thus, shear strength of a [f45], laminate for a high-stiffness, 
high-strength composite is primarily a fiber-dominated property. 
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9.5 COMPUTATIONAL PROCEDURE FOR STRESS AND FAILURE ANALYSIS 
OF GENERAL MULTIDIRECTIONAL LAMINATES (FIRST PLY FAILURE) 

A flowchart for computation of safety factors and strength components of a general multi- 
directional laminate is shown in Fig. 9.3. It is based on the Tsai-Wu failure criterion and 
on the FPF approach. The procedure for determination of safety factors consists of the 
following steps: 

w 

I [ d : , P  I 
I I 

[F11,2 [f11.2 

Unidirectional lamina properties 

Layer stiffnesses (1 - and 2-axes) 

Layer orientation 

Transformed layer stiffnesses (x- and y-axes) 

Location of the layer surfaces 

Laminate stiffnesses 

Laminate compliances 

Mechanical loading 

Reference plane strains and curvatures 

Location of point of interest in layer k 

Layer strains (x- and y-axes) 

Layer orientation 

Layer strains (1 - and 2-axes) 

Layer stiffnesses (1 - and 2-axes) 

Layer stresses (1 - and 2-axes) 

Layer strength parameters 
Tsai-Wu coefficients 

Layer safety factors 

Layer minimum safety factors 

Laminate safety factors Laminate strengths 

Fig. 9.3 Flowchart for stress and failure analysis of multidirectional laminates (We Tsai-Wu criterion). 
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Step 1 
Step 2 

Step 3 
Step 4 

Step 5 

Step 6 
Step 7 

Step a 
Step 9 

Step 10 

Step 11 

Step 12 

Step 13 

Step 14 

Step 15 
Step 16a 
Step 16b 

Enter the basic lamina properties ( E l ,  E,, GI2, v,.J. 
Compute the ply stiffnesses [Q],,, referred to their principal material axes, 
using relations in Eq. (4.56). 
Enter the orientation of the principal material axis, 8k, of layer k. 
Calculate the transformed layer stiffnesses of layer k referred to the 
laminate coordinate system (x,  y), using Eq. (4.67). 
Enter the through-the-thickness coordinates z k  and zk-1 of layer k 
surfaces. 
Calculate the laminate stiffness matrices [A] ,  [ B ] ,  and [D] using Eq. (7.20). 
Calculate the laminate compliance matrices [a] ,  [b],  [c], and [dl using 
Eq. (7.27). 
Enter the mechanical loading, that is, forces 
Calculate the reference plane strains [E'],,~ and curvatures [KIxS using 
Eq. (7.25). 
Enter the through-the-thickness coordinate, z, of the point of interest in 
layer k. For a laminate consisting of many thin (compared with the lami- 
nate thickness) layers or for any symmetric laminate under in-plane loading, 
the coordinate of the lamina midplane, z = Zk, is used. Then, the computed 
strains and stresses are the average through-the-thickness strains and 
stresses in the layer. However, when the laminate consists of few and 
thick (relative to the laminate thickness) layers and is asymmetric or sub- 
jected to bending and twisting, z = zk and z = Zk-1 are entered in order to 
determine the extreme values of the strains and stresses at the top and 
bottom surfaces of the layer. 
Calculate the layer strains [&Ity referred to laminate reference axes (x, y), 
using Eq. (7.8). 
Calculate the layer strains [E] f,, referred to layer principal axes (1,2), using 
Eq. (4.58). 
Calculate the layer stresses [o]:,, referred to the layer principal axes (1,2), 
using Eq. (4.3 1). 
Enter the lamina strengths [F] , , ,  and calculate Tsai-Wu coefficients J and 
J;, using Eqs. (6.32), (6.33), (6.35), and (6.40). 
Calculate the layer safety factors S,, and S,,, using Eqs. (9.7) and (9.8). 
Determine the laminate safety factors $a and Sfr using Eq. (9.9). 
Determine the laminate strength components 
in the respective direction of each component and using Eq. (9.1 1). 

and moments [ ~ , , y .  

by applying unit stress 

9.6 COMPARISON OF STRENGTHS OF UNIDIRECTIONAL 
AND ANGLE-PLY LAMINATES (FIRST PLY FAILURE) 

The effect of fiber orientation on the strength of unidirectional and angle-ply laminates is 
illustrated in Figs. 9.4-9.6 for a typical carbon/epoxy composite (AS4/3501-6). Figure 9.4 
shows that the uniaxial tensile strength of the angle-ply laminate is much higher than 
that of the off-axis unidirectional material for fiber orientations between 5" and 20". 
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Fig. 9.4 Uniaxial tensile strength of unidirectional and angle- 
ply laminates as a function of fiber orientation (AS4/3501-6 
carbon/epoxy; Tsai-Wu criterion; FPF). 

Fig. 9.5 Uniaxial compressive strength of unidirectional and 
angle-ply laminates as a function of fiber orientation (AS4/ 
3501-6 carbon/epoxy; Tsai-Wu criterion). 

lmi [+-el, Angle-ply 

10 20 30 40 50 60 70 80 ! 

8 (degrees) 

Fig. 9.6 In-plane shear strength of unidirectional and angle-ply 
laminates as a function of fiber orientation (AS4/3501-6 carbon/ 
epoxy; Tsai-Wu criterion). 

The maximum ratio of the two strengths occurs 
for a fiber orientation between 10" and 15". 
Figure 9.5 shows the variation of uniaxial com- 
pressive strengths. The differences between 
the unidirectional and angle-ply laminates are 
less pronounced than in the case of tensile 
strength. 

Figure 9.6 shows the variation of in-plane 
shear strength for unidirectional and angle-ply 
laminates. In the case of the unidirectional 
lamina there is a large difference between posi- 
tive and negative shear strength for reasons 
discussed before (see Sample Problem 6.1). 
The shear strength of the angle-ply laminate is 
the same for both positive and negative shear 
loading and is much higher than either positive 
or negative shear strength of the unidirectional 
lamina. 

9.7 CARPET PLOTS FOR STRENGTH OF MULTIDIRECTIONAL LAMINATES (FIRST PLY FAILURE) 

Carpet plots, as in the case of elastic properties (Section 7.15), can be prepared for strength 
properties of general multidirectional laminates. A general laminate of [Om/9O,/(k45),], 
layup can be described in terms of the fractions a, p, and y of the 0", 90", and k45" plies, 
defined as before: 
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Fig. 9.7 Carpet plot for uniaxial tensile strength of [0,/90,/ 
(k45),], laminates (AS4/3501-6 carbon/epoxy; a, p, and y 
are fractions of 0", 90°, and k45" plies, respectively; FPF). 

Fig. 9.8 Carpet plot for in-plane shear strength of [0,/90,/ 
(f45),], laminates (AS4/3501-6 carbon/epoxy; a, p, and y 
are fractions of 0", 90", and k45" plies, respectively; FPF). 

2n 
N 

p = -  

y = -  4P 
N 

N = 2(m + n + 2p) = total number of plies 

(7.11 1 bis) 

Carpet plots for the uniaxial strength and in-plane shear strength are shown in 
Figs. 9.7 and 9.8 for carbon/epoxy laminates (AS4/3501-6). The gaps and discontinuities 
in the plot of Fig. 9.7 are due to the nature of the FPF approach, which causes finite jumps 
in the calculated strength near the p = 0 and y = 0 values for infinitesimally small incre- 
ments in p or y. 

9.8 EFFECT OF HYGROTHERMAL HISTORY ON STRENGTH OF MULTIDIRECTIONAL 
LAMINATES (FIRST PLY FAILURE: TSAI-WU CRITERION) 

For a given laminate layup under mechanical loading [ N ]  and [MI, and hygrothermal load- 
ing AT and Ac, application of the failure criterion can yield the following results: 

1. safety factor under given loading 
2. laminate strength components 
3. allowable laminate thickness (of the same basic layup) for a given allowable safety 

factor 
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The critical stresses at failure of layer k ,  (of),, are obtained by multiplying the stresses 
induced by mechanical loading (oi) by the safety factor S, and combining them with the 
hygrothermal stresses ( G , ~ ) ,  where i = 1, 2, 6, that is, 

Substitution of this state of stress in the Tsai-Wu failure criterion, Eq. (6.29), yields 

or 

(9.26) 

where 

The solutions of the quadratic Eq. (9.26) yield the safety factors for the actual and 
reversed mechanical loading, sfko and s fk , . ,  as 

-b  + 4- 
2a 

s,, = (9.27) 

(9.28) 

The minimum values of these factors are the laminate safety factors as given in 
Eq. (9.9). 

The procedure for determining the strength components of the laminate in the pres- 
ence of hygrothermal stresses is the same as that discussed in Section 9.4. The laminate 
is assumed loaded by a unit average mechanical stress in the direction of the desired 
strength component. The laminate safety factors obtained for this unit stress loading com- 
bined with the hygrothermal loading yield the desired strength components as given in 
Eq. (9.11). 

In design applications the objective is to determine a specific laminate configuration, 
the number and orientation of plies for the given mechanical and hygrothermal loading, 
and a given allowable safety factor. The complete design optimization involves many 
degrees of freedom, both number and orientation of plies. However, if a basic laminate 
layup is selected, the design objective is reduced to finding the allowable thickness of the 
laminate, consisting of a multiple of the basic layup. The approach in that case is to assume 
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a unit laminate thickness h = 1. Then the average mechanical stresses applied to the 
laminate are 

(9.29) 

The above mechanical loading combined with the given hygrothermal loading gives 
in each lamina k the state of stress, (oi + oiJk for h = 1. Failure of the lamina occurs 
when the mechanical loads or stresses are multiplied by the safety factor, S,. Following 
the identical procedure described before, we determine the minimum safety factor, which 
is the laminate safety factor, 3, (S,, or 3,J. Then, the allowable laminate thickness is 
obtained as 

(9.30) 

where 

h, = allowable laminate thickness 

S,,, = allowable safety factor 

This approach is limited to symmetric laminates ( [ B ]  = 0) under in-plane loading only 

The results of the analysis discussed here, that is, safety factors, laminate strength, and 
([MI = 0). 

laminate sizing are summarized in Table 9.1. 

TABLE 9.1 Failure Analysis of Multidirectional Laminates Under Combined 
Mechanical and Hygrothermal Loading (First Ply Failure) 

Input Output Remarks 

Average laminate stresses: 
ex, ey, i 

Unit laminate stress in 
given direction: 
ei= 1 

Average laminate stresses 
for unit thickness: 
bi = N ,  

Allowable safety factor: 

so,, 

Laminate safety factor: 
S; = Cs/Amm 

Laminate strength 
components: 

Et = Cs/ko)min 

F,c  = (Sfkr),,, 

Allowable laminate 
thickness: 

Inputs: 
N,,  M,, AT, Ac 

Inputs: 
N ,  = h 

AT, Ac 
Mi = 0 

Inputs: 

Limited to symmetric laminates 
under in-plane loading: 

N,,  AT, Ac 

(M = 0, B ,  = 0) 

i = x, y ,  s 
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9.9 COMPUTATIONAL PROCEDURE FOR STRESS AND FAILURE ANALYSIS OF 
M U LT I D I R ECT I 0 N A L LAM I NATES U N D E R CO M B I N ED M EC H A N I C A L AN D 
HYGROTHERMAL LOADING (FIRST PLY FAILURE; TSAI-WU CRITERION) 

A flowchart for stress and failure analysis under general combined mechanical and 
hygrothermal loading is shown in Fig. 9.9. For the most part the procedure is the same as 
that described in Section 9.5 for mechanical loading only. The first seven steps in the flow 
chart of Fig. 9.3 are omitted here, and the result, laminate compliances, is used as an input. 
The procedure illustrated in Fig. 9.9 consists of the following steps: 

Step 1 
Step 2 

I “I, [MI I 

r&l:.2 P 
AT, Ac F 

Enter the mechanical loading, that is, forces 
Enter the laminate compliances [a], [b], [c], and [d ]  (from step 7 of Fig. 9.3). 

and moments [MIxy. 

Fig. 9.9 Flowchart for stress and fail- 
ure analysis of general multidirectional 
laminates under combined mechanical 
and hygrothermal loading (FPF; Tsai- 
Wu criterion). 

Mechanical loading 

Laminate compliances 

Reference plane strains and curvatures 

Location of point of interest in layer 

Layer strains (x- and y-axes) 

Layer strains (1 - and 2-axes) 

Layer stresses (1 - and 2-axes) 

Strength parameters, Tsai-Wu coefficients 

Hygrotherrnal loading 

Hygrothermal stresses 

Layer safety factors 

Laminate safety factors 

Laminate strengths 

Allowable laminate thickness 
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Step 3 

Step 4 

Step 5 
Step 6 

Step 7 

Step 8 

Step 9 
Step 10 

Step 11 

Calculate the reference plane strains [E"],,~ and curvatures [KIXy, using Eq. 
(7.25). 
Enter the through-the-thickness coordinate, z ,  of the point of interest in 
layer k. For a laminate consisting of many thin (compared with the lami- 
nate thickness) layers or for any symmetric laminate under in-plane loading, 
the coordinate of the lamina midplane, z = Zk, is used. Then, the computed 
strains and stresses are the average through-the-thickness strains and 
stresses in the layer. However, when the laminate consists of few and thick 
(relative to the laminate thickness) layers and is asymmetric or subjected 
to bending and twisting, z = zk and z = zk-l are entered in order to determine 
the extreme values of the strains and stresses at the top and bottom surfaces 
of the layer. 
Calculate the layer strains referred to laminate axes (x, y), using Eq. (7.8). 
Transform the layer strains to the layer principal axes [E]:,~, using Eq. 
(4.58). 
Calculate the layer stresses [o]:,~, referred to the layer principal axes (1,2), 
using Eq. (4.31). 
Enter the lamina strengths [F] , ,2  and calculate Tsai-Wu coefficients and 
f,, using relations in Eqs. (6.32), (6.33), (6.35), and (6.40). 
Enter the hygrothermal loading, AT and Ac. 
Calculate the hygrothermal stresses following the procedure outlined in the 
flowchart of Fig. 8.20. 
Introduce the combined mechanical and hygrothermal stresses in the Tsai- 
Wu failure criterion and determine the layer safety factors, using Eqs. 
(9.26) through (9.28). 

Step 12a Determine the laminate safety factors s,, and s,, using Eq. (9.9). 
Step 12b Determine the laminate strength components using unit in-plane 

loading in the respective direction of each component and Eq. (9.11). 
Step 12c Determine the allowable laminate thickness for the selected basic layup, 

using Eq. (9.30) for symmetric laminates under in-plane loading ( [B]  = 0, 
[MI = 0). 

For a given laminate, the layer that fails first depends on its state of stress. As the lam- 
inate loading varies continuously, FPF moves from one layer to another. Failure envelopes 
for the laminate based on FPF consist of portions of failure envelopes of different indi- 
vidual layers. FPF envelopes were calculated for a [O/k45/90], quasi-isotropic carbon/ 
epoxy laminate (AS4/3501-6) under biaxial normal (ex, 6,) and biaxial sheadnormal ($, 
4) loading. The curing residual stresses were accounted for by assuming a temperature 
difference AT = -100 "C (-180 OF) between the stress-free and current temperatures. 
Results are shown in Figs. 9.10 and 9.11. In the first case (6, versus ex), the theories are 
farthest apart in the compression-compression region (ex, 6, < 0), with the Tsai-Wu theory 
predicting approximately twice as high strengths as the other theories (Fig. 9.10). In the 
case of sheadnormal loading, all five theoretical FPF envelopes differ from each other, 
with the maximum stress theory predicting the highest strengths in the shear-compression 
region (Fig. 9.11). No experimental data are available for comparison because it is difficult 
to detect FPF accurately. 
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Fig. 9.10 First-ply-failure envelopes obtained 
by different theories for [0/*45/90], carbon/ 
epoxy laminate under biaxial normal load- 
ing (AS4/3501-6; stress-free temperature 
To = 124 "C, 255 OF). 
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9.10 MICROMECHANICS OF PROGRESSIVE FAILURE 

In most cases failure in a multidirectional laminate is initiated in the layer (or layers) with the 
highest stress normal to the fibers. Failure initiation takes the form of distributed micro- 
cracks, which coalesce into macrocracks as illustrated in the case of a unidirectional lamina 
under transverse tension (see Fig. 5.21). In the case of a single unsupported lamina, the 
first such macrocrack extending across its cross section corresponds to ultimate failure of 
the lamina. In the case of a multidirectional laminate, multiple macrocracking extending 
across the thickness of the layer develops and constitutes FPF as discussed before. 

Although in most cases the formation of transverse cracks by itself does not cause 
catastrophic failure, their presence can influence the overall mechanical behavior of the 
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4 ex Axial stress in 90" layer 

t 
4 ex 

t ex 
ex 139 278 405 41 7 M Pa 
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Fi9. 9.12 Progressive failure and stress 
distributions in transverse ply of crossply 
laminate under uniaxial tension. 

Fi9. 9.13 X-radiographs of a [0/90,], carbon/epoxy laminate under uniaxial 
tensile loading at various applied stress levels. 

laminate, such as stress redistribution, reduction of laminate stiffness, or initiation of other 
more severe damage modes. The failure process is best illustrated for the case of a crossply 
laminate under uniaxial tension (Fig. 9.12). The axial stress in the 90" layer is uniform ini- 
tially, and when it reaches a critical value, it produces random microcracks as shown. The 
microcracks coalesce into roughly evenly spaced macrocracks, resulting in a redistribution 
of the average axial stress in the 90" ply with zero value at the crack faces and maximum 
value at the center between cracks. As the applied stress ex is increased, the maximum 
axial stress in the 90" ply increases up to a value equal to the transverse tensile strength of 
the lamina, F,,, and further macrocracking takes place, resulting in further stress redistribu- 
tion. This process continues up to a minimum crack spacing, at which point any further 
increase in applied stress cannot increase the axial stress in the 90" layer to the failure level 
F2t. This state is called the characteristic damage state (CDS) of the laminate.' In most 
cases the minimum crack spacing is on the order of the layer thickness. The progression 
of cracking in the 90" layer of a [0/90,], carbon/epoxy laminate is illustrated by the X- 
radiographs in Fig. 9.13. The stress-strain behavior of a [0/90,], carbon/epoxy laminate in 
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- Fig. 9.14 shows clearly the region of trans- 
verse matrix cracking and stiffness reduction. 

- 60 Many investigations have been reported 
on the transverse cracking problem.'-" - 

50 = Analytical models have been proposed 
Y based on lamina strength4.I4-l6 or fracture 

1 40 6  mechanic^.^."'^'^ A shear lag analysis has 
ui - 30 $ been developed and used to obtain closed- 
G form solutions for stress distributions, 

transverse matrix crack density, and 
reduced stiffnesses of the damaged plies 
and the entire laminate as a function of 
applied stress, properties of the constituent 

The axial (x-axis) stress distributions 
in the 0" and 90" layers of a crossply lami- 
nate segment containing two cracks (Fig. 
9.15) are given as 

70 500 
8, 

4 4 4 4 4  
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Fig. 9.14 Axial stress-strain curve of [0/90,], carbon/epoxy laminate 
(IM7/977-3). 

E2b ~0sha(1/2 - X) - cosha(1/2 - X) 
OIx= 5 [ 1  EX + Elhl cosh(al/2) ]ox+ [ l -  cosh(al/2) 

cosha(1/2 - X) E2BX 
cosh(aU2) ](x + 02r)  

where 

E l ,  E2 = longitudinal and transverse lamina moduli 

- h,E, + h2E2 
Ex = , laminate modulus (before damage) 

hl + h2 

oIx, oh, GX = axial stresses in 0" layer, 90" layer, and laminate, respectively 

olr, 02,. = residual stresses in 0" and 90" layers, respectively 

1 = crack spacing 

h,, h, = thicknesses of 0" and 90" layers, respectively 

GI,, G,, = in-plane and out-of-plane lamina shear moduli 

and 

(9.32) 

(9.33) 
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Fig. 9.15 Element of crossply laminate 
with transverse cracks in 90" layer. 

As transverse cracking develops, the stiffness of the damaged layer as well as that 
of the entire laminate is reduced. The stiffness reduction caused by the matrix cracking 
was calculated based on the stress distributions above.I4 The modulus reduction ratio is 
expressed as a function of material and geometric parameters and the crack spacing as 

(9.34) 

where 

Ex, l?: = initial and reduced moduli of the laminate, respectively 

The reduced effective (in situ) modulus of the cracked transverse layer, E;, is related 
to the modulus reduction ratio of the laminate as follows: 

(9.35) 

The normalized reduced modulus of a [0/902], carbon/epoxy laminate computed by Eq. 
(9.34) is plotted versus normalized transverse crack density in Fig. 9.16 and compared 
with experimental results. The normalized in situ modulus of the cracked 90" layer 
obtained from Eq. (9.35) is plotted versus normalized crack density in Fig. 9.17. It is seen 
that, at the limiting crack density, the laminate modulus is reduced to approximately 90% 
of its original value, and the in situ modulus of the 90" layer is reduced to approximately 
25% of its original value. 

Crack density can be predicted in a deterministic fashion by assuming uniform crack 
spacing and equating the value of oZr in Eq. (9.32) at x = 1/2 to the transverse lamina 
strength F2,: 

CJzr(x=//2) = 6, (9.36) 

The average crack density, h,, is obtained as the mean of the crack densities for 
values of (ra slightly greater than and less than 4,: 

3a  
4cosh-lt 

h, = (9.37) 
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Fig. 9.16 Normalized axial modulus of [0/90,], carbon/epoxy 
(AS4/3501-6) laminate as a function of normalized trans- 
verse crack density.I4 

Fig. 9.17 Effective in situ normalized transverse modulus 
of cracked 90" layer in [0/90,], carbon/epoxy (AS4/3501-6) 
laminate as a function of normalized transverse crack density.14 

where 

(9.38) 

with 

E2 - 

E.x 
4, = To1 + 02,. = average stress in 90" layer between cracks 

From Eqs. (9.37) and (9.38) we obtain 

3 
cash- 

3 
4h 

= 4, - 4h 02, = - - 
4r cosh- - 1 

(9.39) 

where 

a 

Equation (9.39) is a generalized relation between normalized applied stress and nor- 
malized average crack density and is independent of crossply layup and transverse lamina 
strength (temperature). An experimental confirmation of this relationship is shown in 
Fig. 9.18. 

Progressive failure under a general in-plane biaxial loading has also been analy~ed. '~ . '~  
Besides Young's modulus, the reduction of the in-plane shear modulus has been calculated 
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Fig. 9.19 Shear modulus reduction as a function of nor- 
malized crack densities of [0,/90,], crossply carbon/epoxy 
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Fig. 9.18 Master curve for transverse cracking compared 
with experimental results. laminate.'' 

and correlated with the state of damage (cracking) in the laminate.'' The variation of shear 
modulus for a [03/903], carbon/epoxy laminate as a function of crack density is shown in 
Fig. 9.19. 

9.11 PROGRESSIVE AND ULTIMATE LAMINATE FAILURE-LAMINATE EFFICIENCY 

As discussed before, progressive failure of a lamina within the laminate consists of crack- 
ing of the lamina up to a characteristic limiting crack density. Following this FPF, the fail- 
ure process continues up to ULF. The latter can occur at a much higher load than FPF. 

Figure 9.20 illustrates the progression of damage in a [0/*45/90], glass/epoxy lami- 
nate under uniaxial loading. The first failure mechanism consists of transverse cracking in 
the 90" layer. These cracks increase in density up to a limiting value or the characteristic 
damage state. Thereafter, as the load increases, cracking starts in the k45 plies, precipitat- 
ing ultimate failure. 

Consider for example the stress-strain response of a multidirectional laminate under 
uniaxial tensile loading (Fig. 9.21). Initially, the laminate behaves linearly, with a stress- 
strain slope equal to the original laminate modulus Ex up to point 1, where the first ply 
fails. After this ply reaches its maximum crack density (characteristic damage state), its 
effective transverse modulus drops to E; and the laminate modulus drops to a value Ey). 
If the material behaves in a brittle manner, the modulus drop will be sudden. It will be 
manifested by a horizontal or vertical shift in the stress-strain curve, depending on whether 
the test is conducted under load or strain control, respectively. 

Under increasing load the specimen will respond linearly with a stress-strain slope 
equal to the reduced modulus E'," up to point 2, where the next ply or plies fail. Again, if 
the ply or plies fail instantly in a brittle manner, there will be a further sudden drop in the 
modulus to a value I?:'. This value corresponds to the laminate with all the failed plies to 
date discounted or reduced in stiffness. The drop in modulus will be manifested as a sudden 
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Fig. 9.20 Damage progression in a [O/k45/90], glass/epoxy laminate under increasing uniaxial 
tensile loading. 

A horizontal or vertical shift in the stress-strain 
curve, depending on the test control mode as 
discussed before. This progressive failure 
continues up to a point (say, point 3) where 
ultimate failure takes place. If the plies fail 
gradually due to ductile behavior or statistical 
variation in local strengths and failures, the 
stress-strain curve will appear smoother with 
gradual transitions in slope at the points of 

At each stage of failure there is a corre- 
sponding strength. Thus, one can define the 
initial stage (or FPF) and last stage (ULF) ten- 
sile strengths, F$? and F:, or FFP, and FuILF, 
respectively. The ratio of these two strengths, 
(pL ,  is a 
indicates the level of fiber strength utilization 
at FPF: 

16 
d 

- m 

const. 
oooooo "Brittle" behavior, 6 = const. 

partial ply failures (Fig. 9.21). 

b 

Strain, Ex 

Fig. 9.21 Stress-strain curve of multidirectional laminate under uni- 
axial tension showing progressive failure (P = constant, load rate 
control; ii = constant, strain rate control). 

of laminate efficiency 

(9.40) 

This ratio depends on both the material system and the laminate layup. 
A comparison of FPF and ULF of different multidirectional laminates under uniaxial 

tensile loading is shown in Tables 9.2 and 9.3 as done previously for a similar set of mate- 
rials.2' The laminate efficiency ratio for [0/90], crossply laminates is fairly low for all 
material systems, ranging from 0.20 for glass/epoxy to 0.42 for boron/epoxy. In the case 
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TABLE 9.2 Comparison of Initial and Ultimate Failures of [0/901, Laminates 

First Ply Failure (FPF) Ultimate Laminate Failure (ULF) 

Strenqth Strain Modulus Strenqth Strain Modulus 
Material System FFpF, MPa (ksi) (%) GPa (Msi) FuLF, MPa (ksi) (%) GPa (Msi) 

Glasslepoxy 111 (16.1) 0.46 24.1 (3.5) 552 (80) 2.75 20.0 (2.9) 
Kevlarlepoxy 241 (34.9) 0.52 46.2 (6.7) 655 (95) 1.50 44.9 (6.5) 
Carbonlepoxy 420 (60.9) 0.50 78.2 (11.3) 1152 (167) 1.50 82.8 (12.0) 
Boronlepoxy 288 (41.7) 0.35 111.8 (16.2) 690 (100) 0.60 103.5 (15.0) 
Boron/aluminum 163 (23.6) 0.09 187.0 (27.1) 683 (99) 0.58 113.9 (16.5) 

Laminate Efficiency 
Ratio 

((PL = FFPJFULF) 

0.20 
0.37 
0.36 
0.42 
0.24 

TABLE 9.3 Comparison of Initial and Ultimate Failures of [0,/*451, Laminates 

First Ply Failure (FPF) 

Strenqth Strain Modulus 
Material System FFFPF, MPa (ksi) (%) GPa (Msi) 

Glass/epox y 265 (38.4) 1.04 25.5 (3.7) 
Kevlar/epoxy 607 (88.0) 1.26 48.0 (7.0) 
Carbon /epoxy 460 (66.6) 0.53 86.2 (12.5) 
Boron/epoxy 601 (87.1) 0.53 114.5 (16.6) 
Boronlaluminum 259 (37.5) 0.14 185.6 (26.9) 

Ultimate Laminate Failure (ULFI 

Strenqth Strain Modulus 
FuLF, MPa (ksi) (%) GPa (Msi) 

607 (88) 2.75 22.1 (3.2) 
683 (99) 1.50 45.5 (6.6) 

1208 (175) 1 S O  80.5 (1 1.7) 
745 (108) 0.70 106.4 (15.4) 
780 (113) 0.60 130.0 (18.8) 

Laminate Efficiency 
Ratio 

(N = FFFpJFULF) 

0.44 
0.88 
0.38 
0.8 1 
0.33 

of [O,/k45], laminates the laminate efficiency ratios are much higher, ranging from 
0.33 to 0.88. 

9.12 ANALYSIS OF PROGRESSIVE AND ULTIMATE LAMINATE FAILURE 

The determination of ultimate strength of a laminate requires an iterative procedure taking 
into account the damage progression in the various plies. The general approach consists of 
the following stages or steps. 

9.12.1 Determination of First Plv Failure (FPF) 

A lamination analysis is conducted to determine the state of stress in every ply as a function 
of the loading. This analysis is usually linear and includes curing residual stresses. The lamina 
stresses as a function of the loading are referred first to the laminate coordinates (x, y) and then 
transformed to the lamina coordinates (1, 2). These stresses are checked against a selected 
lamina failure criterion (for example, one of those discussed in Chapter 6) to determine 
the load at FPF. Failure initiation in a given lamina is usually based on strength properties 
obtained by testing isolated lamina specimens, however, damage progression and satura- 
tion (CDS level) are related to enhanced in situ lamina properties due to constraints from 
the adjacent plies.” First-ply-failure envelopes predicted by various failure theories for a 
[O/k45/90], quasi-isotropic carbon/epoxy laminate were shown in Figs. 9.10 and 9.11. 



268 9 STRESS AND FAILURE ANALYSIS OF MULTIDIRECTIONAL LAMINATES 

9.12.2 Discounting of Damaged Plies 

The failed lamina or laminae and their failure modes are identified. Failure modes are 
directly identifiable when using limit or noninteractive theories (maximum stress, max- 
imum strain) or failure-mode-based theories (Hashin-Rotem). However, this is not the case 
with fully interactive theories (Tsai-Wu, Tsai-Hill). For this case the following failure 
mode discrimination rule is proposed: 

Matrix or interfiber failure 
2 

(?J + (:J ’ (;) 
Fiber failure 

(9.41) 

2 2 

(2) +($<(;) 
When matrix or interfiber failures are identified, the matrix-dominated stiffnesses, 

such as E,  and G,,, are reduced. Stiffness reduction factors can be selected based on 
analysis as discussed before (see Eq. (9.35)), or the affected stiffnesses may be dis- 
counted altogether (total ply discount method). If the first ply failure is a fiber failure, 
the corresponding fiber-dominated stiffness E,  is discounted. After discounting the 
appropriate stiffnesses in the damaged plies, new laminate stiffnesses [A] ,  [ B ] ,  and [D] 
are calculated. 

9.12.3 Stress Analysis of the Damaged Laminate 

Lamina stresses are recalculated and checked against the selected failure criterion to verify 
that the undamaged laminae do not fail immediately under their increased share of stress 
following the FPF above. In this analysis the strengths of the previously failed laminae 
(with reduced or totally discounted stiffnesses) are assumed to be fictitiously very high to 
avoid repeated failure indication in the same plies. 

9.12.4 Second Ply Failure 

The load is increased until the next ply (or group of plies) fails. This could be a failure in 
a previously undamaged ply or a new failure in a previously damaged one. Then, steps 1, 
2, and 3 above are repeated. 

9.12.5 Ultimate Laminate Failure 

The above process continues until the criterion for ultimate laminate failure (ULF) is 
met. Criteria such as maximum load, last ply failure, limit laminate strain, and first fiber 
failure have been proposed. Theoretical predictions of ULF vary widely depending on the 
definition of ULF. In the case of fiber-dominated failures, the criterion of first fiber failure 
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(FFF) seems to be the most reasonable and yields consistent results. In the case of matrix- 
dominated failures, such as that of angle-ply laminates, the last-ply-failure (LPF) definition 
yields more realistic results than the FFF criterion. A modification of the LPF criterion 
allows for a higher loading up to a maximum allowable relative rotation of adjacent plies 
(or a maximum interlaminar shear strain). According to the maximum load criterion of 
ULF, failure occurs when the laminate, at any stage of the progressive ply failures, cannot 
sustain the stresses. 

9.12.6 Computational Procedure 

A computational procedure for the multiple-ply-failure process is illustrated in the 
flowchart of Fig. 9.22 for a symmetric laminate under in-plane loading using the Tsai-Wu 
failure criterion. It consists of the following steps: 

I I [EIX., I 

I I 

i = i + l  t 
I 1 - Condition? 

Unit applied laminate 
stress component 

Laminate stiffnesses and 
compliances 

Fig. 9.22 Flowchart for determination 
of load-deformation curve and failure 
levels of symmetric laminates under 
in-plane loading. 

Laminate strains (x- and y-axes) 

Layer strains (x- and y-axes) 

Layer strains (1 - and 2-axes) 

Layer stresses (1 - and 2-axes) 

Strength parameters 
Tsai-Wu coefficients 

Safety factors of layer k 
for ith loading cycle 

Failed layer under ith 
loading cycle 

Laminate strength components 
under ith loading cycle 

Question if ULF condition 
is met at ith loading cycle 

Ultimate laminate failure 
at ith loading cycle 
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The “Worldwide Failure Exercise” initiated by Hinton, Soden, and Kaddour had a 
wider scope as described in three special issues of Composites Science and Technology*’ 
and a book.26 The “exercise” covered nineteen theories, four composite material systems, 
six laminate configurations, and fourteen loading conditions. Biaxial test results were 
provided for a range of composite laminates as benchmark data for comparison with 
theoretical predictions.” Comparisons were presented in the form of failure envelopes and 
stress-strain curves to failure. Overall evaluation and conclusions were presented by the 
initiators of the exercise.28 

In general, a wide variation was observed in the prediction of laminate failure by 
the various theories as noted in the “failure exercise.” The divergence of the predictions 
is greater for FPF than for ULF; also it is greater for matrix-dominated failures than for 
fiber-dominated ones. The divergence observed may be attributed primarily to the follow- 
ing factors: 

1. 

2. 

3. 

4. 

the different ways in which curing residual stresses were introduced in the predic- 
tions, especially in the case of first ply failure 
the concept of in situ behavior of a lamina within the laminate, which is still 
deb ate d 
the different methods of modeling the progressive failure process and the defini- 
tion of ultimate laminate failure 
the nonlinear behavior of matrix-dominated laminates, for example, angle-ply 
laminates 

Under uniaxial loading of a laminate the deciding factor in predicting ultimate failure is 
whether it is fiber or matrix dominated. Table 9.4 shows a comparison between measured 

TABLE 9.4 Measured and Predicted Ultimate Axial Strengths 
of Carbon/EDoxv Laminates (AS4/3501-6) 

ULF Tensile Strenqth, Et, MPa 

Laminate Experimental Tsai-Wu Tsai-Hill Max. Stress Max. Strain Hashin-Rotem Definition 

[0/9021, 780 79 1 794 79 1 798 79 1 FFF 

[0/90d 444 494 496 494 497 494 FFF 

[O/W~)ZI, 565 527 521 553 548 553 FFF 

[Oz/9021, 1112 1163 1168 1163 1172 1163 FFF 

[0/*451, 875 816 806 85 1 844 850 FFF 

[+201*, 809 763 63 1 679 679 667 LPF 
[*451, 151 105 119 152 152 119 LPF 

- 65 67 73 73 67 LPF 

ULF 

[f701zs 

Compressive Strength, Ee, MPa 

Laminate Experimental Tsai-Wu Tsai-Hill Max. Stress Max. Strain Hashin-Rotem Definition 

[+201,, 670 425 507 667 5 19 540 LPF 
[f70L 200 180 132 148 148 132 LPF 
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and predicted axial ultimate strengths of a number of laminates. Residual stresses were 
taken into account in the predictions by assuming a temperature difference of AT = -100 "C 
(-180 O F )  between the stress-free and current states. Lamina strengths used were those 
obtained by direct testing of isolated laminae without consideration of in situ effects. In 
the case of the first five laminates listed, it is clear that they are fiber dominated because 
the 0" plies carry a substantial portion of the total load. Thus, the first fiber failure (FFF) 
was used as a criterion of ultimate laminate failure (ULF). The predictions by the five fail- 
ure theories used are in substantial agreement with each other and with the experimental 
measurements. 

In the case of matrix-dominated angle-ply laminates, predictions by the limit or inter- 
active theories are not usually in agreement with each other and with experimental results. 
Failure is governed by the lamina transverse normal stress 0, and the in-plane shear stress 
z,. When 6, > 0, as in the case of [f45], and [f70],, laminates under tension, the limit 
theories predict higher strengths in agreement with the experiment. When 0, < 0, as in 
the case of the [f20],, laminate under tension, the Tsai-Wu criterion comes closer to the 
experimental results. Although none of the theories used predicts fiber failure, such a fail- 
ure mode does occur as a result of constraints and stress concentrations at the cracks of the 
adjacent plies. Figure 9.23 shows that after in-plane shear failure in the 20" plies, fiber 
bundle failures occurred through the thickness of the -20" layers. 

Under axial compression, the transverse lamina normal stress 0, is tensile in the 
[f20],, laminate and compressive in the [f70],, one. The results in Table 9.4 show that for 
the [f20],, laminate, only the maximum stress theory prediction agrees with the experi- 
ment, whereas the other theories, especially the Tsai-Wu theory, underestimate the com- 
pressive strength. The failure mode consists of transverse tension and shear in the 20" plies 
followed by fiber bundle failures in the -20" layers (Fig. 9.24). For the [f70],, laminate 
under compression, only the Tsai-Wu prediction comes close to the experimental mea- 
surement, whereas all other theories underestimate the strength. 

I 

(4 (b) 

Fig. 9.23 Fracture surfaces of [f20],,y carbon/epoxy laminate under axial tensile loading: (a) shear failure of 20" plies 
and fiber bundle failures in -20" layers and (b) clean debonding of fibers in the 20" ply. 
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I I 

Fig. 9.24 Fracture surfaces of [f20],, carbon /epoxy laminate under axial compression. 
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Fig. 9.25 Comparison between predicted ultimate failure envelopes 
and experimental results for glass/epoxy (E-glass/MY750) [+5], 
laminate under biaxial normal loading (data from Al-Khalil et al.29 
as quoted by Soden et al.”). 

In the more general cases of biaxial load- 
ing, it is not easy to establish fiber or matrix 
dominance in failure, as that varies with the 
loading biaxiality. The case of a [+5], glass/ 
epoxy angle-ply laminate under biaxial normal 
loading is illustrated in Fig. 9.25. In the 
region near the uniaxial BX loading, where the 
ultimate failure is fiber dominated, the data are 
closer to the maximum stress and the Hashin- 
Rotem predictions. However, in the second 
quadrant, characterized by high compression 
in the y-direction and decreasing tension in 
the x-direction, the behavior tends to be more 
matrix dominated and agrees well with the pre- 
dictions of the Tsai-Hill and Tsai-Wu theories. 
No data are available in the compression- 
compression third quadrant, where the predic- 
tions differ the most from each other. 

Theoretical predictions were compared 
with experimental results for a [90/k30], 
quasi-isotropic glass/epoxy laminate under 
biaxial shear, t,, and normal stress, BX. The 
progressive failure scheme discussed in 

Section 9.12 was adopted. Ultimate laminate failure was defined as the first fiber failure 
(FFF). Residual stresses were taken into account as before. A comparison of predicted 
ultimate failure envelopes and experimental results for the laminate is shown in Fig. 9.26. 
All five theories tested are in reasonable agreement with the experimental results in the 
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Fig. 9.26 Comparison between predicted failure envelopes and ex- 
perimental results for [90/*30], E-glass/LY556 epoxy laminate under 
biaxial normal and shear loading (data from Hutter et aL3'). 
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Fig. 9.27 Comparison between predicted failure envelopes and ex- 
perimental results for [90/iz45/0], carbon/epoxy (AS4/3501-6) lam- 
inate under biaxial normal loading (data from Swanson et al.3'-33). 

shear-tension quadrant (GI > 0), but they 
deviate noticeably from the experimental results 
in the shear-compression quadrant (4 < 0), 
where the influence of the matrix is greater. 
The localized deviations of the Tsai-Wu pre- 
dictions from the other theoretical predictions 
are due to the fiber failure mode discrimina- 
tion rule used in this case for FFF, Eq. (9.41). 
A more restrictive fiber failure mode rule 
where (o,/F,)' is much greater than (o,/F,)~ + 
(z,/F,)~ would minimize the deviations. 

Similar comparisons were made for the 
case of a [90/k45/0], quasi-isotropic carbon/ 
epoxy (AS4/3501-6) laminate under biaxial 
normal loading. The progressive failure 
scheme described before (Fig. 9.22) was used 
with the first fiber failure (FFF) defining ulti- 
mate laminate failure (ULF). Residual stresses 
were accounted for by assuming the difference 
between stress-free and current temperatures 
as AT = -100 "C (-180 OF). Predicted ultimate 
failure envelopes are compared with experi- 
mental results in Fig. 9.27. The agreement 
between predictions of the theories tested and 
experimental results is reasonable in the 
tension-tension (4 > 0, By > 0) and tension- 
compression (ex < 0, Gy > 0) quadrants. In 
the compression-compression regime, where 
the behavior is matrix dominated, no reliable 
experimental data exist and the predictions 
differ the most from each other. The inter- 
active Tsai-Wu criterion in conjunction with 
the progressive failure scheme predicts very 
high compressive strengths. 

It is difficult to reach definitive conclu- 
sions on the applicability of the various 
theories based on comparison with the limited 
experimental data available, especially in the 
cases of FPF and under biaxial compression or 
compression and shear. Theories based on the 
maximum stress criterion, a partly interactive 
approach (Puck et al.), or a totally interactive 
criterion (Tsai-Wu), give reasonable predictions 
of ultimate failure in fiber-dominated laminates 
if the first fiber failure (FFF) is used as the defini- 
tion of ULF. In the case of matrix-dominated 
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failure, a distinction must be made between cases of transverse tensile stress (oz > 0) and 
transverse compressive stress (02 < 0) in the lamina. In the former case, limit theories 
(maximum stress) agree better with experimental results, whereas interactive theories 
(Tsai-Wu) underestimate the strength. In the second case (02 < 0), the opposite is true. 

9.14 D ES I G N CONS I D E RAT I0 N S 

Structural composites are designed with a substantial fraction of layers oriented along 
major loading directions, that is, they are designed as fiber-dominated structures. For engi- 
neering design, only two failure levels are important, FPF and ULF. First ply failure, even 
in fiber-dominated laminates, is highly dependent on in-plane transverse and interfiber 
shear strengths (F2, F6) and the interaction of the respective stresses (oz, Q. The analysis 
of FPF must take into account residual stresses due to processing and hygrothermal 
service conditions and may also consider the in situ behavior of a lamina within the lami- 
nate.” On the other hand, analysis of ULF is mainly dependent on longitudinal stresses (0,) 

and strengths (Fir, Flc) and is less sensitive to interfiber stresses (02, TJ, stiffnesses (E2, 
G,,), and strengths (F2,, FZo F6) of the already damaged layers, and to the mostly relieved 
residual stresses. 

In some applications where FPF is crucial to the function of the structure (e.g., 
pressure vessels containing toxic chemicals under pressure), some simplifications are 
appropriate for a conservative approach. Crack initiation based on isolated lamina 
strengths (FZrr F6) is taken as an indication of FPF with no accounting for the in situ effect. 
The assumption of linear lamina stress-strain behavior contributes to a more conservative 
FPF prediction. The above assumptions simplify the analysis by limiting (to 13) the num- 
ber of necessary mechanical and hygrothermal parameters for a two-dimensional analysis. 

In view of the multitude of failure theories, the divergence of their predictions and the 
lack of definitive general conclusions regarding their applicability, a practical approach is 
recommended as follows: 

Step 1 Select a classical representative theory from each category, that is, noninter- 
active (maximum stress), fully interactive (Tsai-Wu), and partly interactive 
(Hashin-Rotem). 

Step 2 Compute and plot stress-strain relations of the laminate under representative 
mechanical and hygrothermal loading. 

Step 3 Compute safety factors for FPF and ULF and compute and plot failure 
envelopes for the selected failure theories for the two failure levels (FPF and 
ULF) . 

Step 4 Select a prediction according to the degree of conservatism desired. For the 
most conservative approach, limit the state of stress (loading) to within the 
common domain of the selected failure envelopes (see Fig. 6.20). 

All of the above computations and plots can be performed by a newly developed com- 
puter program.34 The approach above is adequate for conservative structural design. More 
sophisticated theories and approaches exist as discussed before, incorporating nonlinear 
behavior and in situ effects. 
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9.15 INTERLAMINAR STRESSES AND STRENGTH OF MULTIDIRECTIONAL LAMINATES: EDGE EFFECTS 

9.15.1 Introduction 

One of the assumptions of the classical lamination theory discussed in Section 7.1 is that 
the laminate and all its layers are in a state of plane stress, that is, all out-of-plane stress 
components are zero, (T, = T~~ = = 0. This assumption is justified away from geometric 
discontinuities, such as free edges. Mechanical and hygrothermal loadings can produce 
interlaminar stresses, both shear and normal, especially near free edges. Normal tensile 
interlaminar stresses, or peel stresses, tend to separate the laminae from each other. Inter- 
laminar shear stresses tend to slide one lamina over adjacent ones. In both cases interlam- 
inar stresses can cause interlaminar separation or delamination. Delamination can interact 
with transverse cracking in the failure Interlaminar stresses are mainly a func- 
tion of the laminate stacking sequence; thus, they can be controlled by proper design of the 
stacking sequence. For example, in some cases a tensile interlaminar normal stress, q, can 
be transformed into a compressive one by simply rearranging the layer sequence. 

There are three types of interlaminar stress problems associated with three types of 
laminates: [*el angle-ply laminates, [0/90] crossply laminates, and laminates combining 
both angle-ply and crossply configurations. 

9.15.2 Angle-Ply Laminates 

Fig. 9.28 Illustration of generation of interlaminar and intralaminar shear stresses 
in angle-ply laminate under axial tension. 

Consider for example a [*€I], 
angle-ply laminate under average 
axial tensile stress ex (Fig. 9.28). 
Each layer is subjected to the 
same axial stress, 0, = 4. Because 
of the off-axis orientation (shear 
coupling), layers 8 and -8 when 
considered independently will under- 
go shear deformations of opposite 
signs as shown in Fig. 9.28. When 
bonded together in the laminate, 
the layers must have zero shear 
strain. This is achieved through 
interlaminar shear stresses 7, 
transmitted from one layer to the 
other. These stresses vary across 
the width of the specimen, being 
zero over most of the central 
region and peaking near the edges 
(Fig. 9.29). The moment produced 
by these stresses is equilibrated by 
intralaminar shear stresses T~ act- 
ing on the transverse cross section 
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of the layer. These stresses are constant 
over most of the central region and 
drop to zero at the (stress-free) edges 
(Fig. 9.29). The interlaminar shear stress 
(7,) is a function of fiber orientation in 
the [&el, laminate as illustrated in Fig. 
9.30 for a carbon/epoxy [&€I], laminate?6 
The z, stress (as close to the interface 
and as near the edge as can be deter- 
mined numerically) is zero at 8 = 60" 
as well as at 9 = 0" and 8 = 90". It 
reaches a peak value (for this carbon/ 
epoxy) at 8 E 35". The physical 
existence of interlaminar stresses was 
demonstrated by determining axial dis- 
placements across the width of a [k25], 
carbonjepoxy specimen by means of the 
moir6 method.37 

- 
ox 

Gq 

9.15.3 Crossply Laminates 

A different state of interlaminar stresses 
arises in the case of crossply laminates. 
Consider, for example, a [0/90], cross- 
ply laminate under average axial tensile 
stress ex (Fig. 9.31). The load sharing 
is such that each layer undergoes the 
same axial deformation. Because of the 
different Poisson's ratios, the 0" and 90" 
layers will undergo different transverse 
deformations when acting indepen- 
dently. When bonded together in the lami- 
nate the 0" and 90" layers must have the 
same transverse strain. This is achieved 

through interlaminar shear stresses zZy, which tend to expand the 0" layer and compress the 
90" layer in the y-direction. These stresses vary across the width of the specimen, being 
zero over the central region and peaking near the free edges. 

The development of interlaminar stresses in a crossply laminate is further illustrated 
in Fig. 9.32. Considering a free body diagram of an element of the 0" ply near the edge, 
one can see that the interlaminar stresses 7, must be equilibrated by normal stresses oY 
acting on the layer. Moment equilibrium in the y-z plane requires interlaminar normal 
stresses o, with a distribution producing a zero force resultant in the z-direction and a 
moment equal and opposite to that produced by the z, and or stresses. For the case under 
discussion this means high tensile interlaminar normal stresses near the edge, that is, a 
tendency for delamination. Of course the sign of all interlaminar stresses is reversed when 
the applied stress ex is compressive. 

0 
Tzxiylb 

Ylb 
0 1 .o 

Fig. 9.29 Distribution of interlaminar (zJ and intralaminar (zq) shear 
stresses in &layer of [&el, angle-ply laminate under axial tension. 
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Fig. 9.30 Interlaminar shear stress as a function of 
fiber ~rientation.'~ 
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9.15.4 Effects of Stacking Sequence 

Fig. 9.31 Illustration of generation of 
interlaminar stresses in crossply lami- 
nate under axial tension. 

In the case of a general multidirectional laminate, all three types of interlaminar stresses 
are generated near free edges, that is, o,, T ~ ~ ,  and T~,,. In all cases the magnitude and distribu- 
tion of interlaminar stresses depend greatly on the stacking sequence of the laminate. The 
effect of stacking sequence on the interlaminar normal stress 6, is illustrated in Fig. 9.33 
for a laminate consisting of f15" and f45" layers under axial tension.38 The distribution of 
stress 6, through the thickness is given for three stacking sequences, [f15/f45],, [15/f45/ 
-15],, and [f45/?15],. It is seen that both the magnitude and sign of the stress can change 
drastically with stacking sequence. It is obvious that, for design considerations, stacking 
sequences resulting in low tensile or compressive 6, stresses should be selected. 
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Fig. 9.32 Distribution of interlaminar normal 
stress 0, and interlaminar shear stress 7, in [0/90], 
laminate under axial tension. 
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[451-451151-1 51, 

Fig. 9.33 Effect of stacking sequence on through-the-thickness dis- 
tribution of interlaminar normal stress (T, near the free edge.38 

The effect of stacking sequence on interlaminar edge stresses, for example, o,, and 
thereby on strength is dramatically illustrated in the case of laminates with circular holes. 
In this case, edge effects are accentuated by the stress concentration on the edge of the 
hole. Two boron/epoxy panels of [O,/k45/0], and [k45/02/0], stacking sequences with cir- 
cular holes were loaded in axial tension to failure.39 These two stacking sequences result, 
respectively, in tensile and compressive interlaminar normal stresses near the edge of the 
hole at the point of maximum stress concentration. Figure 9.34 shows fringe patterns in a 
photoelastic coating around the hole near failure. The pattern for the [02*45/0], specimen 
is fairly symmetric with lower stress concentration; the pattern for the [f45/O2/0], speci- 
men is skewed with higher stress concentration. The failure modes of the two specimens 
were dramatically different (Fig. 9.35). The [&45/0,/0], specimen failed horizontally in 
a catastrophic manner at an average applied axial stress of 426 MPa (61.7 ksi). The 
[02/k45/0], specimen failed by vertical cracking in a noncatastrophic manner at an applied 
axial stress of 527 MPa (76.4 ksi). The specimen then split into two strips that carried a 
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Fig. 9.34 Isochromatic fringe patterns in photoelastic coating around hole in boron/epoxy 
specimens of two different stacking sequences (4 = 392 MPa [56.8 k ~ i ] ) . ~ ~  

much higher ultimate stress of 725 MPa 
(105 ksi). Thus, stacking sequence can influ- 
ence, through interlaminar edge effects, 
the strength and mode of failure. In sum- 
mary, there are three types of interlaminar 
stress problems associated with three types 
of laminates: 

1. [MI angle-ply laminates exhibit 
effects of shear coupling mis- 
match, and thus only 2, interlam- 
inar shear stresses are generated. 

2. [0/90], crossply laminates exhibit 
effects of Poisson’s ratio mismatch, 
and thus only interlaminar shear 
stresses, T,, and interlaminar nor- 
mal stresses, o,, are generated. 

3. General multidirectional laminates, 
combining angle-ply and crossply 
sublaminates, exhibit effects of 

[&45/02/b], [02/?45/0], ratio mismatch. Thus, all three 
types of interlaminar stresses, o,, 
T ~ ~ ,  and T~,,, can be generated. 

I both shear coupling and Poisson’s 

Fig. 9.35 Failure patterns of boron/epoxy tensile panels with holes of 
two different stacking sequences.39 
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9.15.5 Interlaminar Strength 

The analysis and exact determination of interlaminar stresses, which is essential for 
interlaminar strength evaluation, is highly complex and requires numerical methods that 
are beyond the scope of this book. Computer programs have been developed that aim at 
providing an engineering solution to this problem.40 In practice the effect of interlaminar 
stresses can be controlled, since they are confined to a narrow zone near free edges or free 
hole boundaries. This is usually done by means of edge fastening or stitching that con- 
strains the effect of interlaminar tensile (peel) stresses and prevents delamination propaga- 
tion:l As long as the laminate is free of severe delaminations (which can be revealed by 
nondestructive evaluation), the basic assumptions of Section 7.1, including that of plane 
stress, are valid. 

Failure of a laminate under the action of interlaminar stresses cannot be analyzed 
easily. The lamina failure criteria discussed in Chapter 6 are not applicable. In addition to 
the basic lamina strengths, interlaminar shear and interlaminar tensile strengths must be 
determined. These strengths may not be constant material properties but may also depend 
on the layer (fiber) orientation and the laminate stacking sequence. 

Interlaminar strength is a matrix-dominated property, and thus it depends on factors 
such as moisture and temperature, which affect matrix and interfacial performance. Several 
test methods are available for determination of interlaminar strength, as will be discussed 
in Chapter 10. Results from such tests cannot be treated as design allowables, but may 
be used for comparative parametric investigations or for qualitative evaluation of inter- 
laminar performance. Simplified tests exist that provide a good measure of interlaminar 
quality and serve as a means of quality control of the fabrication process. 

SAMPLE PROBLEM 9.3 
lnterlaminar Shear Stresses Under Flexure 

Consider a cantilever beam of unit width made of a multidirectional laminate and loaded 
by a concentrated force P at the free end (Fig. 9.36). The beam is subjected only to a bend- 
ing moment Mx and a transverse shear force V, such that 

M, = Px 

v, = P (9.43) 

All other forces and moments are zero. 
The axial strains at any point of section a-a at a distance z from the reference 

plane are 

= z  

0 

(9.44) 
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Fig. 9.36 Stresses acting on element of composite cantilever beam. 

since the reference plane strains are zero. Referring to Eq. (7.25) and noting that N, = Ny 
= Ns = 0 and My = Ms = 0, we can rewrite Eq. (9.44) as 

(9.45) 

where dii are the laminate compliances and M,, the moment at section a-a. 

obtain the layer axial stress at section a-a and at location z as 
Using the constitutive relations for layer k referred to the x-y coordinate system, we 

Similarly, we obtain the axial stress in layer k at section b-b and at location z as 
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The crosshatched element of the beam in Fig. 9.36 is in equilibrium under the action 
of the axial normal stresses o , ~  and o,, and the interlaminar shear stress T,, acting between 
layers j - 1 and j .  Equilibrium of forces in the x-direction, 

N,  = 0 

yields 

n 

T,,~x = d M C  [Q d], 
k= J 

from which we obtain 

or 

where 

dM 
dx 

K = - (shear force) 

= coordinate to center of layer k 

r, = thickness of layer k 

(9.48) 

(9.49) 

(9.50) 

9.16 I NTER LAM I N AR FRACTURE TOUGH N ESS 

Interlaminar cracking or delamination can occur under three basic modes, opening or peel 
mode (mode I), forward sliding shear mode (mode II), or tearing mode (mode 111), or under 
combinations thereof (Fig. 9.37). The resistance to delamination growth is expressed in 
terms of the interlaminar fracture toughness, which has three forms corresponding to the 
three basic delamination modes. The interlaminar fracture toughness is measured by the 
strain energy release rate (GI, GI,, or GI,,), which is the energy dissipated per unit area of 
delamination growth. 

Consider a composite beam delaminated along its midplane over a length, a, and 
loaded at the ends by loads P as shown in Fig. 9.38. The total energy balance is expressed 
as4’ 

W = U + T + D  (9.51) 



Mode I 
(opening) 

Mode II 
(shearing) 

Mode 1 1 1  
(tearing) 

Fig. 9.37 Basic delamination modes in composite 
material. 

where 

W = external work 

U = elastic strain energy 

T = kinetic energy 

D = dissipative energy associated with fracture 

The energy released per unit area of crack extension is 
expressed as 

G -  I -  --=- ] (9.52) 

where b is the width of the beam. Noting that 

dW d6 - = p- 
da da 

(9.53) 

and that, for linear elastic behavior, 

(9.54) 
1 
2 

u = -P6 

we can rewrite Eq. (9.52) as 

da 

t '  

P 

Fig. 9.38 Double cantilever beam (DCB) for measurement of mode I 
delamination fracture toughness. 

Methods of analysis and applications of 
the double cantilever beam (DCB) specimen 
for determination of interlaminar fracture 
toughness have been discussed in the liter- 
a t ~ r e . 4 ' ~ ~ ~ ~ ~  In the compliance method, the 
strain energy release rate is expressed in 
terms of the compliance 

6 C = -  
P 

(9.56) 

Substituting 6 = PC in Eq. (9.55) and ne- 
glecting kinetic energy, we obtain 

(9.57) 
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P 

p, 

p2 

The compliance C is calculated by considering the DCB 
specimen as two cantilever beams of length a joined at the 
crack tip. Thus, for a unidirectional composite DCB speci- 
men with the fiber direction along the longitudinal axis, 

(PI62 - P A )  

I 1  

1 1  and 

Fig. 9.39 Area method for calculation of strain 
energy release rate using a double cantilever beam 
specimen. 

G,= "[(t)' +-(-)I 1 El (9.59) 
E,b2h 10 G31 

Another commonly used method of analysis is the 
so-called area method. In this approach the specimen is 

not modeled as a beam. The energy released per unit area of crack extension is simply 
calculated as 

1 
2bAa 

GI = -(@, - P26,) (9.60) 

where load P ,  corresponding to opening deflection 6, drops to load P ,  corresponding to 
deflection 6, after a finite increment Aa in crack length (Fig. 9.39). The quantity +(P,6,  - 
P,6 , )  in Eq. (9.60) is equal to the shaded area A A  in Fig. 9.39. It should be noted that the 
relation above is valid only for linear load-deformation response. Variations of the DCB 
specimen above and other experimental and analytical procedures for determination of strain 
energy release rates GI, GI, and GI,, and combinations thereof are discussed in Chapter 10. 

9.17 DESIGN METHODOLOGY FOR STRUCTURAL COMPOSITE MATERIALS 

The design of composite structures is an integrated process involving material selection, 
process specification, optimization of laminate configuration, and design of the structural 
components. Design objectives vary according to the structural application. Specific applica- 
tion requirements define one or a combination of two or more of the following basic design 
objectives: 

1. design for stiffness 
2. design for strength (static and fatigue) 
3. design for dynamic stability 
4. design for environmental stability 
5. design for damage tolerance 

The design process is guided by certain considerations and optimization criteria. 
A major consideration in aerospace applications is weight savings. In commercial applica- 
tions, such as the automotive and sports industries, an additional consideration is cost 
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competitiveness with more conventional materials and processes. For critical applications 
of all types, in addition to the above requirements, the need is added for assurance of 
quality, durability, and reliability over the lifetime of the structure. The various design 
objectives, structural and material requirements, and typical materials and applications are 
summarized in Table 9.5. 

Applications such as aircraft control surfaces, underground and underwater vessels, 
thin skins in compression, and sport products such as bicycles and tennis rackets require 
small deflections under working loads, high buckling loads, and low weight. The design 
objective in these cases is high stiffness and low weight, that is, high specific stiffness. 
This requires selection of high-stiffness fibers in general, such as boron, carbon, graphite, 
and aramid. For high flexural stiffness, a sandwich construction with composite skins and 
low-density aluminum honeycomb or foam cores, or hybrid laminates with high-stiffness 
outer layers and low-stiffness (and low-cost) inner layers, are recommended. 

Pressure vessels, truss members in tension, thin composite skins in sandwich panels, 
ribs, and joints require high load-carrying capacity (static and dynamic) combined with 
low weight. A design for strength is indicated. This requires the selection of high-strength 
fibers, such as carbon, aramid (in tension only), and S-glass. The optimum laminate is 
one with a high efficiency ratio, qL, and a high degree of fiber strength ~t i l izat ion.~~ 
The first one, as defined in Eq. (9.40) is the ratio of the FPF to the ULF strength and 
depends primarily on the material system. The second one is measured by the ratio of the 
longitudinal stress reached in the lamina at FPF to its longitudinal strength and depends 
primarily on the laminate layup for a given loading. Both of these are related to the prin- 
cipal modulus and principal strength ratios of the lamina>6 

8 
P F =  - F2 

and their ratio, the lamina stiffness to strength ratio, 

(9.61) 

(9.62) 

(9.63) 

The ideal laminate, optimized for strength and minimum weight, would be one with 
high fiber strength utilization and with all its layers failing simultaneously in their fiber 
direction. 

In addition to in-plane stresses, interlaminar stresses must be taken into account. Thus, 
in addition to meeting the requirements for in-plane loading, selected laminates must 
maintain high interlaminar normal and shear strengths and high interlaminar fracture 
toughness. These properties are primarily dominated by the matrix characteristics. 

Rotating structural components such as turbine blades, rotor blades, and flywheels, 
as well as components subjected to vibration and flutter, must have long fatigue life, low 
mass, high stiffness, high damping, and high resonance frequency and allow for better 
vibration control. A design for dynamic control and stability is required. This is achieved 
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Typical Materials Typical Applications Desiqn Objective Structural Requirements Material Requirements 

Design for stiffness Small deflections 
High buckling loads 
Low weight 

Design for strength High load capacity 
(static, dynamic) 

Low weight 

Design for dynamic Long fatigue life 
control and stability High resonance 

frequency 
Vibration control 
Low centrifugal forces 

Design for environmental High dimensional 
stability and durability stability under extreme 

environmental 
fluctuations 

High corrosion resistance 

Design for damage 
tolerance 

High impact resistance 
High compressive 

strength after impact 
damage 

growth 
Resistance to damage 

High-stiffness fibers in 
sandwich or hybrid 
laminates for high 
flexural rigidity 

High lamina strength with 
high degree of fiber 
utilization 

High stiffness to strength 

High interlaminar strength 

High-strength fibers 
Fibers with high specific 

stiffness (E/p) 
Ductile matrices or 

hybrids with high- 
damping layers 

Low coefficients of 

ratio ( p E F )  

thermal and moisture 
expansion 

Laminate design for 
hygrothermal isotropy 

High-stiffness anisotropic 
fibers 

High fracture toughness 
(intra- and 
interlaminar) 

Energy -absorbent 
interlayers 

Textile laminates 

Carbon, graphite, 
boron, and Kevlar 
fiber composites 

Carbon, Kevlar 
(in tension), and 
S-glass fiber 
composites 

Carbon, graphite 
fibers 

Thermoplastic 
matrices 

Interleaving with 
thermoplastic layers 

Carbon, graphite fiber 
composites 

Fabric composite 
coatings 

Kevlar fiber 

Tough epoxy matrices, 
composites 

thermoplastic 
matrices 

Interleaving 

Aircraft control surfaces 
Underground, underwater 

Thin skins in compression 
Sporting goods 
Marine structures 

Pressure vessels 
Trusses (tension 

members) 
Thin skins in sandwich 

panels, ribs, joints 
Marine structures 

Engine components 
Aircraft components 
Helicopter rotor blades 
Flywheels 

vessels 

Radar and space antennae 
Space mirrors, telescopes 
Solar reflectors 
Marine structures 

Ballistic armor 
Bulletproof vests, helmets 
Impact-resistant structures 
Rotor blades (helicopters, 

wind tunnels, wind 
turbines) 
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by using high-strength fibers (carbon), fibers with high specific modulus (Elp), tough 
matrices, and hybrids with soft and high-damping interlayers. 

Space structures (radar and space antennae, telescopes, mirrors, and solar reflectors) 
require high dimensional stability under extreme environmental fluctuations. A design 
for environmental stability is indicated, requiring high-modulus thermally anisotropic 
fibers, such as carbon and graphite (GY-70) in laminates designed for thermoelastic and 
hygroelastic isotropic behavior (see Section 8.11). Graphite fabric composite coatings are 
recommended for protection of structures in corrosive and erosive environments. 

Impact-resistant structures such as helmets, ballistic armor, and bulletproof vests 
require materials and laminates with high impact resistance and high compressive strength 
after impact. A design for damage tolerance is recommended. Aramid (Kevlar) fibers and 
tough matrices such as thermoplastics and laminates with selective interleaving can pro- 
vide the necessary impact and damage propagation resistance.'" 

Many structures have more than one requirement. For example, marine structures in 
the form of composite sandwich panels must have high flexural stiffness, high impact 
strength, must endure exposure to seawater, and they must be affordable. E-glass/vinylester 
or carbon/vinylester facesheet and balsa wood core materials meet these design requirements. 

9.18 ILLUSTRATION OF DESIGN PROCESS: DESIGN OF A PRESSURE VESSEL 

A thin-wall cylindrical pressure vessel is loaded by internal pressure, p ,  and an external 
torque, T,  as shown in Fig. 9.40. It is also given that the vessel operates at room tempera- 
ture and dry conditions and that curing residual stresses can be neglected. It is required to 
find the optimum composite material system and layup to achieve minimum weight and 
to compare it with an aluminum reference vessel. The allowable safety factor is S,, = 2.0. 
The design of the aluminum vessel is based on the von Mises criterion with a material 
yield strength oYp = 242 MPa (35 ksi). The density of aluminum is given as p = 2.8 g/cm3 
(0.101 lb/in3). The design of the composite laminate is based on the Tsai-Wu failure criterion 

t X  

p = 2.07 MPa (300 psi) 
T = 283 kN-rn (2.5 x 1 O6 Ib-in) 
D = 89 cm (35 in) 

Fig. 9.40 Thin-wall cylindrical pressure vessel under internal pressure and 
torque loading. 

for FPF. Balanced symmetric laminates 
are to be investigated for three candi- 
date composite materials, S-glass/epoxy, 
Kevlar/epoxy, and carbon/epoxy. 

The unit loads acting on an ele- 
ment of the cylindrical shell along the 
axial and hoop directions (x and y) are 
obtained as follows: 
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Substituting the data given, we obtain 

N,  = 460 kN/m 

N,  = 920 kN/m 

N ,  = 228 kN/m 

The principal stresses for the above state of stress are 

h 

366 (in w a )  
4 =  h 
6, = 0 

9.18.1 Aluminum Reference Vessel 

(9.65) 

(9.66) 

According to the von Mises yield criterion, 

112 llzo, [(el - 4)* + (4 - 4)2 + (6, - q ) 2 ]  = - 
Sa,/ 

(9.67) 

Substituting the numerical results of Eq. (9.66) and the given data in Eq. (9.67), we 
obtain 

- 1257 = 170,766 kPa 

ha 

which yields 

ha = 7.36 mm (0.290 in) 

9.18.2 Crossply [0,/90,1, Laminates 

Since the ratio of hoop stress to axial stress is 2: 1, a similar ratio of the number of 90" and 
0" layers, or n:m, is selected initially. The process of optimization for a given type of layup 
is best carried out by using one of several available computer programs.34348 

Initially the safety factor S, is obtained for a [0/902], laminate of the material investi- 
gated, the thickness of which is h, = 6t, that is, six ply thicknesses. The multiples mi and 
ni for the initial trial are obtained as 

(9.68) 
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TABLE 9.6 Optimum [0,/90,], Layup for Three Composite Materials 

S-GlassIEpoxy KevlarIEpoxy CarbonIEpoxy 

Ply thickness (t .  mm) 0.165 0.127 0.127 
m 10 12 10 
n 28 29 22 
Safety factor, S, 2.017 2.029 2.043 

Laminate thickness (h, mm) 12.54 10.41 8.13 
Optimum layup* [OIO/90*81S [OI2/90*91, [O I 0/90221s 

*To reduce interlaminar stresses, it is recommended to intersperse the plies and minimize layer thicknesses, as discussed 
in Section 7.11. 

and the allowable laminate thickness is ha = 6mt = mh,. The optimum choice from the 
point of view of weight is reached by trying different values of m and n around the initial 
guess until the sum (m + n) is minimized. Results for the three materials investigated are 
tabulated in Table 9.6. 

9.18.3 Angle-Ply [MI,, Laminates 

Optimization of this type of laminate involves only one variable, 8. This is accomplished 
by selecting the angle 8 for the basic laminate unit [+8], that maximizes the safety factor 
S,. The basic laminate unit has a thickness h, = 4t, that is, four ply thicknesses. Then the 
allowable laminate thickness is 

(9.69) 

0 
30 40 50 60 70 80 90 

Angle, 8 (degrees) 

Fig. 9.41 Effect of lamination angle on allowable thickness of [HI],, 
angle-ply laminate in pressure vessel. 

To find the optimum 8,  the allowable 
(required) thickness h, was computed and 
plotted versus 8 for the three materials con- 
sidered in Fig. 9.41. It is interesting to note 
that the optimum angle 8 corresponding to 
the minimum allowable thickness is almost 
the same for all three materials, 55" for S -  
glass/epoxy and carbon/epoxy and 54" for 
Kevlar/epoxy. Although the three materials 
considered have comparable strength prop- 
erties, the variation of the required minimum 
laminate thickness with angle 8 is very 
different for each material (Fig. 9.41). The 
curve for Kevlar/epoxy shows the sharpest 
variation with angle, but it has roughly the 
same minimum (ha = 4.24 mm) as that of 
carbon/epoxy (ha = 4.14 mm). Although 
the strength properties of S-glass/epoxy are 
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higher than those of Kevlar/epoxy, the required minimum thickness for S-glass/epoxy is 
much higher (ha = 11.37 mm). The results above are tabulated in Table 9.7. 

The results obtained illustrate the important fact that the structural efficiency of a 
laminate is not only a function of the lamina strength properties but also of its lamina 
stiffnesses and their ratios (degree of anisotropy) as discussed before in Eqs. (9.61) to 
(9.63).46 

9.18.4 [ 9 O / M ]  ,,< La m i nates 

Optimization of the [90/kO],, laminate again involves only one variable, 8. Safety factors 
are computed for the basic laminate unit [90/&8], for the three materials investigated for 
various values of 8. The minimum allowable thickness for each laminate is obtained as 

(9.70) 

Results are tabulated in Table 9.8. The optimum angle 8 was found to be 48", 45", 
and 45" for the S-glass/epoxy, Kevlar/epoxy, and carbon/epoxy materials, respectively. 
Again, as in the previous case of the [&el,, laminates, the Kevlar/epoxy material appears 
much better than the S-glass/epoxy because of its higher laminate efficiency and fiber 
utilization ratio. 

TABLE 9.7 ODtimum r*€)lmc LavuD for Three ComDosite Materials 

S-Glass/EDoxv 

Ply thickness ( t ,  mm) 0.165 

Safety factor (Sf, n = 1) 0.116 
Minimum allowable thickness (ho, mm) 11.37 
Optimum layup [f55Im 
Safety factor (Sf, optimum layup) 
Laminate thickness (h, mm, optimum layup) 

Optimum 8 (degrees) 55 

2.091 
11.89 

KevlarIEpoxy CarbonIEpoxy 

0.127 0.127 
54 55 

0.240 0.246 
4.24 4.14 

[f54IgS [f55I9, 
2.125 2.209 
4.57 4.57 

TABLE 9.8 Optimum [9O/k€Il,, Layup for Three Composite Materials 

S-GlassIEpoxy KevlarIEpoxy CarbonIEpoxy 

Ply thickness ( t ,  mm) 0.165 0.127 0.127 

Safety factor (Sf, n = 1) 0.155 0.240 0.335 
Optimum 8 (degrees) 48 45 45 

Minimum allowable thickness (ha, mm) 12.76 6.35 4.55 
Optimum layup [90/*481,3, [90/*45 IgS [9O/f451,, 
Safety factor (S,, optimum layup) 2.018 2.159 2.012 
Laminate thickness (h, mm, optimum layup) 12.87 6.86 4.57 
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9.18.5 [O/f8],, Laminates 

Optimization of the [O/H],, laminate is similar to the previous one. Safety factors and 
minimum allowable laminate thicknesses are calculated as before in Eq. (9.70). Results 
are tabulated in Table 9.9. The optimum angle 8 was found to be 75", 67", and 67" for the 
S-glass/epoxy, Kevladepoxy, and carbon/epoxy materials, respectively. As in the previous 
case the required laminate thickness for the S-glass/epoxy material was approximately 
double that for the other two materials. 

9.18.6 Quasi-isotropic [O/f45/901,, Laminates 

Quasi-isotropic [O/k45/90],, laminates are investigated for reference purposes. Safety 
factors are calculated for the basic unit (n  = 1) and allowable thicknesses computed 
as before, 

(9.71) 

Results are tabulated in Table 9.10. As can be seen, this is the least efficient layup for all 
three materials. 

TABLE 9.9 Optimum [O/*el,, Layup for Three Composite Materials 

S-GlassIEpoxy KevlarIEpoxy CarbonIEpoxy 

Ply thickness ( t ,  mm) 0.165 0.127 0.127 
Optimum 8 (degrees) 75 67 67 
Safety factor (S,, n = 1 )  0.157 0.254 0.293 
Minimum allowable thickness (ha, mm) 12.61 6.01 5.21 
Optimum layup "W75113, [0/*6718, [0/*671,, 

Laminate thickness (h, mm, optimum layup) 12.87 6.10 5.33 
Safety factor (S,, optimum layup) 2.041 2.029 2.047 

TABLE 9.10 Optimum [O/f45/90],, Layup for Three Composite Materials 

S-GlassIEpoxy KevlarIEpoxy CarbonIEpoxy 

Safety factor (S,, n = 1 )  0.181 0.257 0.361 
Minimum allowable thickness (ho, mm) 14.59 7.91 5.63 
Minimum n 12 8 6 
Optimum layup [ 0/*45/90] lzS [ 0/*45/90]8, [O/k45/90],, 
Safety factor (S,, optimum layup) 2.173 2.055 2.169 
Laminate thickness (h, mm, optimum layup) 15.84 8.13 6.10 
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TABLE 9.11 Summarv of Otitimum LavuDs for Three ComDosite Materials 

S-GlassfEpoxy KevlarfEpoxy CarbonfEpoxy 

Density (p, g/cm3) 2.0 1.4 1.6 
Ply thickness ( t ,  mm) 0.165 0.127 0.127 
Optimum layup [f551 iss [+54I9, [*5519, 
Safety factor (Sf, optimum layup) 2.091 2.125 2.209 
Laminate thickness (h ,  mm, optimum layup) 11.89 4.57 4.51 
Weight savings compared to aluminum 

(AWlw, %) -15.4 69.0 64.5 

9.18.7 Summary and Comparison of Results 

Results of the optimum layups for the three composite materials considered and the 
relative weight savings compared with an aluminum pressure vessel are summarized in 
Table 9.11. The optimum layup for all three materials is the angle-ply [ke],, layup. Given 
the fixed ply thicknesses for the materials, total laminate thicknesses were obtained that 
resulted in safety factors slightly higher than the allowable one (Sa" = 2.0). Both, the 
Kevlar/epoxy and carbon/epoxy materials resulted in the same laminate thickness, which 
is less than half of the required one for the S-glass/epoxy material. The relative weight sav- 
ings compared with the aluminum reference pressure vessel were calculated as follows: 

or 

- = I -  AW Pcomphcomp 

W P a / h a ,  

(9.72) 

As shown in Table 9.11 there are weight savings of 69% and 64.5% in the Kevlar/epoxy 
and carbon/epoxy designs, but a weight increase of 15.4% in the S-glass/epoxy design. 

9.19 RANKING OF COMPOSITE LAMINATES 

The results above are summarized in a bar graph in Fig. 9.42. Here the different compos- 
ite laminate options are ranked according to their weight per unit wall area. A clear trend 
is observed that is common for the three material systems considered, that is, minimum 
weight for [ke],, angle-ply configurations with 8 G 55" and significantly higher weights for 
crossply [0,/90,], and quasi-isotropic [O/k45/90], layups. 

The design procedure illustrated before can be very time consuming if all potential 
layups are examined for each material system considered. Based on this illustration and 
prior experience, a shortened ranking procedure is recommended: 
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Fig. 9.42 Ranking of different material sys- 
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tems and laminate layups according to weight 
for pressure vessel design example. 0.05 N 
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Laminate layup 

Step 1 Select a material system and determine the best layup for this system to 
achieve minimum weight. 

Step 2 Compare different material systems for this layup. 
Step 3 Select the material system giving the lowest weight in step 2 and repeat step 1 

for this material system. 

It should be pointed out that the above sizing and ranking procedure is based on FPF, 
which is considered a conservative approach for many applications. A less conservative 
approach may be based on ULF, using higher allowable safety factors. In this approach, 
the carbon/epoxy system with its high ultimate strength would rank much more favorably 
than the other candidate material systems. This is related to the lower structural efficiency 
ratio, qL, of this carbon/epoxy, which means that its fiber strength is not utilized efficiently 
at FPF (see Tables 9.2 and 9.3). At ULF, which in many cases is related to fiber failure, the 
carbon/epoxy laminate is significantly stronger. 
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PROBLEMS 

9.1 A [0/90], laminate is subjected to uniaxial loading 
N, in the 0” direction. Which of the following four 
answers is a correct approximation (for a high- 
stiffness composite) of the ratio of the o2 stress in the 
90” layer to the oI stress in the 0” layer, before FPF? 

(a) - = - 0 2  - 2E2 
0, El 

9.2 Determine the FPF strength of a [0/90], laminate 
under uniaxial tension or compression based on 
(a) the maximum stress criterion 
(b) the Tsai-Wu criterion (material: AS4/3501-6 

carbon/epoxy, Table A.4) 
Determine the axial tensile strength Fxf at FPF of a 
[f45], laminate using the Tsai-Wu criterion. Obtain 
exact and approximate results for a high-stiffness, 
high-strength carbon/epoxy composite (AS4/3501-6, 
Table A.4). 

Determine the axial tensile strength Ef at FPF of a 
[+45], laminate using the Tsai-Hill criterion for the 
following materials listed in Table A.4: 
(a) E-glass/epoxy 
(b) Kevlar/epoxy 
(c) carbon/epoxy (AS4/3501-6) 
Determine the axial tensile strength E, of a [f45], 
carbon/epoxy laminate (AS4/3501-6, Table A.4) at 
FPF by the Tsai-Wu, maximum stress, and Hashin- 

9.3 

9.4 

9.5 

Rotem criteria. Include effect of residual stresses by 
assuming AT = -100 “C (-180 OF), the difference 
between stress-free and service temperatures. 
Determine the axial compressive strength Ec at FPF 
of a [+45], laminate using the Tsai-Hill criterion for 
the following materials listed in Table A.4: 
(a) E-glass/epoxy 
(b) Kevlar/epoxy 
(c) carbon/epoxy (AS4/3501-6) 
Determine the axial compressive strength Ec at FPF 
of a [&45], carbon/epoxy (AS4/3501-6, Table A.4) 
laminate at FPF by the Tsai-Wu, Tsai-Hill, and max- 
imum stress criteria. Include effect of residual 
stresses by assuming AT = -100 “C (-180 OF), the 
difference between the stress-free and service 
temperatures. 
Determine the shear strength F, at FPF of a [&45], 
laminate using the Tsai-Hill criterion for the follow- 
ing materials listed in Table A.4: 
(a) E-glass/epoxy 
(b) Kevlar/epoxy 
(c) carbon/epoxy (AS4/3501-6) 

9.9 Determine the axial tensile and compressive 
strengths, Fxr and Fxc, and the shear strength Fs at 
FPF of a [f45], carbon fabric/epoxy (AGP370-5H/ 
3501-6S, Table AS) using 
(a) the maximum stress criterion 
(b) the Tsai-Hill criterion 
Determine the shear strength Fs at FPF of a [*45], 
laminate in terms of lamina properties using the 
maximum stress criterion. 
A [f45],, laminate is loaded in pure shear and uni- 
axial tension as shown in Fig. P9.11. Which ones of 
the four following statements are wrong? 

9.6 

9.7 

9.8 

9.10 

9.11 



(a) The tensile strength F, is primarily controlled 
by the lamina in-plane shear strength F6. 

(b) The laminate positive shear strength pr) is 
equal to the negative shear strength F:-). 

(c) The tensile strength E, is primarily controlled 
by the lamina transverse tensile strength F2,. 

(d) The laminate shear strength is primarily con- 
trolled by the fiber strength. 

Fig. P9.11 

t ov = -6, 

Fig. P9.13 

For the laminate and loading of Problem 9.13, the 
biaxial stress at FPF based on the maximum stress 
criterion is Gy = c of the following. Select the cor- 
rect answer from the following list: 
(a) po = F6 

9.1 2 

9.1 3 

A [f45], laminate is loaded under biaxial tension 
= 2eY (Fig. P9.12). Determine the ultimate value 

of ex = P at first ply failure in terms of lamina 
strengths using the Tsai-Hill criterion and using 
high-stiffness and high-strength approximations. 
(Hint: Use results from Sample Problem 9.1 and 
superposition to determine stresses.) 

t 6y 

(b) c = F,, 
(c) po==2, 

( 4  Fo = F , ,  
9.15 A [f30], laminate is loaded in uniaxial compression 

as shown in Fig. P9.15. Determine the compressive 
strength FXc at FPF according to the maximum strain 
theory for the following given properties: 

~ l ; ,  = 0.015 
E;, = 0.006 
EYc = -0.015 
E ; ~  = -0.024 
y t  = 0.015 
E, = 61.4 GPa (8.9 Msi) 
vq = 1.2 

Fig. P9.12 

Fig. P9.15 

A [k45], laminate is loaded biaxially as shown in 
Fig. P9.13. Determine the magnitude of the biaxial 
stress F, = 6: at FPF using both the maximum stress 
and Tsai-Wu criteria (material: AS4/3501-6 carbon/ 
epoxy, Table A.4). (Hint: Transform the [+45], into 
a [0/901, layup.) 

9.16 For the laminate of Problem 9.15, determine the 
compressive strength PIC according to the Tsai-Hill 
criterion for an E-glass/epoxy material (Table A.4) 
given the laminate properties Ex = 23.0 GPa (3.33 
Msi) and Vq = 0.66. 



9.17 

9.1 8 

Determine the axial tensile and compressive 
strengths and cc of a [f20], carbon/epoxy 
(AS4/3501-6, Table A.4) by the Tsai-Wu and 
Hashin-Rotem criteria, including residual stresses 
for AT= -100 OC (-180 OF). 
A beam of a symmetric crossply laminate [0/90], 
is loaded under pure bending M ,  as shown in Fig. 
P9.18. Determine the maximum o1 and (T, stresses 
in the top ply in terms of the lamina stiffnesses Q,,, 
thickness t ,  laminate bending stiffnesses D,,, and the 
applied moment M I .  (Note: E, = zlc,, E~ = ZK,.) 

t '  

9.21 Determine the strength Fx, in Problem 9.20 for the 
carbon/epoxy material AS4/3501-6 listed in Table 
A.4 using the maximum stress theory. The laminate 
modulus is = 65.5 GPa (7.49 Msi) and Poisson's 
ratio is Vlv = 0.67. What is the prevailing failure 
mode? 

9.22 Determine the uniaxial tensile and compressive 
strengths at FPF of the [0/90], laminate of Problem 
9.2, taking into account the residual stresses due to 
cooldown AT = -150 "C (-270 OF) during curing. 
Use both maximum stress and Tsai-Wu criteria. 
What are the failure modes in tension and compres- 
sion? Thermal stresses are given as qe = -ole = 
39 MPa (5.65 ksi) for both layers. 

9.23 A [0/90], laminate is cured at an elevated tempera- 
ture and cooled down to room temperature. What is 
the effect of increasing the moisture concentration c 
on the FPF uniaxial laminate strength F,? Neglect 
the effect of moisture on unidirectional lamina prop- 

X (i: 
Mx 

Fig. P9.18 

9.1 9 

9.20 

Using the maximum stress criterion, determine the 
tensile strength FYI at first ply failure of a [0/90,], 
laminate ( x  in the 0" direction) for the lamina and 
laminate properties. 

E l  = 185 GPa (26.8 Msi) 
E,  = 10 GPa (1.45 Msi) 
v,, = 0.30 
F,, = 60 MPa (8.7 ksi) 
B, = 45 GPa (6.5 Msi) 
O,, = 0.015 

(Note: Laminate properties are given to reduce the 
computation.) 
Determine the axial tensile strength F,, at FPF of 
a [0/*45], laminate by the Tsai-Hill criterion 
(Fig. P9.20). Obtain exact and approximate expres- 
sions for a high-strength, high-stiffness composite 
in terms of the lamina properties, the laminate 
modulus .I?,, and Poisson's ratio Vly. 

. t y  

erties. Select the correct answer from the following 
list: 
(a) reduction in compressive strength and increase 

(b) increase in compressive strength and reduction 

( c )  no effect on compressive strength and increase 

(d) increase in both tensile and compressive 

9.24 Determine the shear strength at FPF of a [+45],, 
carbon/epoxy (AS4/3501-6) laminate, taking into 
account the residual stresses due to the hygrother- 
ma1 loading AT = -150 "C (-270 OF) and Ac = 
0.5%. Compare results based on the maximum 
stress and Tsai-Wu criteria and identify the failure 
mode. 

9.25 Determine the biaxial stress Fo of Problem 9.13, 
taking into account the residual stresses due to the 
hygrothermal loading AT = -150 "C (-270 OF) and 
Ac = 0.5%. 

in tensile strength 

in tensile strength 

in tensile strength 

strengths 

9.26 

-m F, 

X 

A [f30],, angle-ply laminate is loaded under a uni- 
axial stress and a hygrothermal loading AT = 
-150 "C (-270 OF) and Ac = 0.5% (Fig. P9.26). 
Determine 
(a) the residual stresses due to hygrothermal load- 

(b) the mechanical stresses due to applied stress ex 
ing alone 

Fiq. P9.20 as a function of this stress 
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(c) the axial tensile strength at FPF under the 
combined mechanical and hygrothermal loading 

Use both the maximum stress and Tsai-Wu criteria 
and identify the prevailing failure mode (material: 
AS4/3501-6 carbon/epoxy, Table A.4). 

P O "  

Fig. P9.26 

9.27 Determine the axial compressive strength of the 
laminate of Problem 9.26 for the same hygro- 
thermal conditions. What is the failure mode in this 
case? 

9.28 Determine the ultimate laminate failure tensile 
strength and the laminate efficiency ratio (pL  for 
the [0/90], laminate of Problem 9.2, using the 
maximum stress criterion and total ply discount 
method. 

9.29 The laminate efficiency ratio (pL  = FFpF/F"LF (ratio 
of FPF to ultimate laminate failure strength) for a 
[0/90], laminate is approximately equal to one of 
the following ratios. Select the correct one from the 
following list: 

9.30 Determine the FPF and ULF uniaxial tensile 
strengths of a [0/90,], carbon/epoxy laminate using 
the maximum stress criterion and total ply discount 
method. Plot the stress-strain curve to failure (mate- 
rial: AS4/3501-6 carbon/epoxy, Table A.4). 

9.31 For a [0,/90,], carbon/epoxy (AS4/3501-6) lami- 
nate under axial tension compute the laminate 
efficiency ratio as a function of rn and n. Use the 
maximum stress criterion for FPF. 

9.32 What is the effect of temperature reduction on the 
uniaxial tensile strength of a [k45], laminate? 
Based on the maximum stress criterion, select the 
correct answer from the following list: 
(a) increase in FPF strength but no effect on ULF 

(b) reduction in FPF strength but no effect on ULF 

(c) increase in both FPF and ULF strengths 
(d) no effect on either FPF or ULF strength 

9.33 A cantilever beam of unit width made of a 
[O/k45/90], carbon /epoxy laminate is subjected to a 
concentrated force P at the free end (see Fig. 9.36). 
Determine the force P at initiation of delamination 
for the properties of AS4/3501-6 carbon/epoxy listed 
in Table A.4, interlaminar shear strength F ,  = 90 
MPa (13 ksi) and lamina thickness t = 0.127 mm 
(0.005 in). 

9.34 A thin-wall cylindrical pressure vessel made of 
a [f30],, carbon/epoxy laminate was cured at 
180 "C (356 "F) and cooled down to 30 "C (86 "F) 
(Fig. P9.34). Subsequently, it absorbed 0.5% mois- 
ture by volume and was loaded by an internal 
pressure p = 1 MPa (145 psi). Calculate 
(a) the stresses in each layer due to the pressure 

loading only 
(b) the stresses due to the hygrothermal loading 

only 
(c) the total stresses due to the combined mechan- 

ical and hygrothermal loading (material: 
AS4/3501-6 carbon/epoxy, Table A.4) 

strength 

strength 

The [+30], laminate properties are 

= 58.1 GPa (8.42 Msi) 
Ey = 13.8 GPa (2.00 Msi) 

G, = 30.3 GPa (4.39 Msi) 
0, = 1.22 

px = -8.57 x 10-~ 

CtI = -3.63 X lO-'/OC (-2.02 X lO-'/OF) cy = 13.50 x lO"/OC (7.50 x 104/OF) 

p, = 0.108 

D - = l o o  
h 

Fig. P9.34 
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9.35 For the pressure vessel of Problem 9.34, calculate 

the allowable pressure for FPF based on the max- 
imum stress criterion and an allowable safety factor 
SalI = 2.0. What is the expected failure mode? 

9.36 A thin-wall cylindrical pressure vessel made of a 
[+60],, S-glass/epoxy laminate was cured at 100 "C 
(212 OF), cooled down to 20 "C (68 OF), and stored 
in a dry environment (Fig. P9.36). For a design 
internal pressure of p = 1.2 MPa (174 psi), calculate 
the required wall thickness (h,) for an allowable 
safety factor Sol/ = 2.0. Use both the maximum 
stress and Tsai-Wu failure criteria for first ply fail- 
ure and compare results (material: S-glass/epoxy, 
Table A.4). 
Measured laminate thermal strains due to cooldown: 

~7;=-1 .85  x 10-3 
E; = -0.49 x 10-3 
7;= 0 

E:= 6.57 x 10-~ 
E;= 9.59 x 1 0 - ~  
7;= 0 

Mechanical (pressure) strains given for h = 1 .O mm 
(0.039 in): 

0.6 m (23.6 in) 

9.37 A thin-wall cylindrical pressure vessel of the same 
overall dimensions as that of Problem 9.36 is made 
of a [k60], carbon/epoxy laminate (AS4/3501-6, 
Table A.4). It is subjected to a hygrothermal loading 
AT = -150 "C (-270 OF) and Ac = 0.005. For a 
design pressure p = 1.2 MPa (174 psi) and allow- 
able safety factor Sol, = 2.0, 
(a) determine the required wall thickness and com- 

pare it with the corresponding thickness obtained 
for the S-glass/epoxy vessel of Problem 9.36, 
using both the maximum stress and Tsai-Wu 
failure criteria 

(b) determine the required thickness for a pressure 
vessel of the same overall dimensions made of 
aluminum with a yield stress of oyp' 200 MPa 
(29 ksi), using the von Mises failure theory 

(c) compare the required thicknesses of the alu- 
minum and carbon/epoxy vessels and calculate 
the weight savings of the carbon/epoxy vessel 
with respect to the aluminum one 

The laminate strains produced by cooldown and 
moisture absorption were measured as 

E,H' = -1.48 x 10-3 

7r '=o 

E:= 5.48 x 1 0 - ~  
E;= 2.41 x 1 0 - ~  
7y= 0 

ET = 0.501 x 

Strains due to pressure loading only for a 1 mm 
(0.039 in) thick vessel are given as 

The densities of aluminum and carbon/epoxy are 
2.8 g/cm3 and 1.60 g/cm3, respectively. Fig. P9.36 



10 Experimental Methods for 
Characterization and Testing 
of Composite Mater ia ls 

10.1 I N T R 0 DUCT I0 N 

The analysis and design of composite structures requires the input of reliable experimental 
data. As in the case of analysis, experimental characterization can be done on several scales: 
micromechanical, macromechanical, and structural. Testing of composite materials has three 
major objectives: determination of basic properties of the unidirectional lamina for use 
as an input in structural design and analysis; investigation and verification of analytical 
predictions of mechanical behavior; and independent experimental study of material and 
structural behavior for specific geometries and loading conditions. Under these general 
objectives, specific types and applications of testing include the following: 

1 . characterization of constituent materials (i.e., fiber, matrix, and interphase) for use 
in micromechanics analyses (Knowing these properties, one can predict, in prin- 
ciple, the behavior of the lamina and hence of laminates and structures.) 

2. characterization of the basic unidirectional lamina, which forms the basic building 
block of all laminated structures 

3. determination of interlaminar properties 
4. material behavior under special conditions of loading (e.g., multiaxial, fatigue, 

creep, impact, and high-rate loading) 
5. experimental stress and failure analysis of composite laminates and structures, 

especially those involving geometric discontinuities such as free edges, cutouts, 
joints, and ply drop-offs 

6. assessment of structural integrity by means of nondestructive testing 

A variety of experimental methods are used for the various applications above. Most 
of these deal with measurement of deformation or strains. Experimental methods for 
composite materials are more complex than for isotropic materials and require significant 

303 
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modifications. Test methods have been reviewed and extensive related references have 
appeared in the literature.’-’’ 

10.2 CHARACTERIZATION OF CONSTITUENT MATERIALS 

Constituent properties are important for understanding and predicting the macroscopic 
behavior of composite materials by means of micromechanics. These include physical and 
mechanical properties of fibers and matrices. 

10.2.1 Mechanical Fiber Characterization 

Various test methods are used for characterization of chemical, physical, and mechanical 
properties of reinforcing fibers for application to composite materials. It is recognized that 
the effective properties of the fibers within the composite are more relevant than those of 
isolated fibers. For example, the surface treatment (sizing) applied to the fibers affects their 
properties, especially their effective properties within the composite. 

The most commonly measured mechanical properties are the longitudinal modulus, 
tensile strength, and ultimate tensile strain.”-’3 Fibers can be tested as single filaments, 
in impregnated tows, or in composite laminae. A single-filament test method is described 
in ASTM (American Society for Testing and Materials) specification D3379-89.5 The 
method is recommended for fibers with an elastic modulus greater than 21 GPa (3 Msi). 
The filament is mounted along the centerline of a slotted paper tab, and axial alignment is 
accomplished without damaging the fiber (Fig. 10.1). After the specimen is mounted in the 
test machine, the paper tab is cut to allow for filament elongation. Specimens of various 
gage lengths are tested to failure at a constant crosshead rate, and the load-displacement 
curve is obtained. 

To determine the elastic modulus of the fiber, the measured load-displacement curves 
must be corrected for the system compliance. The measured or “apparent” compliance is 
assumed to be the sum of the fiber and system compliances: 

Adhesive Fiber Cut here after mountina Paper - 

\ \ \, \ 

1 
\ 

I I 
I 

4 I 

where 

(10.1) 

C, = apparent compliance 

u = crosshead displacement 

uf = actual fiber elongation 

us = displacement due to system compliance 

P = load 

1 = fiber gage length 
Fig. 10.1 Fiber specimen mounted on slotted paper tab (ASTM 
D3379-89).5 Elf  = longitudinal fiber modulus 
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The system compliance, C,  = u,/P, is obtained 
as the zero gage length intercept by plotting the 
apparent compliance obtained from the various 

- 2 specimens versus fiber length. A typical com- 
7 -  - pliance versus gage length curve is shown in 
z v 3 1  

- 5 ; Fig. 10.2 for a silicon carbide fiber. The fiber 
modulus is determined from Eq. (10.1). The 
cross-sectional area A is determined by mea- 
surements of representative fiber cross sections 

The fiber strength is simply obtained from 

-~ 
Fiber gage length, I (in) 

0 1 2 3 4 5 6 7  

- under the microscope. 
- 2  2 

!2 the maximum load as 
c 

p*ax (10.2) 
0 ' ' ' ' I ~ ' ' ' I ' ~ ' ' I ' ' ' '  0 
0 5 10 15 20 

Fiber gage length, I (crn) 

Fig. 10.2 Apparent compliance versus fiber gage length for silicon 
carbide fiber (SCS-2, Textron Specialty Materials). 

Ffi= - 
A 

The ultimate strain is obtained from the 
maximum fiber elongation: 

(10.3) 

A newer mechanical test method suitable for measuring fiber stiffness at various 
temperatures has been de~cribed.'~ A length of fiber is fixed at the ends on a plate of very 
low-thermal-expansion material (Fig. 10.3). Titanium silicate, having a coefficient of ther- 
mal expansion of 0.3 x 10-7PC (1.7 x 10-8/OF), can be used as the support plate. The fiber 
is fixed to the titanium silicate plate over a span length 1 with the plate held vertically 
inside a furnace. Small incremental weights, W,,  W,, W,, and so on, are suspended at the 
center of the fiber and the corresponding deflections, 6, ,  6,, 6,, and so on, are recorded 
photographically. The equilibrium condition yields the following relation: 

( 10.4) 

where 

P o = stress in fiber 

A = cross-sectional area of fiber 

From geometric considerations we obtain the fol- 
lowing relation for the strain in the fiber: 

Titanium silicate 

Fig. 10.3 Fixture for stiffness measurement of fiber.13 
2 J G i - F  - 1 

& = E, + &, = &, + 
1 
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where 

E, = initial strain 

E, = strain produced by deflection under weight 

The stress obtained from Eq. (10.4) is plotted versus the weight-induced strain 
obtained from Eq. (10.5), that is, 

(10.6) 

versus 

E, = J1 + (2Si/1)2 - 1 (10.7) 

Strain ( 1 P )  

Fig. 10.4 Stress-strain curve of carbon fiber (IM6, Hercules, Inc.).13 

Fig. 10.5 Torsional pendulum for measuring shear modulus of 
fibers. l4 

A typical stress-strain curve for an intermediate- 
modulus carbon fiber (IM6, Hercules, Inc.) is 
shown in Fig. 10.4. 

In the case of carbon or graphite fibers, it 
is also recommended that tensile properties be 
obtained of fiber strands or tows impregnated in 
resin (ASTM D4018). In this case a minimum 
amount of resin is used that is compatible with 
the fibers and has a higher ultimate strain. It is 
also important to ensure that the fibers in the strand 
are well collimated. Average fiber properties can 
also be obtained indirectly by testing unidirec- 
tional laminae and employing the micromechanics 
relations discussed in Chapters 3 and 5. 

In addition to longitudinal properties, there 
is a need to measure other properties, such as 
transverse modulus, E,, , longitudinal shear modu- 
lus, GI,, and Poisson's ratio, vIy, especially for 
anisotropic fibers such as carbon and aramid 
(Kevlar) fibers. A technique has been described 
for determination of the longitudinal shear modu- 
lus GI, of uniform-diameter single fibers.I4 A 
length of single fiber suspended from one end 
and with a weight, such as a small washer, 
attached at the other end was used as a tor- 
sional pendulum (Fig. 10.5). The longitudinal 
shear modulus can be expressed as a function 
of the frequency of oscillation of the torsional 
pendulum. Results were obtained for different 
types of fibers including carbon, Kevlar 49, sili- 
con carbide, and glass. 
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10.2.2 Thermal Fiber Characterization P 

In addition to mechanical properties, thermal prop- 
erties of fibers are very important. There are no 
standardized methods for measuring the coefficient 
of thermal expansion (CTE), and relatively few 
results are Commercial instruments 
such as the thermomechanical analyzer (TMA) can 
be adapted for the purpose. The CTE of a fiber can 
also be derived from thermal expansion measure- 
ments made on unidirectional laminae using rela- 
tions in Eqs. (8.1) and (8.2). 

A different method for measuring CTE of the fiber utilizes a length of fiber fixed 
loosely at the ends to a titanium silicate plate (Fig. 10.6).13 A constant weight is suspended 
at the center and the deflection 6, at room temperature To is measured optically. The 
stretched length of the fiber under these conditions (To and W )  is 

Titanium silicate 

Fig. 10.6 Deflection of fiber with fixed ends under suspended 
load at various temperatures.” 

Lo = 241/2)2 + 6; (10.8) 

The temperature is then raised to the next step Ti and the corresponding deflection 6i 
is measured. The new fiber length is then 

Li = 2-J(1/2)2(1 + a,AT)2 + 6; (10.9) 

where 

a, = coefficient of thermal expansion of mounting plate material (titanium silicate) 

AT = Ti - To = temperature difference 

The difference in fiber length, Li - Lo, is due primarily to the thermal expansion and 
in a smaller part to any possible changes in the fiber stiffness with temperature. For small 
loads and fibers of high modulus not varying much with temperature, the mechanical 
changes are negligible. Then, the thermal strain is given by 

- 1  
LO 

(10.10) 

The thermal strain obtained from Eq. (10.10) is plotted versus temperature, and the 
coefficient of thermal expansion at any temperature is the slope of the curve at that 
temperature. A typical thermal strain versus temperature curve for a silicon carbide fiber 
(Nicalon, Nippon Carbon Co.) is shown in Fig. 10.7. The technique described here was 
modified for stiff large-diameter fibers, such as boron and silicon carbide (SCS-type) 
filaments. l3 

There are no known techniques for measuring the transverse CTE directly. One 
indirect method is to measure the transverse CTE of a unidirectional lamina and obtain the 
transverse CTE of the fiber, aZf, using Eq. (8.3). 
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Temperature, T ("F) 10.2.3 Matrix Characterization 
50 100 150 200 250 300 350 

Polymeric matrices are characterized by 
casting the material in sheet form and 
cutting and testing coupons from these 
sheets. The specimens are usually pris- 
matic or dog bone shaped. The suggested 
geometry and dimensions depend on 
the sheet thickness and are described 
in ASTM specifications D638-02 and 
D882-02.5*'6 Strains are measured by 
means of strain gages or an extensometer. 
When the specimen thickness is small 
and/or the material stiffness is low, optical 
techniques are recommended. Uniaxial 

0 2o 4o 6o 80 loo l20 l40 l60 properties: Young's modulus, Em; Poisson's 
ratio, v,; tensile strength, F,,; and ulti- 
mate strain, %V In the above* it is 
assumed that the matrix is isotropic and 
that its bulk properties are the same as the in 
situ properties in the composite. 

Metallic matrices are characterized in a similar way by testing coupons of the matrix 
metal. However, the bulk properties of the metal or metallic alloy may be appreciably dif- 
ferent from the in situ properties of the matrix within the composite due to the heat treat- 
ment during the fabrication process and interactions with the fibers. In such cases, it is 
important to identify the condition of the matrix within the composite and to characterize 
a bulk material of similar properties. For example, in the fabrication of silicon carbide/ 
aluminum composites (such as SCS-2/606 1 -Al), the matrix within the composite after pro- 
cessing is considered equivalent to bulk aluminum of T4 temper. 

Ceramic matrices can also be tested in bulk form to obtain elastic properties. 
However, strength and failure characteristics are not the same as those of the ceramic 
matrix within the composite. These properties can be obtained indirectly by testing the 
composite material. 

400 - 
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v 

300- 
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+ 
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0 I " ,  I I I 7 I 8 I 8 I I tensile tests to failure yield the following 

Temperature, T ("C) 

Fig. 10.7 Thermal strain versus temperature for silicon carbide fiber 
(Nicalon NLM-202, Nippon Carbon C O . ) . ' ~  

10.2.4 Interface/lnterphase Characterization 

The nature of the bond between fiber and matrix, whether occurring through a zero- 
thickness interface or an interphase region, plays a profound role in the failure mecha- 
nisms, toughness, and the overall deformation behavior of the composite. Characterization 
of the interface/interphase is a very challenging problem. 

Many methods and techniques have been developed for determination of properties of 
the interface region. Two of the most commonly used tests are the pushout and pullout 
tests, which examine the response of a single fiber embedded in a matrix 
In the pushout or indentation test, a microindenter is pressed against a fiber end in the 
direction of the fiber a x i ~ . ' ~ - ' ~  
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Fig. 10.8 Single-fiber pullout test: (a) debonding, (b) 
pullout. (The peak load occurs when ld = just as the 
fiber debonds completely before pullout.)" 
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Fig. 10.9 Load versus debond length during debonding and 
load versus embedded length during pullout." 

In the fiber pullout test, a fiber partially embedded in a matrix material block is loaded 
in tension (Fig. 10.8).21 If the fiber is bonded at the interface, and if the load required for 
interfacial crack growth is less than the load for fiber failure, then, fiber debonding will 
occur. Fiber debonding starts at the free surface of the block and progresses along the 
embedded length until the fiber is completely debonded or until the fiber failure load is 
reached. Thereafter, the fiber starts sliding, resisted by interfacial friction, until complete 
pullout. Figure 10.9 shows the progressive debonding followed by pullout of a silicon 
carbide (SCS-2 Sic) fiber embedded in barium borosilicate glass (7059, Coming Glass 
Works). The slopes of the linear portions of the debonding and pullout curves in Fig. 10.9 
yield the interfacial shear strength and frictional shear stress as follows: 

where 

F ,  = interfacial shear strength 

zf = frictional shear stress 

md, mp = slopes of the curves (lines) of load versus debonded length and 
load versus embedded length during pullout, respectively 

r = fiber radius 

(10.11) 

(10.12) 
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10.3 PHYSICAL CHARACTERIZATION OF COMPOSITE MATERIALS 

Physical characterization of composites includes the determination of density, fiber 
volume ratio, void volume ratio, coefficients of thermal expansion, coefficients of moisture 
expansion, and heat conduction coefficients. 

10.3.1 Dens i ty  

The procedure for measuring the density of a composite material is the same as that used 
for any other solid and is based on ASTM specification D792-00.22 The procedure consists 
of the following steps: 

Step 1 Weigh the specimen in air to the nearest 0.1 mg. 
Step 2 Attach the specimen to an analytical balance with a thin wire and weigh 

while the specimen and a portion of the wire are immersed in distilled water. 
Step 3 Weigh the wire alone, partially immersed up to the same point as in the 

previous step. 

The density of the material at 23 "C (73.4 OF) is determined as follows: 

(0.9975) 
U 

' = a + w - b  
(10.13) 

where 

p = density (in g/cm3) 

a = weight of specimen in air 

b = apparent weight of fully immersed specimen and partially immersed wire 

w = apparent weight of partially immersed wire 

0.9975 = density of distilled water at 23 "C (in g/cm3) 

10.3.2 F i b e r  Vo lume R a t i o  

A variety of methods exist for determination of fiber volume ratio, an important property 
of a composite. When it can be confirmed that the composite material has zero or negli- 
gible (less than 1%) porosity, the fiber volume ratio can be obtained from the densities of 
the composite and the constituents by the following gravimetric relation: 

I,$=- P c  - P m  

Pf - P m  

where 

(10.14) 

pc, pm, pf = densities of composite, matrix, and fiber, respectively 
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The ignition or burnout method, based on ASTM specification D2584-02, can be 
applied to composites having inorganic fibers in an organic matrix, such as glasslepoxy 
and boronlepoxy  composite^.^ A sample of the composite material is oven dried, weighed, 
and then heated in a crucible until the matrix is completely burnt. The residue is washed 
of the ashes, dried, and weighed. The fiber volume ratio is obtained as 

y = -  Y JPf 
WPC 

(10.15) 

where 

Wc, Wf = weight of composite and fibers, respectively 

The acid digestion method, described in ASTM specification D3 17 1-99, is used with 
composites having a matrix that is soluble in some acid that does not attack the fiber.5 
A sample of the composite material is dried and weighed. Then it is immersed in an 
acid solution to dissolve the matrix. The type of acid used is one that dissolves the matrix 
without attacking the fibers. The residue is filtered, washed, dried, and weighed, and the 
fiber volume ratio is determined by Eq. (10.15). 

The fiber volume ratio can also be determined reliably by optical techniques based on 
image analysis of photomicrographs of transverse (to the fibers) cross sections of the com- 
posite. An elementary approach consists of counting the number of fiber cross sections and 
fractions thereof within the frame of the photomicrograph, calculating the total area of the 
fiber cross sections, and dividing it by the total area photographed. More sophisticated 
image analysis techniques are also used and can determine both fiber volume ratio and 
void volume ratio in one operation, as will be discussed below. 

10.3.3 Void Volume Ratio (Porosity) 

The void volume ratio (or porosity) is obtained as described in ASTM specification 
D2734-94 (2003).’ It is expressed in terms of the quantities measured in the acid digestion 
or ignition methods as follows: 

(10.16) 

In the above relation the void volume ratio, which is usually a small number, is expressed 
as the difference of two much larger numbers; therefore, the result is very sensitive to the 
measurement accuracy involved. 

A preferred method for determination of porosity in a composite is the image analy- 
sis method mentioned before. A photomicrograph of a cross section of a carbonlepoxy 
composite, for example, shows the fibers, matrix, and voids as light gray, dark gray, and 
black, respectively (Fig. 10.10). In the image analysis procedure, the specimen cross sec- 
tion is viewed by a CCD camera, which transmits the image in digital form to the “image 
grabber” of a computer. The image is converted into a rectangular array of integers, 
corresponding to the digitized gray levels of the picture elements (pixels). The image 
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processing board in the computer processes this digital 
image information and represents it in the form of 
a gray-level histogram, such as the one shown in 
Fig. 10. l l .  This histogram summarizes the gray-level 

number of pixels in the image that have that gray level. 
The three peaks of the histogram of Fig. 10.11 corre- 
spond to the porosity, matrix, and fibers. The pixels clos- 
est to the three peaks are separated by a thresholding 
process into three groups corresponding to porosity, 
matrix, and fibers. The void volume, matrix volume, and 

content of the image. It shows for each gray level the 

Fig. 10.10 Digitized image of carbon/epoxy cross 
section used for determination of fiber volume 
and void volume ratios. 

Fig. 10.11 Trimodal gray-level histogram of the image of 
Fig. 10.10. 

n 
" N  

v= '  

n2 v = -  
" N  

n, 
N 

v,= - 

where 

n,, n2, n3 = number of pixels corresponding to gray levels associated 
with porosity, matrix, and fibers, respectively 

N = total number of pixels 

(10.17) 
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10.3.4 Coefficients of Thermal ExDansion 

t 2  

As mentioned in Chapter 8, the thermal behavior of a unidirectional lamina can be fully 
characterized by two principal coefficients of thermal expansion, a, and a2. Determination 
of these coefficients consists of measuring the corresponding thermal strains in a uni- 
directional composite specimen as a function of temperature. These measurements can be 
made by means of interferometric, dilatometric, optical noninterferometric, or strain gage 
 method^.^^-^* The interferometric method is the most sensitive one and can give results for 
the coefficients a, and with a resolution of lO-*/OC. The thermomechanical analyzer 
(TMA) measures dimensional changes in a sample with high precision. The sample rests 
on a quartz base inside the furnace. A measuring quartz probe rests on the specimen and 
senses changes in length by means of a sensitive position transducer, normally a linear 
variable differential transformer (LVDT). This instrument gives results with high preci- 
sion, but it requires one specimen for each coefficient. 

Strain gages have been shown to be a practical and adequate means of measuring 
thermal strain in  composite^.^^-^^ However, they must be properly compensated for the 
purely thermal output. One method of temperature compensation employs an identical 
gage bonded to a reference material of known thermal expansion exposed to the same tem- 
perature as the composite ~pecimen.’~ The true thermal strain in the composite is given by 

where 

It / &: 

I Temperature, T 

Fig. 10.12 Measurement of coefficients of thermal expansion 
by means of strain gages. 

E, = true thermal strain in composite specimen 

E,, = apparent strain in composite specimen 

E , ~  = true thermal strain in reference specimen 

E,, = apparent strain in reference specimen 

Reference materials used are usually ceramics of 
low and stable coefficient of thermal expansion, 
such as fuzed quartz (a, = 0.7 x 10-6/oC) and tita- 
nium silicate (a, = 0.03 x 10-6/OC). For a tempera- 
ture change of AT, the true thermal strain in the 
reference material is a,AT. 

A unidirectional composite specimen is usu- 
ally instrumented with two-gage rosettes to record 
thermal strains along the fiber (1) and transverse to 
the fiber (2) directions (Fig. 10.12). For better 
results it is preferable to use gages on both surfaces 
of the specimen, or even embedded gages, to cor- 
rect for any possible bending of the specimen due 
to asymmetries or small thermal gradients through 
the thickness. Measured thermal strains are plotted 
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versus temperature as shown in Fig. 10.12. The slopes of these curves at any point give 
the coefficients of thermal expansion. Thermal strain curves for typical composites were 
shown in Fig. 8.9 and typical results in Table 8.2. 

10.3.5 Coefficients of Hyqric (Moisture) Expansion 

The hygric (moisture) behavior of a unidirectional lamina, like the thermal behavior, can 
be fully characterized in terms of two principal coefficients of moisture expansion, PI and 
P2. Determination of these coefficients consists of measuring the principal direction strains 
in a unidirectional composite as a function of moisture concentration. Specimens are pre- 
conditioned by drying them in an oven at a moderately high temperature (65 "C; 150 OF) 
for approximately two hours. Subsequently they are exposed to the moisture conditioning 
environment. Moisture absorption can be accomplished by immersing the specimens in a 
water bath inside an oven at a moderately high temperature, for example, 50 "C (120 OF). 

Moisture expansion or swelling has been measured by means of a micrometer or a 
caliper gage.33-34 The application of strain gages has been difficult because conventional 
strain gage adhesives are attacked by moisture.' Furthermore, the presence of the gage on 
the surface of the specimen may inhibit locally the process of moisture diffusion. A method 
utilizing embedded strain gages has been shown to be more reliable and consistent than 
previously used  technique^.^^ The method consists of embedding encapsulated strain gages 
in the midplane of the specimen. The technique results in good adhesion without the need 
for additional adhesive and does not cause any local disturbance in moisture diffusion, 
since the gage is located at a plane of symmetry. 

Unidirectional specimens with and without embedded strain gages are dried (precondi- 
tioned) and then immersed in a 50 "C (120 OF) water bath inside an oven. The embedded 
gages in the immersed specimen are connected to a data logger and monitored continu- 
ously throughout the duration of conditioning. Specimens without gages exposed to the 
same environment are removed periodically from the water bath and weighed on an ana- 
lytical balance to determine the relative weight gain, M. The average moisture concentra- 
tion c representing the relative volume occupied by water is related to the weight gain as 
follows: 

where 

Vw, V, = volumes of water and composite, respectively 

W,, W, = weights of water and composite, respectively 

pw, pc = densities of water and composite, respectively 

(1 0.19) 

The measured hygric strains are plotted versus average moisture concentration c as 
illustrated in Fig. 10.13 for a carbonlepoxy composite. The slopes of these curves yield the 
coefficients of moisture expansion PI and p2. 
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Fig. 10.13 Hygric strains in unidirectional 
AS4/3501-6 carbon/epoxy composite as a 
function of moisture concentration. 

Water 

I< H Y c m c 

- 

c 
0 .- r Ruler 

E 
E 
- 

I 

i r  

I Rigid frame I 

Fig. 10.14 Setup for measuring the coeffi- 
cient of hygric expansion of a composite 
specimen.36 

Two new experimental methods were described for measuring hygric properties of a 
composite material.36*37 The first of these is related to the method discussed before for 
measuring the CTE of fibers.13 It is based on measuring the transverse deflection of an axi- 
ally constrained specimen (Fig. 10.14). A dry specimen is placed between the walls of the 
fixture with enough interference to cause a slight transverse deflection. The specimen with 
the fixture is immersed in a water bath allowing the specimen to absorb moisture. The out- 
ward deflection is measured at various time intervals corresponding to various average 
moisture concentrations. The corresponding moisture concentrations are obtained by prior 
moisture diffusion experiments. The deflection changes are related to changes in specimen 
length and, thereby, hygric strain, E ~ .  The coefficient of hygric expansion along the axis of 
the specimen is obtained as 
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Fig. 10.15 Setup for measuring the curvature of an asymmetric 
specimen to determine the coefficient of hygric expar~sion.'~ 

(10.20) 

where C is the average moisture concentration. 
The second method yielding results with 

improved sensitivity is based on measurement of 
the curvature of an antisymmetric crossply laminate 
(Fig. 10.15).37 The initial curvature of the as-cured 
dry specimen is measured first. Thereafter, the speci- 
men is immersed in water for varying periods of 
time. After each immersion, the specimen is weighed 
and then mounted in the fixture of Fig. 10.15 to 
measure the curvature. The results are analyzed 
by means of hygrothermomechanical lamination 
theory discussed in Chapter 8, to yield pl, p,, and 
the stress-free temperature. Results obtained for the 
AS413501-6 carbonlepoxy are 

p1 = 0.01 

p2 = 0.20 

T, = 173 "C (345 OF) (stress-free temperature) 

10.4 DETERMINATION OF TENSILE PROPERTIES OF UNIDIRECTIONAL LAMINAE 

Uniaxial tensile tests are conducted on unidirectional laminae to determine the following 
properties: 

E l ,  E,  = longitudinal and transverse Young's moduli, respectively 

v,,, v,, = major and minor Poisson's ratios, respectively 

F,,, F,, = longitudinal and transverse tensile strengths, respectively 

E:,, E;, = longitudinal and transverse ultimate tensile strains, respectively 

Tensile specimens are straight-sided coupons of constant cross section with adhesively 
bonded beveled glasslepoxy tabs (Fig. 10.16). More details are given in ASTM speci- 
fication D3039/D3039M-00.5 The longitudinal (0") coupon is usually 1.27 cm (0.50 in) 
wide, while the transverse (90") coupon is 2.54 cm (1.0 in) wide. Recommended thick- 
nesses are 0.5 to 2.5 mm (0.020 to 0.100 in), usually six plies for the longitudinal specimen 
and at least eight plies for the transverse one. Both specimens have an overall length of 
22.9 cm (9.0 in) and a gage length of 15.2 cm (6.0 in). The specimens are loaded to failure 
under uniaxial tensile loading. A continuous record of load and deformation is obtained by 
an appropriate digital data acquisition system. Axial and transverse strains are obtained 
by means of a pair of two-gage rosettes mounted on both sides of the specimen. In some 
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cases when the transverse strain is not needed 
for determination of Poisson’s ratio, the axial 
deformation alone is recorded with an exten- 
someter mounted on the specimen. Typical 
stress-strain curves for 0” and 90” carbon/epoxy 
specimens are shown in Figs. 10.17 and 10.18. 
Results obtained from these curves are shown 
in the figures as well as in Table A.4. Typical 
fractures of unidirectional tensile coupons were 
shown in Figs. 5.6 and 5.22. Failure of the 0” 
specimens consists of fiber fractures, matrix 
splitting, and fiber pullout. The latter mechanism 
is much more pronounced in the “brooming” 
failure pattern of glass/epoxy. Transverse (90”) 

Specimen type 
1. Longitudinal tensile, [o,. 
2. Transverse tensile, [go8] 

specimens fail in a brittle manner by matrix ten- 
sile failure between fibers. 

Sometimes the unidirectional material to 
be characterized is prepared in thin-wall tubular 
form, following the same fabrication procedure 
used for tubular structures. Rings approximately 
2.54 cm (1 .O in) wide are machined from a thin- 
wall composite cylinder. They are instrumented 
on the outer surface with strain gages along the 
axial and hoop directions. They are mounted in a 
specially designed fixture and loaded to failure 
under internal pressure (Fig. 10.19). The rings are 
thus subjected to 
to the axial stress in a flat coupon. The hoop stress 
(T, is obtained from the internal pressure p as 

12.7 rnrn 25.4 rnrn 
(0.5 in) (1 .O in) 

Fig. 10.16 Specimen geometries for determination of tensile 
properties of unidirectional lamina. 
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Fig. 10.17 Stress-strain curves for [O,] carbon/epoxy speci- 
men under uniaxial tensile loading (IM6G/3501-6). 

Strain, E~ (%) 

Fig. 10.18 Stress-strain curves for [90,] carbon/epoxy speci- 
men under uniaxial tensile loading (IM6G/3501-6). 
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Fig. 10.19 Sketch of fixture for subjecting com- 
posite ring specimen to uniform tensile hoop 
stress. 
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(10.21) 

where J is the mean radius and h the wall thickness. A record is obtained of the pressure 
and strain gage signals up to failure, and stress-strain curves similar to those of Figs. 10.17 
and 10.18 are obtained. 

10.5 DETERMINATION OF COMPRESSIVE PROPERTIES OF UNIDIRECTIONAL LAMINAE 

Compression testing of composite materials is one of the most difficult types of testing 
because of the tendency for premature failure due to global buckling or end crushing. The 
test is sensitive to many experimental parameters, such as alignment, specimen geometry, 
load introduction scheme, and stability. Over the years many test methods have been 
developed and used, primarily for thin laminates incorporating a variety of specimen 
designs and loading fixtures. These methods have been reviewed before.' 

One of the most commonly used test methods today is the one employing the IITRI 
(IIT Research Institute) fixture or its  modification^.^^ The method makes use of coupon 
specimens, 14.1 cm (5.5 in) long, 15 to 20 plies thick, and 0.64 cm (0.25 in) wide as 
described in ASTM D34 10M-03.5 The coupons are tabbed with long glass/epoxy tabs, 
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leaving a gage length section 1.27 cm (0.5 in) 
long. Load is introduced through shear by 
trapezoidal wedge grips (Fig. 10.20). The 
fixture permits precompression of the speci- 
men tabs to prevent slippage in the early 
stages of loading. The lateral alignment of 
the top and bottom halves of the fixture is 
assured by two parallel roller bushings. 
Strains are measured by means of strain gages 
mounted on both sides of the specimen to 
confirm that it fails in compression and not 
by buckling. Typical results obtained with 
this fixture for a carbon/epoxy material are 
plotted in Figs. 10.21 and 10.22. The limita- 
tion of the IITRI fixture is the maximum load 
that can be transmitted through shear by the 
tabs, which is controlled by the adhesive 
shear strength, the interlaminar shear strength 
of the tab and specimen materials, and the 
total tabbed area. The only practical means 
for increasing the testing load capacity is to 
introduce end loading in addition to shear 
loading. Tests based on end loading include a 
modified ASTM D695-02 test, known as 

SACMA (Suppliers of Advanced Composite Materials Association) SRM 1R-94, and a 
European version ICSTM (Imperial College of Science, Technology, and Medicine).39 

A new test method and fixture, the NU (Northwestern University) fixture, incorporat- 
ing both shear and end-loading concepts was developed.a The NU fixture consists of 
two steel blocks with machined cavities into which trapezoidal wedge grips are inserted 
(Fig. 10.23). Two steel adapters for the hydraulic grips of the testing machine are attached 

10.2 mm 6.4 mm 
(0.4 in) (0.25 in) 

Fig. 10.20 IITRI compression test specimen and fixture. 
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Fiq. 10.22 Stress-strain curve for [90,J carbon/epoxy speci- 
men under uniaxial compressive loading (AS4/3501-6). 

Fig. 10.21 Stress-strain curve of [O,,] carbon/epoxy speci- 
men under uniaxial compressive loading (AS4/3501-6). 
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to the outer ends of the blocks. Lateral alignment of 
the top and bottom halves of the fixture is controlled 
by means of two hardened steel pins and linear bear- 
ings. Specimens used in this fixture are similar to those 
used in the IITRI fixture, with more flexibility in vary- 
ing the width and thickness of the specimen. Steel 
endcaps are attached to the ends of the specimen to 
prevent premature crushing or longitudinal splitting at 
the ends. A schematic of the specimen and wedge grip 
assembly is shown in Fig. 10.24. The concept of the 
testing procedure is to transmit the first part of the load 
through the tabs by shear loading and thereafter, just 
before shear failure of the tabs or specimen, engage the 
ends to apply the additional load to failure by end load- 
ing. The NU test fixture has been used successfully in 
testing thick composite materials. 

Another approach to compression testing consists 
of bonding the composite laminates to a low-stiffness 
honeycomb or foam core to produce a sandwich speci- 
men. Sandwich specimens can be tested in direct 
edgewise compression or in pure bending. In the first 
case, two composite coupons are bonded to a core 
block as described in ASTM C364-99.5 The recom- 
mended specimen width is on the order of 50 mm 
(2 in). The unsupported length should be limited to 
prevent global buckling and should not exceed 12 
times the total specimen thickness. 

The sandwich flexure specimen recommended by 
ASTM C393 -00 consists of a honeycomb or foam core 

with a composite facesheet bonded to the top (compressive) side and a metal or compos- 
ite sheet bonded to the bottom (tensile) side (Fig. 10.25). The beam is loaded under four- 
point bending at the quarter points as shown, which subjects the top composite facesheet 
to nearly uniform compression. The overall beam is 56 cm (22 in) long and 2.54 cm (1 in) 
wide; the honeycomb core is 3.8 cm (1.5 in) deep, and the thicknesses of the top and bot- 
tom facesheets are adjusted to ensure compressive failure in the top facesheet. This is 
ensured when 

a 

b 

Fig. 10.23 Schematic of NU (Northwestern University) 
compression test fixture (dimensions: adapter n = 25 mm, 
base b = 38 mm). 

(10.22) 

where 

L = span length 

h = composite facesheet thickness 

F,, = compressive strength of composite facesheet 

F,, = allowable core shear stress 
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Fig. 10.24 Schematic of specimen and wedge grip 
assembly (with dimensions given in mm). 

Fig. 10.25 Sandwich beam specimen for compres- 
sion testing of composites (ASTM C393-00). 
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If the beam is not long enough, core failure or indentation may occur before composite 
compressive failure. 

The beam is loaded through hard rubber pads on the top face or loading blocks embed- 
ded in the honeycomb core next to the metal sheet to prevent local crushing. Strains are 
measured by means of strain gages mounted on the composite facesheet. The center 
deflection can also be monitored with a deflectometer. The stress in the composite 
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2.5 1 facesheet is determined by assuming uni- 
form deformation in the facesheets and 

2.0 I 300 neglecting the bending stresses in the core, 
- 250 C that is, 

Compression ~ 200 6 
(10.23) 

- N x  PL 
(3 = - =  

h 4bh(2H + h + h') 

50 This stress can be plotted versus the mea- 
sured strain E, on the facesheet to obtain 
the compressive stress-strain behavior. The 
ultimate value of the stress is the com- 
pressive strength of the facesheet material. 
~i~~~~ 10.26 shows tensile and compressive 
stress-strain of a unidirectional 
carbon/epoxy composite obtained from a 
sandwich beam with a foam core and com- 
posite facesheets loaded in pure bending:' 

Results obtained from sandwich beam tests tend to be higher than those obtained by 
the other methods discussed, probably because of the constraint produced by the core and 
the biaxial state of stress induced in the composite facesheet. 

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 
Strain, E, (%) 

Fig. 10.26 Tensile and compressive stress-strain curves of a unidirec- 
tional carbon/epoxy composite obtained from a composite sandwich 
beam under pure bending (AS4/3501-6)!' 

10.6 DETERMINATION OF SHEAR PROPERTIES OF UNIDIRECTIONAL LAMINAE 

Full characterization of a unidirectional composite in two dimensions requires the deter- 
mination of lamina properties under in-plane shear parallel to the fibers, that is, shear modu- 
lus, GI2, shear strength, F6, and ultimate shear strain, YE. There are four generally accepted 
test methods for determination of these properties: (1) the [k45],, coupon test, (2) the 10" 
off-axis test, (3) the rail shear test, and (4) the torsion test. 

The first test method utilizes an eight-ply [k45],, coupon of the same dimensions as 
the 90" unidirectional tensile coupon discussed before (Fig. 10.27):' The test procedure is 
described in ASTM standard D3518M-94 (2001).5 When this coupon is subjected to a uni- 
axial tensile stress, 4, the stresses acting on the lamina element shown are 

4 
(3, = - - 2, 

2 
(10.24) 

where T . ~  is the in-plane shear stress generated by the shear coupling mismatch (see 
Figs. 9.28 and 9.29). The in-plane lamina strains are 
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Fig. 10.27 [*45],, angle-ply specimen under uniaxial 
tension for determination of in-plane lamina shear 
properties. 

Ex + Ey 
El = E, = - 

2 
(10.25) 

y6 = Ex - Ey (10.26) 

where Ex and E y  are the axial and transverse strains in the 
coupon measured with two-gage rosettes. This in-plane (or 
intralaminar) shear modulus of the unidirectional lamina is 
obtained from the initial slope of the T6 versus y6 curve as 

4 
2(Ex - EJ GI, = (10.27) 

This value of the modulus is not affected by the edge effects 
present in this specimen or by the biaxial state of stress exist- 
ing in the lamina. 

Equation (10.27) can be rewritten in the following form 
(by dividing numerator and denominator by Ex): 

Ex 
2(1 + Vq) GlZ = (10.28) 

Thus, the lamina shear modulus G12 can be obtained in terms 
of the axial modulus Ex and Poisson's ratio Vq of the [f45],, 
laminate (see Sample Problems 7.3 and 7.5 and Problem 7.23). 

The above method tends to overestimate the in-plane 
shear strength of the lamina because of the constraint imposed 
on the lamina by the adjacent plies. In estimating this strength 

80 i I 

G,2 = 6.9 GPa (1 .OO Msi) 
F, = 77 MPa (1 1.2 ksi) 
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Fig. 10.28 Shear stress versus shear strain in [+45],, carbon/epoxy 
specimen under uniaxial tensile loading (AS4/3501-6). 

the method does not take into account edge 
effects or the influence of the other stress 
components 0, and oz on the lamina (see 
Sample Problem 9.1). A typical shear stress 
versus shear strain curve obtained from a 
[k45],, carbonlepoxy coupon is shown in 
Fig. 10.28. 

The second test method is the 10' 
off-axis test.z4343 The 10" angle is chosen to 
minimize the effects of longitudinal and 
transverse stress components 6, and 0, on 
the shear response. The specimen is a six- 
ply unidirectional coupon with the fibers 
oriented at 10" to the loading axis, 1.27 cm 
(0.5 in) wide and approximately 23 cm 
(9 in) long. It is tabbed with beveled tabs 
and instrumented with a two-gage rosette on 
each side of the test section. The two gages 
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V 

Wheatstone bridge 
% = & A -  &B 

Fig. 10.29 Arrangement of strain gages on an off-axis composite 
specimen for measurement of in-plane shear strain. 

90 I i 13 

A and B of the rosette are oriented at 45" and 
-45" to the fiber direction as shown in Fig. 10.29. 
The algebraic difference of the strain readings 
of gages A and B gives the in-plane shear strain 
directly: 

76 = €A - €8 (10.29) 

This difference is read directly by the gage in- 
strumentation when the two gages are connected 
to adjacent arms of the Wheatstone bridge. 

The specimen is subjected to a uniaxial ten- 
sile stress 0, up to failure. The intralaminar shear 
stress referred to the fiber coordinate system is 
given by 

T~ = -0, sin 8 cos 8 = 0.1710, (10.30) 

where 

8 = -10" 
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Fig. 10.30 Shear stress versus shear strain in [lo], carbon/epoxy 
specimen under uniaxial tensile loading (AS4/3501-6). 

The in-plane shear modulus is obtained by plot- 
ting T, versus 7, and taking the initial slope of the 
curve. The ultimate values of T~ and y6 define the 
shear strength and ultimate shear strain. A typical 
shear stress versus shear strain curve obtained 
from a 10" off-axis carbon/epoxy specimen is 
shown in Fig. 10.30. This method tends to under- 
estimate the ultimate properties due to interaction 
of the transverse tensile stress across the fibers. 

In both methods above the estimation of 
shear strength as the ultimate value of T, is based 
on the implicit assumption of the maximum stress 
criterion. Different values of shear strength would 
be obtained if interaction failure criteria were 
used. The Tsai-Hill failure criterion of Eq. (6.16) 
can be solved for the shear strength F, as 

(10.31) T 6  

(1 - o:/F? - o:/F: + 0,02/F;)"~ 
F6 = 

Using the Tsai-Wu criterion of Eq. (6.29) we obtain 

(10.32) 
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Fig. 10.31 Three-rail shear test fixture. 
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Fig. 10.32 Modified three-rail shear test f i x t ~ r e . ~ , ~ ~  

In the above relations, 7 6  is the ultimate value of 
the shear stress in the test, and 0, and o2 are the 
corresponding normal stresses at failure. 

The third method of determining shear prop- 
erties is the rail shear test, the two-rail or the 
three-rail test as described in ASTM standard 
D4255M-01.5 In the two-rail test, a rectangular 
composite coupon is gripped along its long edges 
by two pairs of rails that are loaded in a direction 
nearly parallel to the edges. In the three-rail test, 
a rectangular composite coupon is clamped 
between three parallel pairs of rails (Fig. 10.31). 
The load is applied to one end of the middle rails 
and reacted at the opposite ends of the two outer 
pairs of rails. The average shear stress applied to 
the specimen is 

D 
1 

2 6 = -  (10.33) 
21h 

where 

P = load 

1 = specimen length along rails 

h = specimen thickness 

The shear strain is obtained from a single gage 
placed at the center of the exposed specimen at 
45" to the rail axes, 

Sometimes a three-gage rectangular rosette, 
with additional gage elements in the x- and y- 
directions, is used to ensure that the state of stress 
at the center of the specimen is pure shear. This 
condition is best approximated when the aspect 
ratio of length to width of the exposed specimen 
section is large, usually greater than 8:l. The 
state of stress near the ends is not pure shear, and 
the large normal stress concentrations at the ends 
may result in premature failures. 

Modifications of the three-rail shear test have been The modified fixture 
allows the use of standard tensile coupons (Fig. 10.32). The aspect ratio of the two test sec- 
tions is 2:l. The shear deformation is determined by means of an extensometer, which 
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measures the relative motion of the central rails with respect to the outer ones. The 
Timoshenko beam theory is used to account for bending effects in the determination of the 
shear 

6 PbE, w2 
106E,hw3 - 5Pb3 GI2 = (10.35) 

where 

6 = deflection measured by extensometer 

w = specimen height (or coupon width) 

h = specimen thickness 

b = test section width 

This fixture can be applied to 90" and [0/90],, crossply coupons as well. In the latter case 
it has been used to monitor shear modulus degradation due to matrix cracking, and the 
results showed excellent agreement with theoretical  prediction^.^.^^ 

The fourth method is the torsion method utilizing a solid rod or a hollow tubular speci- 
men subjected to torque. For a unidirectional tubular specimen with the fibers in the axial 
direction, the maximum shear stress and shear strain are 

(10.36) 

where 

Ti, r,, = inner and outer radii 

w = angle of twist per unit length 

( E ~ ) ~ = - ~ ~ ~  = surface strains at 45" and -45" to tube axis 

For a thin-wall tube Eq. (10.36) can be approximated as follows: 

where 

f = +(ro + rj)  

(10.38) 

is the mean radius. For a solid rod, rj  = 0 in Eq. (10.36). The shear strain can be obtained 
by measuring the angle of twist or the strains at 45" and/or -45" with strain gages. 
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X 

A Although the tube torsion test seems very desirable from the mechanics point 
of view, tubular specimens are difficult to make and load. The solid rod torsion 
test is less desirable because of the shear stress gradient across the section. 

Another torsion method has been developed that utilizes thin rectangular 
coupons of the type used in tensile testing (Fig. 10.33).46.47 A closed-form solu- 
tion was obtained for such a specimen under torsion relating the applied torque, 
T ,  with the angle of twist, w, in terms of the shear moduli of the lamina. For a 
unidirectional laminate twisted about the longitudinal (fiber) axis, the torque- 
twist relationship is 

T = -avG,2h3 1 - - (10.39) 
3 ( t?? 

where 

a = specimen width 

tp = angle of twist per unit length 

h = specimen thickness 

Fig. 10.33 Rectangular coupon 
under torsion for determination 
of shear rnod~li .~'  and 

G,,, GI ,  = in-plane and out-of-plane shear moduli 

p = "&mG 
2h 

For a unidirectional laminate twisted about the transverse axis, 

P = ;mzK 

(10.40) 

(10.41) 

where 

G,, = out-of-plane shear modulus in the transverse 2-3 plane 

The three shear moduli of a unidirectional composite, GI,, GI3,  and G23, can be deter- 
mined by conducting selected tests on unidirectional prismatic coupons and measuring the 
torque and angle of twist. A minimum of three tests would be needed, for example, two 
tests with 0" specimens of different cross-sectional dimensions (h, a )  and one test with a 
90" specimen. However, direct measurement of the overall angle of twist does not yield 
accurate results because of end effects from the specimen tabs and grips. In the method 
described by Tsai and all three shear moduli can be obtained from two tests of a 
unidirectional material twisted about the fiber and transverse to the fiber directions. In each 
test the strains are measured on the face and on the edge of the coupon at 45" to the torque 
axis. Typical curves of applied torque versus surface and edge strains at 45" for a [O,,] 
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Fig. 10.34 Torque versus surface and 
edge strains at 45" to torque axis for 
[O,,] carbon/epoxy specimen (AS41 
350 1 -6).47 

P 

Fig. 10.35 Arcan loading fixture and specimen holder 
for pure shear and mixed-mode 10ading.~' 

carbonlepoxy specimen are shown in Fig. 10.34. Results 
of the complete shear modulus characterization for a 
carbon/epoxy material (AS4/3501-6) are 

GI2 = 6.90 GPa (1.00 Msi) 

G , ,  = 6.97 GPa (1.01 Msi) 

G,, = 3.73 GPa (0.54 Msi) 
90" 

Another type of shear test is based on the fact 
that a shear force transmitted through a section between 
two edge notches produces a nearly uniform shear stress 
along the section. Two test methods and fixtures are based 
on this principle, the Arcan and Iosipescu tests. The Arcan 
fixture is illustrated in Fig. 10.35.48 The specimen is a 
short coupon with two 90" notches. The coupon is mounted 
on the fixture through a bolted specimen holder. The load 
can be applied at various orientations with respect to the 
section through the notches. This allows the application 
of any biaxial state of stress from pure shear to transverse 
tension or any combination thereof. Pure shear loading is 
obtained for a = 0". In the Iosipescu test the specimen is 

a beam with two 90" notches loaded in the fixture shown in Fig. 10.36?9 In both cases the 
average shear stress applied through the notched section of the specimen is 



10.7 Determination of Through-Thickness Properties 329 - - - ~ - - -  I ~ 

P where 

1 = specimen height at notch location 

h = specimen thickness 

I 
P 

Fig. 10.36 Schematic of loading fixture for Iosipescu shear 
t e~ t .4~  

The shear strain, y6, can be measured with a strain 
gage located at the center of the notched section at 
45" to the loading direction, as in the case of the 
three-rail shear specimen, Eq. (10.34). The in-plane 
shear modulus, GI*, is obtained as the slope of the z6 
versus y6 curve. The ultimate value of 26 yields the in- 
plane shear strength F6 of the lamina. 

The Arcan test can also be used to measure the 
out-of-plane (interlaminar) shear modulus, G31, by 
bonding the faces of a thick unidirectional lamina 
to the specimen holder in Fig. 10.35. The relative 
motion of the two parts of the specimen holder must 
then be measured as a function of applied load. 

10.7 DETERMINATION OF THROUGH-THICKNESS PROPERTIES 

Through-thickness elastic and strength properties are required to study the behavior of 
thick composite sections (20 mm or greater), to analyze thick laminates under a three- 
dimensional state of stress, and to evaluate the effect of various types of through-thickness 
reinforcement. Through-thickness testing is more problematic than in-plane testing 
because it is difficult to fabricate material of sufficient thickness and uniform quality. It is 
also difficult to introduce the loading without the deleterious influence of end effects and 
stress concentrations. Different tests have been proposed over the years, but the amount of 
data is limited. An overview of through-thickness test methods was given by Lodeiro 
et al.50 A number of test methods were described with results for textile  composite^.^' 
Through-thickness mechanical characterization is performed primarily by three types of 
tests, tensile, compressive, and interlaminar shear tests. 

10.7.1 T h ro  u q h -T h ic k n ess Tens i I e Properties 

Determination of through-thickness (interlaminar) tensile properties has the following 
objectives: 

1. 

2. 

3. 

assessment of laminate integrity in the out-of-plane direction (3- or z-direction) for 
quality control of the lamination process 
generation of design allowables for thick composite laminates subjected to three- 
dimensional states of stress 
evaluation of laminate resistance to delamination caused by interlaminar tensile 
stresses near free edges under in-plane loading 
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Fig. 10.37 Geometry of through-thickness waisted 
block specimen (Ferguson et al.52; dimensions in mm). 
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?- 

Fig. 10.39 Through-thickness 
tensile specimen used at North- 
western University5’ (dimen- 
sions in mm). 

k 2 5 - 4  

Fig. 10.38 Specimen for determina- 
tion of interlaminar tensile strength.53 

The direct approach is similar to that used for determination of in-plane 
transverse tensile properties. Coupons of rectangular or square cross section 
are machined in the thickness direction. These blocks are usually short, as they 
are limited by the thickness of the material (usually less than 40 mm). Various 
configurations of short tensile specimens have been ~ s e d . ~ ’ ” ~  The specimen 
proposed by DERA (Defense Evaluation and Research Agency, UK) is a waisted 
block with rectangular cross section and large radii at the ends of the gage 
section (Fig. 10.37). The specimen used at the Technion Research and Develop- 
ment Foundation (Israel) consists of three bonded pieces, each of which is 
machined from a laminate less than 30 mm thick. It is circularly waisted at the 
center and tabbed as shown in Fig. 10.38. The specimen used at Northwestern 
University (NU) is made from a laminate less than 27 mm thick and is waisted 
along its length by circular arcs to a 4.5 x 4.5 mm (0.177 x 0.177 in) square 
cross section (Fig. 10.39). The NU specimen is bonded into specially machined 
wells in aluminum shanks used for load introduction. The adhesive works under 
both tension and shear to ensure failure in the specimen gage section. The speci- 
men is instrumented with strain gages on all four sides to monitor any possible 
misalignment. A through-thickness tensile stress-strain curve is shown in Fig. 
10.40 for a woven carbon/epoxy composite (AGP370-5H/3501-6). 

An indirect test for determination of through-thickness tensile strength, 
the so-called split ring test, was originally suggested for characterization 
of filament-wound composite elements.54 This test was later modified and 
improved.55 It consists of a curved laminated beam specimen loaded in tension, 
as shown in Fig. 10.41. Under this loading, a pure interlaminar radial tensile 
stress, q, is induced in the apex of the specimen test section. For semicircular 
geometry this stress can be closely estimated by the following relation: 
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Fig. 10.40 Stress-strain curve of woven carbon/epoxy specimen 
under through-thickness tensile loading (AGP370 -5W3501 -6S).51 
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Fig. 10.41 Semicircular curved beam specimen for determination 
of interlaminar tensile strengthJ5 

3PL 
(J,= - 

2bhR 
(10.43) 

where 

P = applied tensile load 

L = distance between load and test section 

b = beam width 

h = beam thickness 

R = mean radius of circular section 

Test results obtained with this specimen are 
characterized by high scatter and low mean value 
of F3r. Better results were obtained by using a 
“scarfed circular specimen” with significantly 
reduced test section and also by using speci- 
mens with elliptical ge~metry.’~ Regardless of the 
experimental approach used, the quality of the 
results can be assessed by how close the values 
of F3r are to those of FZr. 

10.7.2 Through-Thickness Compressive 
Properties 

The specimens for determination of through- 
thickness compressive properties can be 
straight-sided blocks with square or rectangular 
cross section or waisted blocks similar to those 
used in tensile testing. The specimens are bonded 
to steel blocks and loaded directly. It is very 
important to ensure that the bonded ends of the 
specimen and loaded ends of the steel blocks are 
parallel to prevent buckling.” 

10.7.3 Interlaminar Shear Strength 

Interlaminar shear strength is a measure of the in 
situ shear strength of the matrix layer between plies. There is no method available for exact 
determination of this property. Approximate values of the interlaminar shear strength, or 
apparent interlaminar shear strength, can be obtained by various tests. 

The most commonly used test is the short beam under three-point bending (Fig. 
10.42). The beam is machined from a relatively thick (at least 16 plies thick) unidirectional 
laminate with the fibers in the axial direction and is loaded normally to the plies, in the 
3-direction. (ASTM D2344M-00).’ Some doubts have been raised about the validity of results 
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P obtained from thin laminates (less than 16 plies 

1 

PI2 PI2 

thick) because of local compressive failure near 
the loaded points. Better results are obtained with 
thicker (approximately 50 plies thick)  laminate^.^^'^' 
Because of its simplicity, the short-beam shear 
(SBS) test is used as a quality control (qualifica- 
tion) test of the lamination process and related 
matrix-dominated properties of the composite. 

If the beam is sufficiently short compared to 
its depth, shear failure will take place at the mid- 
plane in the form of delamination. This is true 
only sufficiently far away from the load and reac- 

Fig. 10.42 Short-beam shear test for measurement of interlami- 
nar shear strength. 

tion points, where a parabolic shear stress distribu- 
tion through the thickness can be assumed. Finite element analyses have shown that the 
shear stress distribution is skewed near the load and reaction points and that interlaminar 
shear stresses larger than those predicted by classical beam theory exist.58 The apparent 
interlaminar shear strength obtained from classical beam theory is given by 

3P 
4bh 
- (10.44) 

where 

P = load at failure initiation 

b = width of beam 

h = depth of beam (laminate thickness) 

If the beam is too long compared to its depth, flexural failure (tensile or compressive) 
may take place at the outer plies of the beam. To ensure interlaminar shear failure prior to 
flexural failure, the span to depth ratio must satisfy the relationship 

(10.45) 

where 

L = beam span 

F, = flexural strength of beam in the fiber direction (smaller of F,, or F J  

For a typical 15- to 20-ply carbon/epoxy laminate, a span length L = 1 cm (0.4 in), 
width b = 0.64 cm (0.25 in), and thickness h = 1.9 to 2.5 mm (0.075 to 0.100 in) are used. 

The short-beam shear test method is problematic in the case of materials with low 
flexural to interlaminar shear strength ratio, F1/F31,  such as Kevlar, textile, and carbon/ 
carbon  composite^.^^ Modifications of the method for this case have been pr~posed.~~"'  
In one of the approaches, the direct concentrated loading in the SBS test is replaced by a 
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I’ distributed patch loading through an 
aluminum date and a rubber Dad.6’ In 
another approach, the test lamina or 
laminate is sandwiched between two 
strips of steel or other tougher compos- 
ite material and tested under three- or 
four-point bending.59260 The short sand- 
wich beam (SSB) test is illustrated in 
Fig. 10.43. The maximum normal 
stresses in the core (test) and facesheet 
material are 

-L- 

Fig. 10.43 Short sandwich beam specimen for measurement of interlaminar 
shear strength of weak  composite^.^^ 

PLh, 
GI= - 

41, 
(10.46) 

(10.47) 

where 

2b 
3n 

I ,  = -[h:(n - 1) + h:] = equivalent moment of inertia of beam cross section (10.48) 

and 

h k = - !  
h2 

El 
E2 

n = - = ratio of axial moduli of core and facesheet materials 

The interlaminar shear stress on the midplane of the specimen is given by59 

3P 
4bh 

2=-p 

where 

1 + k2(n  - 1) 
= 1 + k3(n - 1) 

(10.49) 

(10.50) 

The factor p can be considered as a “correction factor” for the heterogeneous beam. 
Another test proposed for measurement of interlaminar shear strength is the double- 

notch shear test described in ASTM specification D3846-02.’ The specimen is a uni- 
directional coupon 79.5 mm (3.13 in) long, 12.7 mm (0.50 in) wide, and 2.54 to 6.60 mm 
(0.100 to 0.260 in) thick (Fig. 10.44). Two parallel notches or grooves are machined, one 
on each face of the specimen, 6.4 mm (0.25 in) apart and of depth equal to half the specimen 
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Fig. 10.47 Load versus crack opening deflection for uniform DCB speci- 
men with an initial crack of a, = 3.81 cm (1.5 in) loaded at a crosshead 
rate of 0.0085 mm/s (0.02 in/min) (AS4/3501-6 carb~n/epoxy).~~ 

where the load P, corresponding to opening 
deflection 6, drops to load P, correspond- 
ing to deflection 6, after an increment Aa 
in crack length (see Fig. 9.39). 

The uniform DCB specimen is usu- 
ally 22.9 cm (9 in) long, 2.54 cm (1 in) wide, 
and 3 to 3.6 mm (0.120 to 0.140 in) thick, 
with an initial artificial crack of 3.81 cm 
(1.5 in) length at one end. This crack is 
produced by inserting a 0.025 mm (0.001 
in) thick folded polytetrafluoroethylene 
(PTFE, Teflon) film at the midplane of 
the laminate near one end. Metallic piano 
hinges are bonded to the cracked end of 
the specimen as shown in Fig. 10.46 to 
allow for unrestrained rotation at that end 
during load introduction. 

The specimen is loaded in a testing 
machine at a low crosshead rate on the 
order of 0.5 to 1.3 mm/min (0.02 to 0.05 
in/min) in order to produce stable crack 

growth. The opening deflection is determined by measuring the crosshead displacement or 
by means of a linear variable differential transformer (LVDT) extensometer. A continuous 
load-deflection curve is obtained as shown in Fig. 10.47. Incremental crack lengths are 
marked on this curve during the test. Crack extension is monitored in several different 
ways. At low crosshead rates, crack extension can be monitored visually. At higher rates, 
the crack can be monitored either by means of strain gages mounted on the top face of 
the specimen or by means of a conductive paint circuit applied to the edge of the DCB 
~ p e c i m e n . ~ ~ . ~ ~  

The use of the uniform DCB specimen requires monitoring of the crack length a, 
which becomes more difficult at high loading rates. This problem is alleviated with a dif- 
ferent type of specimen, the width-tapered double cantilever beam (WTDCB) specimen." 
The WTDCB specimen has the property of constant rate of change of compliance with 
crack length, that is, dC/du = constant. For this reason this specimen does not require exact 
monitoring of the crack length and yields a constant crack velocity for a constant opening 
deflection rate.71 The critical strain energy release rate based on the compliance method is 

12P2k2 [ 1 El ( A ) ' ]  
1+-- - 

lOG,, a GI, = 3 
Elh 

(10.53) 

where 

b = beam width at crack length u 
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Fig. 10.48 Typical dimensions in mm (in) of a width-tapered 
double cantilever beam (WTDCB) specimen." 

An alternative expression based on the area 
method is 

k (10.54) 

where a, and a, are crack lengths corresponding 
to loads P ,  and P, and deflections 6, and lj2, 
respectively. 

Typical dimensions of a WTDCB specimen 
are given in Fig. 10.48. A rectangular section is 
provided near the end to facilitate the attachment 
of hinges for load introduction. A continuous load- 
deflection curve obtained with a WTDCB carbon/ 
epoxy specimen is shown in Fig. 10.49. 

Another type of specimen proposed and used 
for the study of loading rate effects on interlaminar 
fracture toughness is the height-tapered double 
cantilever beam (HTDCB) ~pecimen.~' 

Numerous studies have been reported on the 
effects of material, layup, temperature, viscoelas- 
tic behavior, and loading rate on delamination 
fracture t o ~ g h n e s s . ~ ~ ~ ~ ~ . ~ ' - ~ ~  Typical results of crit- 
ical strain energy release rates for various types 
of carbon fiber composites are shown in Table 

These results demonstrate the 
effectiveness of the DCB test in manifesting the 
significantly higher (approximately one order of 
magnitude higher) G,, values of composites with 
tough thermoplastic matrices like PEEK compared 
to those with standard epoxy matrices. 

10.1.63,67-69.71,74-76 

10.8.2 Mode II Testinq 

The significance and measurement of interlaminar 
shear fracture toughness was discussed at length.79 
The most popular method for measuring mode 
I1 delamination fracture toughness is the end- 
notched flexure (ENF) test.80 The width of the 
specimen is usually 2.54 cm (1 in), the crack 
length also 2.54 cm (1 in), and the total span 
10.16 cm (4 in). The beam is first loaded as a 
DCB specimen in mode I up to the point of crack 
initiation. Then it is loaded in flexure under three- 
point or four-point (4ENF) bending until further 
crack growth occurs at the maximum load. A 
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load-deflection curve is recorded. Independently, a compliance calibration is performed by 
testing similar specimens with various crack lengths. 

For three-point bending shown in Fig. 10.50, the strain energy release rate based on 
linear beam theory with linear elastic behavior, including effects of shear deformation, is 
given by 

TABLE 10.1 Critical Strain Energy Release Rates for 
Various Carbon Fiber Composite Materials 

Strain Enerqy Release Rate, Jm2 (Ib/in) 

Material Test* GI, GI,, 

T3001.5208 

T3001914 

T300/F- 185 

AS413501-6 

AS 113501-6 

AS413 502 

AS4/PEEK 

AS4 FabriclLY564 

IM7/8552 

IM7IE7T1 

DCB 
CLS 

DCB 
ENF 
CBEN 

WTDCB 

DCB 
HTDCB 
ENF 

DCB 
ENF 

DCB 
ELS 
ENF 

DCB 
ENF 
CBEN 
ENCB 

DCB 
ENF 

DCB 
4ENF 

DCB 
ENF 

88-103 (0.50-0.59) 

185 (1.06) 

154-433 (0.88-2.47) 

520-600 (2.97-3.43) 
496 (2.83) 

1880 (10.73) 

130-190 (0.74-1.08) 
189 (1.08) 

570-810 (3.25-4.62) 

110-130 (0.62-0.74) 
460-670 (2.62-3.82) 

160-227 (0.91-1.29) 
560 (3.20) 
587 (3.35) 

1260-1680 (7.19-9.59) 
1200-1765 (6.84-10.07) 

1860 (10.62) 
1780 (10.16) 

720 (4.11) 

200 (1.14) 

180 (1.03) 

3500 (19.98) 

1100-1670 (6.28-9.53) 

1100-2450 (6.28-13.98) 

*DCB = double cantilever beam; CLS = cracked-lap shear; ENF = end-notched flexure; CBEN = cantilever beam 
with embedded notch; WTDCB = width tapered double cantilever beam; HTDCB = height-tapered double cantilever 
beam; ELS = end-loaded split laminate; ENCB = end-notched cantilever beam; 4ENF = four-point end-notched 
flexure. 



10.8 Determination of Interlaminar Fracture Toughness 339 

P 

Fig. 10.50 End-notched flexure (ENF) specimen for determina- 
tion of mode I1 interlaminar fracture toughness. 

P 

Fig. 10.51 End-loaded split laminate (ELS) specimen for deter- 
mination of mode I1 interlaminar fracture toughness. 

Fig. 10.52 Specimen holder and loading fixture for pure and 
mixed-mode interlaminar fracture testing in Arcan fixture.87 

G -  9P2a2 [ 1 + 0.2:(:1] (10.55) 
'Ic - 16Elb2h3 

Neglecting shear deformation, the above is 
expressed in terms of the measured compliance 
C as 

(10.56) 
9P2a2C 

G -  
'Ic - 2b(2~3 + 3a3) 

Many applications of the ENF specimen have 
been reported, including effects of fatigue, adhe- 
sive interleaving, and loading rate.76.81-s6 

In general, mode I1 interlaminar fracture 
toughness may be obtained from mixed-mode 
tests. One such test is the end-loaded split lami- 
nate (ELS) test (Fig. 10.51).82 In this case, the 
expression for G,Ic, neglecting shear deformation, 
is similar to the one for the ENF test. 

(10.57) 
9P2a2 

GIIC = - 4Elb2h3 

The Arcan test configuration can also be 
used in testing for pure mode I1 as well as any 
combination of modes I and I1 by attaching an 
end-notched coupon in the specimen holder (Fig. 
10.52).87 Additional mixed-mode tests used for 
computation of GIIc include the end-notched can- 
tilever beam (ENCB) and the cantilever beam 
with enclosed notch (CBEN).76 

Typical results for mode I1 critical strain 
energy release rates are summarized in Table 
10.1 for various types of carbon/epoxy compos- 
ites.64.67,74,76,80,82 Th ese results show how the ENF 
test manifests the higher (approximately three 
times higher) GIIc values of composites with tough 
thermoplastic matrices like PEEK, compared to 
composites with standard epoxy matrices. 

10.8.3 Mixed-Mode Testinq 

Mixed-mode (I and 11) fracture toughness has 
been measured by a variety of test methods such 
as the cracked-lap shear (CLS), mixed-mode 
bending (MMB), edge delamination tension 
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Fig. 10.53 Cracked-lap shear specimen. 
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Fig. 10.54 Mixed-mode bending specimen and test apparatus.89 
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Fig. 10.55 Critical strain energy release rate (SERR) as a function 
of mixed-mode ratio for carbon/epoxy composite (IM7/8552). 
(Courtesy of T. K. O'Brien?') 

(EDT), and the Arcan specimen. The CLS 
specimen shown in Fig. 10.53 has been used 
for composite materials as well as adhesive 
bond e~aluation.~~.'' Uniaxial loading is applied 
to one arm (strap) of a split unidirectional 
laminate. The load transfer to the other arm 
(lap) produces both shear (mode 11) and peel 
(mode I) stresses along the interface between 
the lap and strap arms. The relative magnitudes 
of GI and GII can be modified by adjusting the 
relative thicknesses of the strap and lap parts. 
The exact determination of the two fracture 
toughness components is usually done by 
means of finite element analysis.88 

The mixed-mode bending test is a com- 
bination of the DCB and ENF tests described 
before.89 A sketch of the specimen and loading 
are shown in Fig. 10.54. Detailed drawings and 
the test procedure are given in ASTM D667 1M- 
04. The individual components of fracture 
toughness are determined as follows: 

( 3 ~  - L)' (10.58) 
3P2a2 

= 4b2h3L2El 

9P2a2 
G -  (c + L)' (10.59) 

'Ic - 16b2h3L2E, 

Their ratio 

4 (3c - L)2 L 
3 (c  + L)2 

~2 - (10.60) 
3 GIc/GIIc = - 

is only a function of the load position c and half 
span length L. Results can also be presented in 
terms of the ratio GII/GT where GT = G, + 
The variation of the total critical strain energy 
release rate G, with mixed-mode ratio G,I/G, 
is illustrated in Fig. 10.55 for a carbon/epoxy 
composite (IM7/8552)." 

The EDT test utilizes [(kO)2/90/%?]s and 
[+O/0/90], laminates designed to delaminate at 

the edges under tensile l~ad ing . '~ .~~  The orientation 8 is usually 30" in the first laminate 
and 35" in the second. In these laminates, a noticeable change in the load-deflection 
curve occurs at the onset of edge delamination. The total critical strain energy release 
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rate associated with edge delamination growth in an unnotched composite laminate is 
given by92 

E2h 
2 

G, = L ( E x  - E,*) (10.61) 

where 

E, = tensile strain at delamination onset 

h = specimen thickness 

Ex = laminate modulus before delamination 

I?,* = laminate modulus after total delamination along one or more interfaces 

The value of Gc is independent of delamination size, but it depends on the laminate layup, 
which determines Ex, and on the location of the delaminated surfaces, which determines 
I?,*. The two moduli are determined by both laminate plate theory and the rule of mixtures. 
The total strain energy release rate above consists of components GI, GI,, and GnI. As in the 
case of the CLS specimen, numerical analyses are required to determine the individual 
components. 

The Arcan test configuration can be used in principle to apply any desired combina- 
tion of mode I and mode I1 interlaminar loading (Fig. 10.52).87 

10.8.4 Mode Ill Testing 

Compared with mode I and mode I1 testing, relatively little work has been reported 
on mode I11 testing. A split DCB specimen made by bonding two aluminum bars to the 

P 

Fig. 10.56 Doubly split double cantilever beam specimen for deter- 
mination of mode I11 fracture to~ghness.~’ 

faces of the laminate at the split end is loaded 
in the direction parallel to the crack plane and 
normal to the beam axis.94 As in the case of 
the mode I DCB test, the load drops suddenly 
as the crack extends, causing some uncertainty 
in the crack length corresponding to the critical 
load. 

Another test method proposed for deter- 
mination of GI, uses a doubly split DCB speci- 
men, as shown in Fig. 10.56.95 The symmetry 
of the specimen ensures self-balancing and 
prevents twisting. The uncertainty in identify- 
ing and measuring the correct crack length at 
the critical load and the so-called stick-slip 
phenomenon are eliminated by adding a sup- 
port to the doubly split DCB specimen, as 
shown in Fig. 10.56. The strain energy release 
rate for this specimen is given by 
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where 

3P2e2 
Gmc = (10.62) 

e = distance between the end load and the support 

E = modulus of laminate along beam axis 

b = width of outer split beams 

h = laminate thickness 

Fig. 10.57 Edge-cracked torsion (ECT) specimen 
for determination of mode I11 delamination fracture 
toughness. 

The fracture toughness in this case is independent of crack 
length (a + e),  and the critical tearing load P remains con- 
stant as the crack propagates. 

Another test method introduced for the determina- 
tion of mode I11 delamination toughness is the so-called 
edge-cracked torsion (ECT) test.96 The test specimen is a 
rectangular laminate containing an edge delamination at 
the midplane (Fig. 10.57). The recommended layup for 

carbon/epoxy is [90/(~45)3/(T45)3/90],. A precrack of length a is obtained by inserting a 
0.013 mm (0.0005 in) thick Teflon film between the 90" plies at the midplane. A detailed 
analysis of the specimen and a simplified test procedure have been p ~ b l i s h e d . ~ ~ . ~ ~  At the 
time of this writing the ECT specimen is being considered for standardization by ASTM. 

10.9 BlAXlAL TESTING 

10.9.1 Introduction 

Failure theories, as discussed in the previous chapter, can predict FPF of multidirectional 
laminates under any state of in-plane stress. Ultimate failure, however, is difficult to pre- 
dict analytically on the basis of single lamina properties because of unknown in situ 
effects, nonlinear behavior, and not well-defined damage progression and ultimate lami- 
nate failure. To check or verify analytical predictions and to generate useful failure 
envelopes for design purposes, it is necessary to conduct extensive testing of composite 
laminates under biaxial states of stress. The application of a general in-plane biaxial state 
of stress, including normal tension and compression and shear components, poses a 
difficult problem in composites testing. Some of the basic requirements for a biaxial test 
specimen are as follows: 

1 .  
2. 
3. 

4. 

A significant volume of the material must be under a homogeneous state of stress. 
Primary failure must occur in the test section. 
The state of stress in the test section must be known a priori or easily determined 
without the need for secondary measurements or analysis. 
It must be possible to vary the three in-plane stress components (6x, eY, Z,) 
independently. 
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i A variety of specimen types and techniques have been pro- 
posed and used for biaxial testing of laminates. They include the 
off-axis coupon or ring, the crossbeam sandwich specimen, bulge 
plate, rectangular plate under biaxial tension, and the thin-wall 
tubular specimen. 

10.9.2 Off-Axis Uniaxial Test 

Uniaxial loading of a unidirectional lamina along a direction other 
than one of the principal axes produces a biaxial state of stress 
(Fig. 10.58). The state of stress referred to the principal material 
axes under uniaxial stress ox is obtained from the transformation 
relations in Eq. (4.57): 

Fig. 10.58 Off-axis specimen for biaxial test- 
ing of unidirectional lamina. 

o1 = m20x 

-02 = n20x 

T, = -mnox 

(10.63) 

where 

m = cos 0 

n = s i n 0  

The off-axis specimen has been used successfully in coupon and ring f ~ r m . ~ ~ - ' ' ~  
In the latter case thin-wall rings with the principal material axes at an angle to the circum- 
ferential direction are subjected to internal pressure loading. Some of the limitations of the 
off-axis specimen are as follows: 

1. 
2. 

3. 

The biaxial normal stresses are always of the same sign. 
There is no possibility for independent variation of the three stress components 
(nonproportional loading). 
Erroneous stiffness and strength results may be obtained when using tensile 
coupon specimens of dimensions and with clamping conditions customarily used 
in testing along principal axes. 

If the applied stress ox were uniform throughout, that is, if the specimen were free to 
deform, the specimen strains would be 

1 
Ex = --ox 

EX 

V 
& =-3-(-J 

Ex 
(4.74 bis) 

rl xs 

EX 
Y s  = --ox 
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which means that a rectangular coupon would deform 
into a parallelogram-shaped one as shown in Fig. 10.59a, 
due to shear coupling. If the specimen is clamped at the 
ends during loading, the shear deformation is constrained 
and the specimen deforms, as shown in Fig. 10.59b.lo3 
This constraint induces shear and bending moments at 
the ends as shown that disturb the stress field uniformity 
in the specimen. It was shown analytically that a uni- 
form state of stress and strain will exist at the center 
of the specimen if the aspect ratio Llw (lengthlwidth) 
is sufficiently large.lo4 Furthermore, an expression was 
obtained for the error involved and a correction factor for 
determination of the true axial modulus as follows:1o4 

I 

Ex = Ef(1 - 5) (10.64) 

and 

5 =  S, [ 6Sss + 6s:s S, (31 - 

(10.65) - 11;s - 
(4 (b) 

Fig. 10.59 Effect of end constraint on off-axis tensile 
specimen: (a) free ends and (b) clamped ends.lo3 

where 

Ex = true axial modulus 

Ef = - = apparent (uncorrected) axial modulus 0, 

E X  

5 = correction factor 

S,, S,,, S, = compliance parameters of off-axis lamina (functions of 0) 

Ex, Gxy, qxs = engineering parameters of off-axis lamina (see Chapter 4) 

L = specimen length 

w = specimen width 

The shear coupling effect in a uniaxially loaded off-axis specimen as characterized 
by the correction factor 5 in Eq. (10.65) depends on the following variables: 

1 .  the clamping conditions 
2. the degree of anisotropy of the composite, which affects the ratio EJG, 



10.9 Biaxial Testing 345 

3. the shear coupling parameter q,, which depends primarily on the off-axis angle 8 

4. the specimen aspect ratio or length to width ratio L / w  
and becomes predominant in the range 10" < 8 < 45" 

Of these variables, the first and last are the only ones that can be controlled in testing of a 
given material at a given off-axis angle. When the aspect ratio L / w  is large enough, the 
shear coupling effect becomes independent of clamping conditions."* For an E-glass/ 
epoxy specimen with a ratio L / w  = 24, small differences were observed in strength and 
stiffness for clamped and hinged end conditions (5 < 0.05). 

Off-axis testing is not limited to the unidirectional lamina. Multidirectional symmetric 
laminates can be tested under uniaxial loading at an angle to one of the principal laminate 
axes (X,?). The off-axis laminate can also be tested in compression by using it as a skin in 
a soft-core sandwich beam under pure bending or direct compression. Within the limita- 
tions stated before, the specimen is reliable and simple to use. 

10.9.3 Flat Plate SDecimen 

Specimen 

Glasslepoxy tab 

The flat plate specimen is usually a square plate subjected to tension-tension loading on its 
sides through fiberglass tabs. A variety of biaxial states of stress (in the tension-tension 

shear space) can be achieved by rotating the prin- 
cipal material axes with respect to the loading 
directions. Nonproportional loading is possible 
to some degree. To ensure stress homogeneity 
within a reasonable test section and failure 
within this region, it is necessary to design the 
tabs and transition region very carefully. 

A typical geometry of a plate specimen 
designed for equal biaxial tensile loading is 
shown in Fig. 10.60.'069'07 The composite speci- 
men is a 40.6 x 40.6 cm (16 x 16 in) square plate 
with the comers cut off. It is tabbed with glass/ 
epoxy tabs that have a 20.3 cm (8 in) diameter 
cutout. Loading is introduced by means of four 
whiffle-tree grip linkages designed to apply four 
equal loads to each side of the specimen. A 
photograph of such a biaxial specimen with the 
loading grip linkages is shown in Fig. 10.61. 

There are two problems with this type of 
specimen. The state of stress in the test section 
is not easily determined from the applied loads 
because of the unknown load sharing between 
the tab and the specimen. This problem can be 
resolved by prior calibration of the system and 
by ensuring (or assuming) that the tab stiffness 
remains constant throughout the test. The other 
problem is premature failure at the comers due 

Fig. 10.60 Geometry of plate specimen for biaxial testing with 
dimensions given in mm (in).'06 
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to stress concentrations. This problem can be 
alleviated by proper design of the tab geometry. 
This specimen is most suitable for the investigation 
of the influence of biaxial stress on n o t c h e ~ . ' ~ ~ . ' ~ ~  

The uniformity or homogeneity of the state 
of stress in the test section has been verified 
experimentally by means of photoelastic coat- 
i n g ~ . ' ~ ~ ~ ' ~ '  In the case of unequal biaxial loading, 
an elliptical reduced-thickness region (or tab cutout 
in this case) has been proposed to ensure uniform 
biaxial stresses throughout the test section."* 
The ellipse is selected to satisfy the relation 

(10.66) 

where ex and By are the average stresses along 
the two loading directions, and a and b are the 
major and minor semiaxes of the ellipse along 
the corresponding directions. 

10.9.4 Thin-Wall Tubular Specimen 

Of the various biaxial test specimens mentioned, 
the tubular specimen appears to be the most ver- 
satile and offers the greatest potential. It offers 
the possibility of applying any desired biaxial 
state of stress with or without proportional load- 

rn ing. A state of generalized plane stress can be 
Fig. 10.61 Whiffle-tree linkage grips for load introduction in achieved by the independent application of axial 
biaxial plate specimen.IM loads, internal or external pressure, and torque. 

Tubular specimens have been used successfully 
with metals because stress concentrations in the load introduction region are relieved by 
plastic yielding. This is not the case with brittle materials such as composites. For this 
reason, no entirely satisfactory solution has been found to date. To achieve the full poten- 
tial of the thin-wall tubular specimen, the following requirements must be met: 

1. 

2. 

3. 
4. 
5. 

The tube must be loaded without constraints that would produce local extraneous 
or nonhomogeneous stresses. 
Surface pressures on the laminate in the test section, used for producing circum- 
ferential or axial stresses, should be minimized to avoid adding a high radial stress 
component resulting in a triaxial state of stress. 
Functional or material failures of the load introduction tabs must be avoided. 
Undesirable buckling prior to material failure must be avoided. 
The cost of specimen fabrication, equipment, and testing process must not be 
prohibitive. 



A general biaxial state of stress is produced by means of internal and external pres- 
sures pi and po,  longitudinal load P, (which can also be applied by means of pi and p,), and 
torque T, about the longitudinal axis. The axial, circumferential (hoop), and shear stresses 
are obtained as 

- p, 0, = - 
27Vh 

(10.67) 

T 

where P is the mean radius and h the tube thickness. 
Testing of composite tubular specimens has been discussed by several investigators 

who analyzed the various problems arising in this type of ~pecimen.'~"'~ One of the most 
frequent and most critical problems encountered is that of introducing and maintaining a 
uniform biaxial state of stress in the specimen test section and inducing failure in the test 
region. To overcome or minimize end constraints and gripping problems, the concepts of 
tab and grip pressurization have been ~ s e d . ~ ~ . " ~  These concepts, however, have not been 
implemented with full success because of the inherent difficulty of the problem. 

A typical tubular specimen geometry is illustrated 
in Fig. 10.62. The specimen is designed to have end tabs 
for gripping and load introduction. These tabs are made 
of epoxy or glass/epoxy premachined and bonded to 
the specimen ends. The stiffness of these tabs in the 
axial and circumferential directions relative to those of 
the composite tube can be varied by varying the glass/ 
epoxy layup and the tab thickness. This specimen geome- 
try has been analyzed extensively using finite element 

The objective of these analyses was to min- 
imize stress discontinuities in the transition between 
the test section and tabbed section of the specimen by 
varying the tab materials and geometry and the tab- 
compensating pressure. 

The preparation of tubular specimens must be 
done very carefully to ensure that the specimen is of a 
quality similar to that of flat laminates fabricated and 
cured in an autoclave. Composite tubes can be fabricated 
in any desired laminate layup and stacking sequence. 
Fabrication techniques have been developed and are 
described in the technical l i terat~re."~'"~ The glass/epoxy 
tabs required for the specimen are fabricated as tubes in 

size and bonded on the composite tube. 
a similar manner. They are subsequently machined to 

I 

10.2 cm 25.4 cm 
(4 in) (10 in) 

Fig. 10.62 Thin-wall tubular specimen for biaxial test- 
ing of composites."6 
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The problem of biaxial testing of tubular specimens is inherently difficult and is not 
amenable to a complete solution. The analysis to date shows that it is possible to obtain 
valid tests in many cases for a variety of laminates over large portions of the failure 
envelope. Indeed a large part of the data used for comparison with theoretical predictions 
in the “failure exercise” discussed in Section 9.13 was obtained from tubular specimens. 

10.10 CHARACTERIZATION OF COMPOSITES WITH STRESS CONCENTRATIONS 

10.10.1 I n t r o d u c t i o n  

The behavior of composite laminates with stress concentrations is of great interest in 
design because of the resulting strength reduction and life reduction due to damage growth 
around these stress concentrations. Stress distributions and stress concentrations around 
notches can be determined by linear elastic analysis, finite element methods, and experi- 
mental methods. The problem of failure of notched composite laminates has been dealt 
with by several approaches. One approach is based on concepts of linear elastic fracture 
mechanics carried over from homogeneous isotropic  material^."^.'^^ A second approach is 
based on actual stress distributions in the vicinity of the notch and makes use of simplified 
stress fracture criteria.’” According to the average stress criterion proposed, failure occurs 
when the average stress over an assumed characteristic dimension (or volume) from the 
boundary of the notch equals the tensile strength of the unnotched material. Comparison 
with results from uniaxial tensile tests showed satisfactory agreement between predicted 
and measured strengths for a narrow range of values of the characteristic dimension. In a 
similar approach, lamina failure criteria are used, and a characteristic dimension (volume) 
is postulated.”’ Failure is said to occur if the average state of stress (or strain) on the 
boundary of this characteristic volume falls on the failure envelope of the lamina. 

Experimental methods using strain gages, photoelastic coatings, and moir6 have 
proven very useful in studying the deformation and failure of composite laminates with 
circular holes and through-the-thickness cracks of various  size^."^ The effects of laminate 
layup, stacking sequence, notch size, and far-field stress biaxiality on failure have been 
investigated. The approach used was to load composite plate specimens with holes or 
cracks under uniaxial and biaxial tension, measure deformations by means of experi- 
mental strain analysis techniques, and determine strain distributions, failure modes, and 
strength reduction ratios. Experimental results are compared with predictions based on 
linear elastic fracture mechanics, an average stress criterion, and a progressive degradation 
model. A review of theoretical and experimental results on notched composite laminates 
was published by Awerbuch and Madh~kar . ‘~~  

10.10.2 L a m i n a t e s  w i t h  Ho les  

Stress distributions around a circular hole in an infinite plate can be obtained by aniso- 
tropic e1a~ticity.l~~ For an orthotropic laminate with a hole under uniaxial loading along 
a principal axis x, the maximum stress is the circumferential stress on the hole boundary 
at cp = 90” (Fig. 10.63). The stress concentration at this location is obtained as 
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Fig. 10.63 Composite laminate with circulx hole 
under uniaxial tensile loading. 

e m a x  k,= - 
60 

where 

e0 = applied far-field average stress 

emax = maximum circumferential stress on hole 
boundary (at cp = 90') 

Ex, I?, = average Young's moduli in the x- and y-directions 

GnY = average shear modulus 

VnY = average Poisson's ratio 

The x- and y-axes are principal axes of the laminate. 

is given by 
The circumferential stress on the hole boundary at cp = 0" 

(10.69) 

Although the exact stress distribution along the transverse axis through the hole is 
known, the following approximate expression can be more useful:'26 

where 

(10.70) 

eX(O, y) = axial stress along the y-axis 

e0 = applied far-field axial stress 

Y 
P =a 
a = hole radius 

k, = anisotropic stress concentration factor (obtained by Eq. (10.68) for large plate) 

The influence of laminate layup on stress distribution and stress concentration is 
clearly illustrated by the fringe patterns of a photoelastic coating around the hole of 
boron/epoxy plates. These were 66 cm (26 in) long and 25.4 cm (10 in) wide laminates of 
various layups with a 2.54 cm (1 in) diameter central hole. They were loaded in longitu- 
dinal tension to failure. Figure 10.64a shows that, for a [0/&45/0/%], laminate, the stress 
distribution is similar to that of an isotropic plate, and the stress concentration factor is 
close to 3. Figure 10.64b shows that, for a [0/90],, crossply laminate, the stress gradient at 
the hole boundary is sharp and the stress concentration factor is high (approximately 5). 
The influence of the hole along the transverse axis extends over a distance of approximately 
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Fig. 10.64 Isochromatic fringe patterns in photoelastic coating around hole in boron/epoxy plates 
of different layups under uniaxial tensile loading: (a) [0/*45/0/m],, 6, = 293 MPa (42.4 ksi), 
(b) [0/90],,, 6,, = 170 MPa (24.6 ksi), and (c) [?45],,, 6, = 77 M Pa (11.1 ksi).Iz7 

half the radius. On the other hand, the fringe pattern for the [k45], angle-ply laminate in 
Fig. 10 .64~ shows that the gradient is very mild, the stress concentration factor is moder- 
ate (approximately 2), and the influence of the hole extends over the entire plate. 

The influence of material and stacking sequence on failure was studied for a variety 
of 1 a y ~ p s . I ~ ~  Some results are listed in Table 10.2. The ultimate strength is a function of 
both stress concentration and percentage of 0" plies. Laminates with a high percentage of 
0" plies, but with a sufficient number of 45" plies to mollify the stress concentration fac- 
tor, are the strongest. The [0/90],, layup with a high percentage (50%) of 0" plies is not 
strong because of the high stress concentration factor. The [*45], lay-up is the weakest 
because of the absence of 0" plies, although the stress concentration factor is the lowest. 
Stacking sequence was also found to have a noticeable influence on strength and failure 
patterns. Stacking sequences resulting in tensile interlaminar normal stresses near the 
boundary of the hole reduce the strength of the laminate. In some cases, stacking sequence 
variations can cause drastic differences in strength related to changes in failure modes 
from catastrophic to noncatastrophic (see Fig. 9.35). 

The influence of hole diameter in uniaxially loaded plates can be described by using 
the average stress criterion.I2' According to this criterion, failure occurs when the axial 
stress, averaged over a characteristic distance a, from the hole boundary, equals the 
strength F, of the unnotched laminate (Fig. 10.65). The strength reduction ratio, ratio of 
notched to unnotched strength, is expressed as 
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TABLE 10.2 Effect of Laminate Layup and Stacking Sequence on Stress Concentration and 
Strength of Boron/Epoxy Plates with Circular Holes Under Uniaxial Tensile Loading 

Measured Predicted 
Stress Stress Notched Unnotched Strenqth 

Axial Modulus 
Layup Ex, GPa (Msi) 

~0/90/0/901, 115.2 (16.70) 
[02/*45/01, 133.9 (19.40) 
[ f45/0J0Is 127.3 (18.45) 
[0/*45/0/g], 115.2 (16.70) 
[%/*45/%1, 116.3 (16.85) 
[0/*45/90], 79.5 (1 1.52) 
[45/90/0/-45], 8 1.4 (1 1.80) 
[*45/0/*451, 59.3 (8.59) 
[*45/*45], 19.9 (2.88) 
[45z/-45zIs 20.2 (2.93) 

Concentration Concentration Strenqth Strenqt h Ratio 
Factor k, Factor k, E, MPa (ksl) 6, MPa (ksi) k, = FN/6 

4.82 
3.58 
4.02 
3.34 
3.15 
3.08 
3.10 
2.46 
2.06 
2.55 

5.80 
3.68 
3.68 
3.45 
3.45 
3.00 
3 .OO 
2.45 
1.84 
1.84 

194 (28.1) 
498 (72.2) 
426 (61.7) 
291 (42.2) 
291 (42.2) 
180 (26.1) 
213 (30.9) 
206 (29.9) 
125 (18.1) 
115 (16.6) 

617 (89.5) 
807 (117.0) 
807 (117.0) 
669 (97.0) 
669 (97.0) 
457 (66.2) 
459 (66.5) 
378 (54.8) 
137 (19.9) 
137 (19.9) 

0.314 
0.617 
0.529 
0.435 
0.435 
0.394 
0.465 
0.546 
0.909 
0.833 

t t t t t t t t t t t t t t  
where 

a 
a + a, 

c=- 

6 0  

Fig. 10.65 Stress distribution and average stress criterion 
for uniaxially loaded composite plate with hole. 

Experimental results obtained for uniaxially loaded 
[02/k45], carbon/epoxy laminates with holes of various 
diameters are in good agreement with predictions 
based on the average stress criterion for a character- 
istic length a, = 5 mm, as shown in Fig. 10.66. The 
laminates were 12.7 cm (5 in) wide and 56 cm (22 in) 
long with central holes of diameters ranging from 
0.64 cm (0.25 in) to 2.54 cm (1 in). One interesting 
result observed in this and other similar cases is the 
existence of a threshold hole diameter, approximately 
1.5 mm in this case, below which the laminate becomes 
notch insensitive. 

The behavior of biaxially loaded composite plates 
with holes has been studied experimentally.'06~'28 A 
typical failure pattern of a [0/&45/90], carbon/epoxy 
plate with a hole under equal biaxial tensile loading 

is shown in Fig. 10.67. The strength reduction ratio, ratio of notched biaxial strength 
to unnotched uniaxial strength, is plotted versus hole radius in Fig. 10.68. These ratios are 
higher than corresponding values for uniaxial loading by approximately 30%. The vari- 
ation of strength reduction ratio with hole diameter was satisfactorily described by using 
an average biaxial stress criterion. Radial and circumferential stresses around the hole were 
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Fig. 10.66 Strength reduction as a function of hole radius for 
[02/k45], carbon/epoxy plates with circular holes under uniaxial 
tensile loading.'23 

averaged over an annulus of 3 mm width and 
compared with the biaxial strength envelope for 
the unnotched quasi-isotropic laminate. Results 
were also in good agreement with predictions 
based on the Tsai-Wu failure criterion for the 
individual lamina and a progressive degradation 
m0de1.I'~ The strength reduction ratios for uni- 
axial and equal biaxial tensile loading represent 
lower and upper bounds for any biaxial tensile 
loading of this laminate. The strength reduction 
for any other tensile biaxiality ratio would fall 
between these two bounds and could be estimated 
approximately by interpolation. 

10.10.3 Laminates with Cracks 

Through-the-thickness cracks introduce much 
more severe stress concentrations in composite 
laminates. Stress distributions near a crack tip 
in an orthotrouic material have been obtained 

in terms of mode I and mode I1 stress intensity factors and the laminate  compliance^.'^^ 
An expression for the axial stress ahead of the crack, obtained as a limiting case of the 
solution for an elliptical hole (Fig. 10.69),13' is 

(10.72) 

Fig. 10.67 Failure pattern in [O/k45/ 
901, carbon/epoxy specimen with 
1.91 cm (0.75 in) hole under equal 
biaxial tensile loading." 
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Fig. 10.68 Strength reduction as a function of hole radius for 
[0/*45/90], carbon/epoxy plates with circular holes under equal 
biaxial tensile loading.lM 

where 

<r, = axial stress along transverse axis 

6, = applied far-field stress 

a = half crack length 

The failure of composite laminates with 
through-the-thickness cracks can also be 
described by the semiempirical average stress 
criterion.121 According to this criterion, failure 
occurs when the axial stress averaged over a 
characteristic distance a, from the crack tip 
equals the unnotched strength of the material. 
Using the stress distribution of Eq. (10.72), the 
average stress criterion predicts the following 
strength reduction ratio: 

k - : =  F -  " /? - (10.73) 
F, a, + 2a 

X 

BQ 

Fig. 10.69 Composite laminate with 
through-the-thickness transverse crack 
under uniaxial tensile loading. 

where pN and are the notched and unnotched laminate strengths, 
respectively, and a, is the characteristic length dimension. 

The deformation and failure of carbon/epoxy plates with cracks of dif- 
ferent lengths have been investigated by experimental techniques. 13'. 133 

In general, failure at the tip of the crack takes the form of a damage 
zone consisting of ply cracking along fiber directions, local delamina- 
tions, and fiber breakage in adjacent plies along the initial cracks. The 
strain distribution around the crack tip and the phenomenon of damage 
zone formation and growth for a uniaxially loaded plate are vividly 
illustrated by the isochromatic fringe patterns in the photoelastic coat- 
ing (Fig. 10.70). A noticeable characteristic is the apparent extension of 
the damage zone at a 45" angle to the crack direction, which is related 
to initial cracking of the 45" ply. The size of this zone increases with 
applied stress up to some critical value, at which point the specimen 
fails catastrophically. Far-field strains and the crack opening displace- 
ment were obtained from moire fringe patterns around the crack. 

Experimental results for the strength reduction ratio agree well 
with predictions based on the average stress criterion using a charac- 
teristic dimension a, = 5 mm (Fig. 10.71). Comparison of these results 
with those from similar specimens with circular holes shows that 
strength reduction in this case is nearly independent of notch geometry, 
that is, specimens with holes and cracks of the same size have nearly 
the same strength. Experimental results for specimens with holes along 
with predictions based on an average stress criterion for holes are also 
shown in Fig. 10.71. 



Fig. 10.70 Isochromatic fringe patterns in photoelastic coating around 1.27 cm (0.50 in) crack of [0/+45/90], 
carbon/epoxy specimen at various levels of applied stress.13* 
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Fig. 10.71 Strength reduction as a function of hole radius or half 
crack length for [0/+45/90], carbon/epoxy plates with circular 
holes and transverse cracks under uniaxial tensile 10ading.l~~ 

The result above can also be analyzed by linear 
elastic fracture mechanics. If the half crack length a 
is adjusted to include the length a, of the critical 
damage zone near the crack tip, the critical stress 
intensity factor is given by 

K,, = FNzI?c(a+ao) (10.74) 

The length of the critical damage zone can be 
taken equal to the characteristic dimension a, in 
the average stress criterion (5 mm). It can also be 
approximated by the diameter of the damage zone 
near failure as detected by the photoelastic coating. 
It is shown in Fig. 10.72 that the critical stress inten- 
sity factor, as modified to account for the critical 
damage zone at the crack tip, is nearly constant with 
initial crack length. 
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10.11 TEST METHODS FOR TEXTILE COMPOSITES 
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Fabric-reinforced or textile composites are increasingly used in aerospace, automotive, 
naval, and other applications. The microstructure of composite laminates reinforced with 
woven, braided, or stitched networks is significantly different from that of unidirectional 
tape laminates. This leads to a higher degree of inhomogeneity. Furthermore, the relative 
magnitudes of in-plane and through-thickness elastic and strength properties of textile 
composites are different from those of tape-based composites. Consequently, testing of 
textile composites requires some special considerations. Specimen dimensions, instru- 
mentation, and loading methods developed for tape laminates, may not be applicable to 
textile composites. A thorough review of test methods for textile composites was given in 
a NASA r e ~ 0 r t . I ~ ~  A new ASTM guide was issued recently (D6856-03).I3* Test methods 
for 3-D textile composites have also been reviewed.'39 

Strains during testing can be measured with extensometers and strain gages. Special 
care must be taken to select gages of sufficiently large size compared to the fabric unit cell 
and to prepare the specimen surface to ensure that it is flat and smooth. 

pared satisfactorily with predictions based on 
a maximum stress criterion for the individual 
lamina and a progressive degradation model. 

The strength of notched laminates in 
general is a measure of notch sensitivity and 
toughness. This has prompted the recommen- 
dation of simple test methods for qualitative 

- 30 .- 
3- 

- 2 0  y' 

- 

10.11.1 In-Plane Tensile Testing 

The method for determination of in-plane tensile properties is essentially the same as 
described before (Section 10.4, ASTM D3039). The geometry is also similar to that shown 
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Fig. 10.73 Tensile and compressive stress-strain 
curves of unidirectional and woven fabric carbon/ 
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in Fig. 10.16, except that the width of the specimen should be large enough compared to 
the size of the textile unit cell. The recommended width is typically 25.4 mm (1 .OO in), and 
the minimum gage length is 127 mm (5.00 in). Tests must be conducted along the prin- 
cipal directions of the fabric, the warp and fill directions, to determine 

E l ,  E, = Young's moduli in warp and fill directions, respectively 

v,,, v,, = major and minor Poisson's ratios, respectively 

F,, ,  F2, = tensile strengths in warp and fill directions, respectively 

E;,, E;,, = ultimate tensile strains in warp and fill directions, respectively 

Typical tensile stress-strain curves for a woven carbon/epoxy material and a uni- 
directional lamina with the same fiber type and matrix are shown in Fig. 10.73.I4O It is 
noted that the modulus and strength of the fabric composite are roughly half those of the 
corresponding unidirectional lamina. This is due to the fact that the five-hamess satin- 
weave-reinforced composite behaves approximately like a [0/90], crossply laminate made 
of unidirectional laminae. 

10.11.2 In-Plane Compressive Testinq 

Compression testing of textile composites can be performed as in the case of unidirectional 
tape-based composites (Section 10.5, ASTM D3410) with special considerations for the 
size of the gages and specimen width. Special guidelines for compression testing are given 
in a NASA report.14' A prismatic specimen of 305 mm (12 in) length, 38 mm (1.50 in) 
width, and 3.18 mm (0.125 in) thickness is recommended for two-dimensional braids with 
large unit cells. A special fixture was proposed to provide lateral support to the specimen 
during compressive 10ading.I~' Compression testing of satin-weave fabric composites has 
been conducted successfully with the NU fixture (Fig. 10.23) using an IITRI-type speci- 
men of 114 mm (4.5 in) length with long glass/epoxy tabs leaving an unsupported gage 
length of 12.7 mm (0.50 in).'40 Typical compressive stress-strain curves for a woven 
carbon/epoxy and a unidirectional carbon/epoxy with the same type of fiber and matrix 
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are shown in Fig. 10.73, together with the tensile stress-strain curves. The same observa- 
tion can be made here, that is, that the modulus and compressive strength of the fabric 
composite are approximately half those of the corresponding unidirectional composite. 

10.11.3 In-Plane Shear Testing 

The ASTM-recommended test methods for in-plane shear characterization are shear of 
a Iosipescu-type beam with V-notches (ASTM D5379M-98) or the standard two-rail or 
three-rail shear tests (D4255M-01) discussed before (see Fig. 10.31). The [*45],, coupon 
test discussed before (Section 10.6, Fig. 10.27) can be used only for woven or orthogo- 
nally braided composites with equal yam sizes and spacings in the warp and fill (or *€I 
braiding) directions, or for uniweaves of [*45] layup. In the cases above it is also possible 
to use off-axis tensile testing as discussed previously for unidirectional composites (see 
Fig. 10.29). In all testing above, strain measurements should be made using strain gages 
of sufficient size relative to the textile unit cell. A compact Iosipescu-type specimen instru- 
mented with a special strain gage that yields the average shear strain over the test section 
has been used successfully for a variety of textile  composite^.'^^ Typical shear stress-strain 
curves for a woven carbonfepoxy and a unidirectional carbonfepoxy with the same type 
of fiber and matrix are shown in Figure 10.74. It can be observed that the two stress-strain 
curves nearly coincide in the initial quasi-linear region, up to a shear strain of y6 2 0.8%. 
Beyond this strain level, the woven fabric composite shows much more ductility, with an 
ultimate strain exceeding 3%. 

10.11.4 T h rouq h-T h ic k ness Test i nq 

Through-thickness testing of textile composites is more challenging than testing of uni- 
directional composites, because of material thickness limitations and the requirement for 
a sufficiently large test section compared to the textile unit cell size. Methods and results 
were published recently for a woven carbonfepoxy c~mposite.~' 

Through-thickness tensile testing was conducted by using a short circularly waisted 
block specimen (Fig. 10.39). A through-thickness tensile stress-strain curve is shown in 
Fig. 10.40. The specimens for through-thickness compressive testing are prismatic blocks 
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3501-6S).5' 

bonded to steel end blocks. A typical compressive stress-strain curve to failure is shown in 
Fig. 10.75. 

The ASTM-recommended through-thickness shear test method is the same as for 
in-plane shear, that is, a Iosipescu-type V-notch beam under shear (ASTM D5379M-98). 
A compact version of this test specimen was shown in Fig. 10.45. A typical through- 
thickness shear stress-strain curve for a woven carbon/epoxy is shown in Fig. 10.76. 
Failure patterns of carbon fabric/epoxy specimens tested in through-thickness tension, 
compression, and shear are shown in Fig. 10.77. 
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The above methods are not 
suitable for textile composites with 
through-thickness yarns. These com- 
posites have high through-thickness 
tensile and shear strengths compared 
to their in-plane strengths. 

Fig. 10.78 DCB specimen and notch geometry for evaluation of G,for textile 
composites.lM 

10.11.5 Interlaminar Fracture 
Toughness 

Interlaminar cracks in textile compos- 
ites propagate along the interlaminar 
matrix phase as in the case of tape- 
based laminates. However, there is 
more resistance to interlaminar crack 
propagation due to the undulations of 
the fabric weave. It has been observed 

that the interlaminar fracture toughness (IFT) of textile composites is usually two to eight 
times that of corresponding tape-based laminates. The IFT of textile composites is deter- 
mined essentially by the same methods as those described previously for unidirectional 
composites, with special considerations for the expected higher IFT values and the 
increased specimen thickness required as a 

The most commonly used tests are the double cantilever beam (DCB) test for mode I 
(ASTM D5528-01) and the end-notched flexure (ENF) test for mode 11. In the case of 
mode I testing using the DCB specimen, the recommended specimen thickness is large 
enough to prevent premature bending failures of the cantilever beams before crack propa- 
gation. A DCB specimen and its notch geometry used for textile composites are shown in 
Fig. 10.78.14 In this case the specimen was machined from a 8.4 mm (0.331 in) thick lam- 
inate made of A193 plain-weave AS4 carbon and an LY5641HY2954 epoxy. A central 
notch was machined at the end as shown in Fig. 10.78. The specimen is preloaded to form 
and extend a natural precrack, the length of which is controlled by a clamp. 

10.12 STRUCTURAL TESTING 

The increasing applications of composites in larger structures and the infrastructure create 
the need for additional testing on a larger scale. The structural behavior of large-scale 
structures manufactured by industrial methods, such as RTM or VARTM, cannot be pre- 
dicted reliably based on small-scale coupon tests using specimens fabricated under labo- 
ratory conditions. Structural components representative of larger structures, such as joints, 
pipe sections, sandwich panels, and stiffened sections, must be tested under conditions 
similar to those encountered in service. 

Sandwich structures consisting of a lightweight core and composite facesheets are very 
desirable and widely used because of their light weight and high in-plane and flexural stiff- 
ness. The overall behavior of sandwich structures depends on the material properties of the 
constituents (facesheets, adhesive, and core), geometric dimensions, and type of loading. 
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Fig. 10.79 Simply supported composite 
sandwich panel under central loading. 

Analysis of this behavior is difficult because of the nonlinear and inelastic behavior of the 
constituent materials and the complex interactions of failure  mode^.‘"^'^^ For these reasons 
it is important to investigate experimentally the behavior of sandwich beams and panels 
under various loadings. Sandwich beams under four-point bending are used for determina- 
tion of compressive strength of laminates as discussed before (Figs. 10.25 and 10.26). 
Sandwich panels are tested under monotonic and impact loadings (Fig. 10.79). In the case 
of impact loading, the damage is assessed by nondestructive evaluation and the residual 
strength is measured by means of compressive testing (compression after impact). 

One major application of composites to infrastructure is in the form of pipes for trans- 
portation of water or Large-diameter pipes are made of glass/polyester composites 
because of their corrosion resistance and easy maintenance. However, they are less stiff 
than metal pipes and more expensive to fabricate. Underground pipes are subjected mainly 
to internal fluid pressure producing hoop tensile stresses, external soil pressure inducing 
compressive and flexural stresses and possible global buckling, and longitudinal flexure 
due to pipeline curvature and structural constraints. Five basic tests are recommended in 
ASTM specification D3517-04. Of these the hoop stiffness is measured directly by load- 
ing a pipe segment between flat plates under diametral compression (ASTM D2412-02, 
Fig. 10.80). Another important test is the measurement of hoop tensile strength by the split 
disk method (ASTM D2290-00, Fig. 10.81). 

10.13 SUMMARY AND DISCUSSION 

Methods of physical and mechanical characterization of constituents and composite 
materials were reviewed. The physical and mechanical characterization of the fiber and 
matrix constituents and the interface is necessary for the application of micromechanics in 
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Fig. 10.80 Segment of 1.52 m (60 in) diameter glass/polyester 
pipe under 25% diametral compres~ion.'~~ 

Fig. 10.81 Split disk tensile test and failure of 
ring specimen cut from 51 cm (20 in) diam- 
eter glass/polyester pipe.'46 

understanding and predicting the macroscopic behavior of composite materials. In the 
macromechanical approach, the unidirectional lamina is considered the basic building 
block, and its full characterization is essential for any subsequent theoretical, numerical, 
or experimental analysis of composite structures. Many of the methods discussed have 
been standardized, and the relevant ASTM specifications were mentioned in the text. 
A summary of test methods for characterization of the unidirectional lamina is given in 
Table 10.3. 

In the case of compressive testing, variations of the IITRI test fixture are widely used, 
with modifications being introduced by many investigators. An extension of this test method 
to thick composites involving combined shear and end loading was described (NU fixture). 

There is a variety of methods used for in-plane shear testing, with the [k45],, and the 
off-axis lamina tests being the most commonly used. Many types of tests may yield rea- 
sonable values for the in-plane shear modulus, but the ultimate properties are not always 
determined reliably. In the case of off-axis testing, it was shown that the determination of 
the shear strength is linked to the assumed failure criterion. 
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TABLE 10.3 Test Methods for Mechanical Characterization of Unidirectional Lamina 

Test 
(ASTM Standard) 

Specimen 
Confiquration 

Elastic 
Properties 

St renqt h 
Parameters 

Longitudinal tension 
(D3039M-00) 

Transverse tension 
(D3039M-00) 

E21 v21 - 1  
Longitudinal compression 
(D3410M-03) 
(C364-99) 
(C393-00) 

- IITRI I 
El 

Sandwich column I 
Sandwich beam I 

~~ ~ 

Transverse compression 
(D34 1 OM-03) 
(C364-99) 
(C393-00) 

In-plane shear 
D3518M-94 (2001) 
D4255M-01 

-1 IITRI 
(or sandwich construction) 

F6. r;: +-+ 10" off-axis 
r l l  

Three-rail shear I 

I 
F5 Interlaminar shear 

(for quality assessment) 
(D2344M-00) 
(D3846-02) 

1- Shortbeam I 
4:  : b Double-notch 

coupon 

Through-thickness 
tension 

F3f G f  E3 
' 3 1  

' 32  

Through-thickness 
compression 

E3 

Through-thickness 
shear 
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Through-thickness mechanical characterization is a particularly challenging problem 
because of practical limitations on laminate thickness. Direct tensile or compressive test- 
ing in the thickness direction makes use of small coupons loaded through end blocks. The 
short-beam interlaminar shear test is primarily used as a quality control test. A modified 
Iosipescu test can be used with short notched blocks to determine the through-thickness 
shear moduli and strengths. 

Interlaminar fracture toughness is an important property characterizing the resistance 
to delamination onset and propagation. It is well characterized in mode I by using the 
double cantilever beam (DCB) specimen. The end-notched flexure (ENF) specimen under 
three- or four-point bending is well accepted for determination of mode I1 fracture tough- 
ness. A combination of the two tests above, standardized by ASTM, yields mixed-mode 
(I and 11) results. Of the various mode 111 tests proposed, the edge-cracked torsion (ECT) 
test is on its way to standardization. 

Limited biaxial results can be obtained by off-axis testing. Valid results can be 
obtained by careful testing of thin-wall cylindrical specimens under internal pressure, axial 
tension or compression, and torque. 

Stress and failure analysis around stress concentrations was discussed at some length. 
However, most of the work to date deals with well-defined flaws, such as holes and 
through-the-thickness cracks. There is need to extend this work to study more realistic 
defects, such as partial delaminations, scratches, and impact-damaged areas. The strength 
of notched composites serves as a measure of notch sensitivity and toughness and has 
prompted the recommendation of standard open-hole tension and compression test methods 
by ASTM, NASA, and SACMA. 

Testing of textile composites received attention because of the increasing applications 
of textile composites. Test methods are essentially the same as for tape-based composites 
but with special considerations for gage instrumentation and specimen size. The strain 
gages and the width of the specimen should be sufficiently larger than the fabric unit cell. 
In-plane, through-thickness, and interlaminar fracture toughness test methods were discussed. 

A brief discussion was included of large-scale structural testing because of the 
increasing applications of composites to larger structures and infrastructure. 

Several areas of mechanical characterization were not addressed in this review. For 
example, fatigue testing is very important in studying damage mechanisms, damage 
accumulation, and the attendant degradation of stiffness and residual strength. Some 
specifications for fatigue testing are given in ASTM specifications D3479M-96 (2002) and 
D4762-04. Fatigue studies must be extended to include spectrum fatigue loading, envi- 
ronmental effects, and delamination crack growth. Future efforts will be directed toward 
methods of accelerated testing for determining the reliability and life of structures. 

Environmental effects on mechanical properties are important and must be evaluated by 
special testing. The extent of property degradation as a function of temperature and mois- 
ture concentration must be measured for the various materials. Special testing procedures 
are needed to evaluate time effects, both long-term (creep) and short-term (dynamic) effects, 
and physical aging. Creep testing is useful in determining the viscoelastic characteristics 
of the composite, that is, time-dependent stiffnesses and compliances. It can be conducted 
at various temperatures to obtain master curves covering many decades of time. A variety 
of methods have been developed for high-rate testing to evaluate short-term effects. 
Closely related to this is impact testing and evaluation of impact damage tolerance. 
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Another important area of experimental characterization not covered in this chapter is 
nondestructive evaluation (NDE). A variety of NDE techniques are used for evaluating the 
integrity of composite materials and structures. They include radiographic (X-ray and 
neutron), optical (moirk, birefringent coatings, holographic interferometry, and speckle 
shearing interferometry), thermographic, acoustic (acoustic wave, acoustic emission), 
embedded sensors, ultrasonic, and electromagnetic techniques. The most widely used 
methods, especially for polymer-matrix composites, are ultrasonic and X-radiographic 
techniques. They are used to detect and characterize flaws introduced during fabrication 
and in service, such as delaminations, porosity, matrix cracking, fiber/matrix debonding, 
fiber misalignment, inclusions, and fiber fractures. The discussion of NDE methods and 
their application to composites is beyond the scope of this book. 
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Appendix 

A Mater ia l  Proper t ies  

The data given in this appendix were obtained experimentally and collected from different 
sources without complete verification. It is recommended that these data be used primarily 
for educational and preliminary design purposes and not for final structural design before 
verifying them experimentally or checking with other sources. 
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374 APPENDIX A MATERIAL PROPERTIES 

TABLE A.l ProDerties of TVDiCd Fibers 

Diameter Density Modulus Tensile Strength 
TLPe km (iOP in) g/cm3 (lb/in3) GPa (Msi) MPa (ksi) 

Glass 
E-glass 8-14 (0.30-0.55) 2.54 (0.092) 
S-glass 

Carbon 
AS4 
T300 

T-400H 
IM-6 
IM-7 

Graphite 
T-50 
GY-70 
PlOO s 

Boron 

Aramid 
Kevlar 49 
Kevlar 149 

Silicon carbide 
(SCS-2) 
Nicalon 

Alumina 
FP-2 
Nextel 6 10 
Saphikon 
Sapphire whiskers 

Silica 
Tungsten 

10 (0.40) 

7 (0.28) 

4 (0.16) 
4 (0.16) 

10 (0.4) 

140 (5.6) 

12 (0.47) 
12 (0.47) 

140 (5.6) 
15 (0.6) 

- 
- 

2.49 (0.090) 

1.81 (0.065) 
1.76 (0.063) 

1.80 (0.065) 
1.80 (0.065) 
1.80 (0.065) 

1.67 (0.060) 
1.86 (0.067) 
2.02 (0.073) 

2.50 (0.090) 

1.45 (0.052) 
1.45 (0.052) 

3.10 (0.112) 
2.60 (0.094) 

3.70 (0.133) 
3.75 (0.135) 
3.80 (0.137) 
3.96 (0.143) 

2.19 (0.079) 
19.3 (0.696) 

73 (10.5) 
86 (12.4) 

235 (34) 
230 (33) 

250 (36) 
255 (37) 
290 (42) 

390 (57) 
520 (75) 
720 (105) 

395 (57) 

131 (19) 
186 (27) 

400 (58) 
172 (25) 

380 (55) 
370 (54) 
380 (55) 
410 (60) 

73 (10.5) 
410 (60) 

3450 (500) 
4500 (650) 

3700 (535) 
3100 (450) 

4500 (650) 
4500 (650) 
5170 (750) 

2070 (300) 
1725 (250) 
1725 (250) 

3450 (500) 

3800 (550) 
3400 (490) 

4140 (600) 
2070 (300) 

1725 (250) 
1900 (275) 
3 100 (450) 

2 1,000 (3000) 

5800 (840) 
4140 (600) 



TABLE A.2 Mechanical and Thermal Properties of Representative Fibers 

Silicon 
AS-4 T-300 IM7 Kevlar 49 Carbide 

Prooertv E-Glass S-Glass Carbon Carbon Carbon Boron Ararnid (Nicalon) 

Longitudinal modulus, 

Transverse modulus, 

Axial shear modulus, 

Transverse shear modulus, 

Elf ,  GPa (Msi) 73 (10.5) 86 (12.4) 235 (34) 230 (33) 290 (42) 395 (57) 131 (19) 172 (25) 

E,, GPa (Msi) 73 (10.5) 86 (12.4) 15 (2.2) 15 (2.2) 21 (3) 395 (57) 7 (1.0) 172 (25) 

GI,, GPa (Msi) 30 (4.3) 35 (5.0) 27 (4.0) 27 (4.0) 14 (2) 165 (24) 21 (3.1) 73 (10.6) 

- - - - G,,, GPa (Msi) 30 (4.3) 35 (5.0) 7 (1.0) 7 (1.0) 
Poisson's ratio, v,2f 0.23 0.23 0.20 0.20 0.20 0.13 0.33 0.20 
Longitudinal tensile strength, 

Longitudinal coefficient of thermal 

Transverse coefficient of thermal 

F,fi ,  MPa (ksi) 3450 (500) 4500 (650) 3700 (535) 3100 (450) 5170 (750) 3450 (500) 3800 (550) 2070 (300) 

expansion, a,f, lO-'/OC (lO-'/"F) 5.0 (2.8) 5.6 (3.1) -0.5 (-0.3) -0.7 (-0.4) -0.2 (-0.1) 16 (8.9) -2 (-1.1) 3.2 (1.8) 

expansion, qr, lO-'/OC (lO-'/OF) 5.0 (2.8) 5.6 (3.1) 15 (8.3) 12 (6.7) 10 (5.6) 16 (8.9) 60 (33) 3.2 (1.8) 



TABLE A.3 Properties of Typical Polymer Matrix Materials 

EPOXY Poly-ether- 
EPOXY E POXY (HY60101 Vinylester ether-ketone 

Property (3501-6) (977-3) HT917/DY070) Polyesters (Derakane) Pol yimides (PEEK) 

Density, p, 
g/cm3 (lb/in3) 

Young's modulus, 
Em, GPa (Msi) 

Shear modulus, 
G,, GPa (Msi) 

Poisson's ratio, v, 
Tensile strength, 

F,,, MPa (ksi) 
Compressive 

strength, F,,, 
MPa (ksi) 

Shear strength, 
F,,, MPa (ksi) 

Coefficient of 
thermal 
expansion, 

( 1 04/"F) 
Glass transition 

temperature, 
T8, "C (OF) 

Maximum use 
temperature, 
T,,,, "C ( O F )  

Ultimate tensile 
strain, E:, (%) 

a,, lo-"c 

1.27 (0.046) 1.28 (0.046) 

4.3 (0.62) 3.7 (0.54) 

1.60 (0.24) 1.37 (0.20) 
0.35 0.35 

69 (10) 90 (13) 

200 (30) 175 (25) 

100 (15) 52 (7.5) 

45 (25) - 

200 (390) 200 (390) 

150 (300) 177 (350) 

2-5 - 

1.17 (0.043) 

3.4 (0.49) 

1.26 (0.18) 
0.36 

80 (11.6) 

104 (15.1) 

40 (5.8) 

62 (3.4) 

152 (305) 

- 

- 

1.1-1.5 (0.040-0.054) 1.15 (0.042) 

3.2-3.5 (0.46-0.51) 

0.7-2.0 (0.10-0.30) 
0.35 

40-90 (5.8-13.0) 

90-250 (13-35) 

45 (6.5) 

60-200 (33-110) 

50-1 10 (120-230) 

- 

2-5 

3-4 (0.43-0.58) 

1.1-1.5 (0.16-0.21) 
0.35 

65-90 (9.4-13.0) 

127 (18.4) 

53 (29) 

100-150 (212-514) 

- 

1-5 

1.4-1.9 (0.050-0.069) 1.32 (0.049) 

3.1-4.9 (0.45-0.71) 3.7 (0.53) 

70-120 (10.1-17.4) 96 (14) 

90 (50) 

280-320 (540-610) 143 (290) 

300-370 (570-700) 250 (480) 

1.5-3.0 



TABLE A.4 Properties of Tvpical Unidirectional Composites (Two-Dimensional) 

Kevlar/Epoxy 
E-Glass/ S-Glass/ (Aramid 49/ CarbonIEpoxy CarbonIEpoxy 

Property EPOXY EPOXY Epoxy) (AS4/3501-6) (lM6G/3501-6) 

Fiber volume ratio, V' 
Density, p, g/cm3 (lb/in3) 
Longitudinal modulus, E l ,  GPa (Msi) 
Transverse modulus, E,, GPa (Msi) 
In-plane shear modulus, GI,, GPa (Msi) 
Major Poisson's ratio, v,, 
Minor Poisson's ratio, v,, 
Longitudinal tensile strength, F,,, MPa (ksi) 
Transverse tensile strength, F2,, MPa (ksi) 
In-plane shear strength, F,, MPa (ksi) 
Ultimate longitudinal tensile strain, E:, 
Ultimate transverse tensile strain, E;, 

Longitudinal compressive strength, F,,, MPa (ksi) 
Transverse compressive strength, F,, MPa (ksi) 
Longitudinal thermal expansion coefficient, 

Transverse thermal expansion coefficient, 

Longitudinal moisture expansion coefficient, PI 
Transverse moisture expansion coefficient, P2 

a,, lO"/OC (10"PF) 

o;, lO"/OC (lO-,PF) 

0.55 
1.97 (0.071) 

41 (6.0) 
10.4 (1.50) 
4.3 (0.62) 

0.28 
0.06 

1140 (165) 
39 (5.7) 
89 (12.9) 

0.028 
0.005 

620 (90) 
128 (18.6) 

7.0 (3.9) 

26 (14.4) 
0 

0.2 

0.50 
2.00 (0.072) 

45 (6.5) 
11.0 (1.60) 
4.5 (0.66) 

0.29 
0.06 

1725 (250) 
49 (7.1) 
70 (10.0) 

0.029 
0.006 

690 (100) 
158 (22.9) 

7.1 (3.9) 

30 (16.7) 
0 

0.2 

0.60 
1.38 (0.050) 
80 (11.6) 
5.5 (0.80) 
2.2 (0.3 1) 

0.34 
0.02 

1400 (205) 
30 (4.2) 
49 (7.1) 
0.015 
0.005 

335 (49) 
158 (22.9) 

-2.0 (-1.1) 

60 (33) 
0 

0.3 

0.63 
1.60 (0.058) 
147 (21.3) 
10.3 (1.50) 
7.0 (1 .OO) 

0.27 
0.02 

2280 (330) 
57 (8.3) 
76 (11.0) 

0.015 
0.006 

1725 (250) 
228 (33) 

-0.9 (-0.5) 

27 (15) 
0.01 
0.2 

0.66 
1.62 (0.059) 
169 (24.5) 
9.0 (1.30) 
6.5 (0.94) 

0.31 
0.02 

2240 (325) 
46 (6.7) 
73 (10.6) 

0.013 
0.005 

1680 (245) 
215 (31) 

-0.9 (-0.5) 

25 (13.9) 
0 
- 



TABLE A.4 ProDerties of Tvtical Unidirectional ComDosites (Two-Dimensional) (cont'd) 

Fiber volume ratio, V, 
Density, p, g/cm3 (Ib/in3) 
Longitudinal modulus, El, GPa (Msi) 
Transverse modulus, E,, GPa (Msi) 
In-plane shear modulus, G,,, GPa (Msi) 
Major Poisson's ratio, v,, 
Minor Poisson's ratio, v,, 
Longitudinal tensile strength, F,,, MPa (ksi) 
Transverse tensile strength, F,,, MPa (ksi) 
In-plane shear strength, F6. MPa (ksi) 
Ultimate longitudinal tensile strain, E:, 
Ultimate transverse tensile strain, E;, 

Longitudinal compressive strength, F,,, MPa (ksi) 
Transverse compressive strength, F,,, MPa (ksi) 
Longitudinal thermal expansion coefficient, 

Transverse thermal expansion coefficient, 

Longitudinal moisture expansion coefficient, p, 
Transverse moisture expansion coefficient, p, 

a,, lO-'PC (104PF) 

q, lO-'/OC ( 104/OF) 

0.65 
1.61 (0.058) 
190 (27.7) 
9.9 (1.44) 
7.8 (1.13) 

0.35 
0.02 

3250 (470) 
62 (8.9) 
75 (10.9) 

0.016 
0.006 

1590 (230) 
200 (29) 

-0.9 (-0.5) 

22 (12.4) 
0 
- 

0.58 
1.57 (0.057) 
138 (19.9) 
8.7 (1.27) 
5.0 (0.73) 

0.28 
0.02 

2060 (300) 
78 (11.4) 
157 (22.8) 

0.016 
0.009 

1100 (160) 
196 (28.4) 

-0.2 (-0.1) 

24 (13.3) 
0 

0.4 

0.45 
1.54 (0.056) 
216 (31.3) 
5.0 (0.72) 
4.5 (0.65) 

0.25 
0.0 1 

807 (117) 
15 (2.2) 
22 (3.2) 
0.004 
0.003 

655 (95) 
71 (10.2) 

0 

25 (14.1) 
0 

0.3 

0.57 
1.59 (0.058) 
294 (42.7) 
6.4 (0.92) 
4.9 (0.71) 

0.23 
0.01 

985 (145) 
29 (4.3) 
49 (7.1) 
0.002 
0.005 

690 (100) 
98 (14.2) 

-0.1 (-0.06) 

26 (14.4) 
0 

0.4 

0.50 
2.03 (0.073) 
201 (29.2) 
21.7 (3.15) 
5.4 (0.78) 

0.17 
0.02 

1380 (200) 
56 (8.1) 
62 (9.1) 
0.007 
0.003 

1600 (232) 
125 (18) 

6.1 (3.4) 

30 (17) 
0 

0.2 

Carbon/Epoxy Carbon/PEEK Carbon/Polyimide Graphite/Epoxy Boron/Epoxy 
Property (lM7/977-3) (AS4/APC2) (Mod I/WRD9371) (GY-70/934) (B5.6/5505) 

- 



TABLE A.5 Properties of Typical Fabric Composites (Two-Dimensional) 

Woven Glass/ Woven Glass/ Woven Glass/ Kevlar 49 Carbon Fabric/ 
EPOXY EPOXY EPOXY Fabric/Epoxy Epoxy (AGP370- 

Property (7781/5245C) (120/3501-6) (M10E/3783) (K120/M10.2) 5H/3501-6S) 

Fiber volume ratio, V, 0.45 0.55 0.50 - 0.62 
Density, p, g/cm3 (lb/in3) 2.20 (0.080) 1.97 (0.071) 1.90 (0.068) - 1.60 (0.58) 

Transverse modulus, E2, GPa (Msi) 29.7 (4.31) 26.7 (3.87) 23.8 (3.45) 29 (4.2) 75 (10.9) 
In-plane shear modulus, GI2, GPa (Msi) 5.3 (0.77) 5.5 (0.80) 4.7 (0.68) 18 (2.6) 6.5 (0.94) 
Major Poisson's ratio, v,, 0.17 0.14 0.11 0.05 0.06 
Minor Poisson's ratio, v,, 0.17 0.13 0.10 0.05 0.06 
Longitudinal tensile strength, F,,, MPa (ksi) 367 (53) 435 (63) 433 (62.8) 369 (53.5) 963 (140) 
Transverse tensile strength, F2r, MPa (ksi) 367 (53) 386 (56) 386 (55.9) 369 (53.5) 856 (124) 
In-plane shear strength, F6, MPa (ksi) 97.1 (14.1) 55 (7.9) 84 (12.2) 113 (16.4) 71 (10.3) 
Ultimate longitudinal tensile strain, E;, 0.025 0.019 0.022 - 0.01 3 

Longitudinal compressive strength, F,,, MPa (ksi) 549 (80) - 377 (54.6) 129 (18.7) 900 (1 30) 
Transverse compressive strength, FZc. MPa (ksi) 549 (80) - 335 (48.6) 129 (18.7) 900 (1 30) 
Longitudinal thermal expansion coefficient, 
a,, 10dPC (10-6PF) 10.0 (5.6) - - - 3.4 (1.9) 

Transverse thermal expansion coefficient, 

Longitudinal moisture expansion coefficient, PI 
Transverse moisture expansion coefficient, p, 

Longitudinal modulus, E,, GPa (Msi) 29.7 (4.31) 27.5 (3.98) 24.5 (3.55) 29 (4.2) 77 (11.2) 

Ultimate transverse tensile strain, 0.025 0.018 0.021 - 0.012 

q, lO"/OC (10-6/OF) 10.0 (5.6) - - - 3.7 (2.1) 

- 0.05 
- 0.05 

- - 0.06 
0.06 - - 



TABLE A.6 Properties of Tvpical Unidirectional and Fabric Composite Materials (Three-Dimensional) 

ProDertv 

E-GlassfEpoxy Kevlar 49fEpoxy CarbonfEpoxy 

Fabric Fabric Unidirectional Woven Fabric 
(MlOEf (K120f (AS41 (AGP370-5Hf 

Unidirectional 3783) Unidirectional M10.2) 3501-6) 3 5 0 1 - 6 3  

Fiber volume ratio, V, 
Density, p, g/cm3 (lb/in3) 
Longitudinal modulus, E l ,  GPa (Msi) 
Transverse in-plane modulus, E,, GPa (Msi) 
Transverse out-of-plane modulus, E,, GPa (Msi) 
In-plane shear modulus, G,,, GPa (Msi) 
Out-of-plane shear modulus, G,,, GPa (Msi) 
Out-of-plane shear modulus, GI,, GPa (Msi) 
Major in-plane Poisson's ratio, v,, 
Out-of-plane Poisson's ratio, v,, 
Out-of-plane Poisson's ratio, v,, 
Longitudinal tensile strength, F,,, MPa (ksi) 
Transverse tensile strength, F,,, MPa (ksi) 
Out-of-plane tensile strength, F,,, MPa (ksi) 
Longitudinal compressive strength, F,,, MPa (ksi) 
Transverse compressive strength, F,,, MPa (ksi) 
Out-of-plane compressive strength, F,,, MPa (ksi) 
In-plane shear strength, F,, MPa (ksi) 
Out-of-plane shear strength, F4, MPa (ksi) 
Out-of-plane shear strength, F,, MPa (ksi) 
Longitudinal thermal expansion coefficient, 

Transverse thermal expansion coefficient, 

Out-of-plane thermal expansion coefficient, 

Longitudinal moisture expansion coefficient, p, 
Transverse moisture expansion coefficient, p, 
Out-of-plane moisture expansion coefficient, p, 

a,, lO-'/OC (lO-'/OF) 

&, lO-'/OC ( 10-6/OF) 

a,, 1 O-'/OC ( 1 O-'/"F) 

0.55 
1.97 (0.071) 
41 (6.00) 
10.4 (1.50) 
10.4 (1 S O )  
4.3 (0.62) 
3.5 (0.50) 
4.3 (0.62) 

0.28 
0.50 
0.28 

1140 (165) 
39 (5.7) 
39 (5.7) 
620 (90) 

128 (18.6) 
128 (18.6) 
89 (12.9) 
- 
- 

7.0 (3.9) 

26 (14.4) 

26 (14.4) 
0 

0.2 
0.2 

0.50 
1.90 (0.068) 
24.5 (3.55) 
23.8 (3.45) 
11.6 (1.68) 
4.7 (0.68) 
3.6 (0.52) 
2.6 (0.38) 

0.1 1 
0.20 
0.15 

433 (62.8) 
386 (55.9) 
27 (3.9) 

377 (54.6) 
335 (48.6) 
237 (34.4) 
84 (1 2.2) 
44 (6.3) 
41 (5.9) 

- 

- 

- 
- 
- 
- 

0.60 
1.38 (0.050) 
80 (11.6) 
5.5 (0.80) 
5.5 (0.80) 
2.2 (0.31) 
1.8 (0.26) 
2.2 (0.31) 

0.34 
0.40 
0.34 

1400 (205) 
30 (4.2) 
30 (4.2) 
335 (49) 

158 (22.9) 
158 (22.9) 
49 (7.1) 

37 (5.4) 

-2.0 (-1.1) 

60 (33) 

60 (33) 
0 

0.3 
0.3 

- 

- 
- 

29 (4.2) 
29 (4.2) 

18 (2.6) 

- 

- 

- 

0.05 
- 

0.05 
369 (53.5) 
369 (53.5) 

129 ( 1  8.7) 
129 (18.7) 

- 

- 

113 (16.4) 
33 (4.8) 
33 (4.8) 

- 

- 

- 
- 
- 
- 

0.63 
1.60 (0.058) 
147 (21.3) 
10.3 (1.50) 
10.3 (1 S O )  
7.0 (1 .OO) 
3.7 (0.54) 
7.0 (1 .OO) 

0.27 
0.54 
0.27 

2280 (330) 
57 (8.3) 
57 (8.3) 

1725 (250) 
228 (33) 
228 (33) 
76 (11.0) 
- 

- 

-0.9 (-0.5) 

27 (15) 

27 (15) 
0.01 
0.20 
0.20 

0.62 
I .60 (0.058) 
77 (11.2) 
75 (10.9) 
13.8 (2.0) 
6.5 (0.94) 
4.1 (0.59) 
5.1 (0.74) 

0.06 
0.37 
0.50 

963 (140) 
856 (124) 
60 (8.7) 

900 (1 30) 
900 (130) 
813 (118) 
71 (10.3) 
65 (9.5) 

75 (10.8) 

3.4 (1.9) 

3.7 (2.1) 

52 (29) 
0.05 
0.05 
0.27 



TABLE A.7 Properties of Typical High-Temperature Composite Materials 

Woven Woven Carbon/ Silicon 
Carbon/ Carbon/ Graphitel Carbon Boron/ Silicon Carbide/ 

Polyimide Phenolic Phenolic (T300  Fabric Aluminum Carbide/Al Ceramic 
Property IM7lPETI-5 (8H Fabric) (Plain Weave) 1K DV 8367) (B4/6061-Al) (SCS2/6061-AI) CSiC/CAS) 

Fiber volume ratio, V, 
Density, p, g/cm3 (lb/in3) 
Longitudinal modulus, E l ,  GPa (Msi) 
Transverse in-plane modulus, 

Out-of-plane modulus, E,, GPa (Msi) 
In-plane shear modulus, 

Major Poisson’s ratio, v,, 
Minor Poisson’s ratio, v,, 
Out-of-plane Poisson’s ratio, v,, 
Long. tensile strength, F,,, MPa (ksi) 
Transv. tensile strength, MPa (ksi) 
Out-of-plane tensile strength, 

Ultimate longitudinal tensile strain, EL;, 
Ultimate transverse tensile strain, E;, 

Long. compressive strength, 

Trans. compressive strength, 

In-plane shear strength, F,, MPa (ksi) 
Out-of-plane shear strength, 

F4. MPa (ksi) 
Out-of-plane shear strength, 

F,, MPa (ksi) 
Longitudinal CTE, a,, 

lO”/OC (10”PF) 
Transverse CTE, &, 

1 O”/OC ( 1 0”PF) 

E2, GPa (Msi) 

G,,, GPa (Msi) 

F3,, MPa (ksi) 

F,,, MPa (ksi) 

FZc. MPa (ksi) 

0.52 
1.65 

151 (21.9) 

9.65 (1.40) 
9.65 (1.40) 

6.34 (0.92) 
0.34 
0.02 
0.34 

2120 (307) 
62 (9.0) 

31 (4.5) 
- 

- 

1550 (225) 

255 (37) 
100 (14.5) 

- 

119 (17.2) 

-0.16 (-0.09) 

28 (15.6) 

- 
- 

20 (2.9) 

19 (2.8) 
14.6 (2.1) 

6.8 (0.99) 
0.23 
0.22 
0.25 

136 (19.7) 
108 (15.7) 

10.9 (1.6) 
- 
- 

- 

- 
- 

21.4 (3.1) 

21.4 (3.1) 

- 

- 

- 
- 

15 (2.2) 

13 (1.9) 
7 (1.0) 

3.9 (0.57) 
0.20 
0.17 
0.13 

87 (12.6) 
72 (10.4) 

8.7 (1.3) 
- 
- 

- 

- 
- 

18.7 (2.7) 

18.7 (2.7) 

- 

- 

- 
- 

70.7 (10.3) 

73.4 (10.6) 
- 

- 

0.04 
0.04 
- 

59.7 (8.6) 
40.3 (5.8) 

- 

- 

- 

230 (33) 

193 (28) 
- 

10.4 (1.5) 

14.6 (2.1) 

- 

- 

0.50 
2.65 (0.096) 
235 (34.1) 

137 (19.9) 
- 

47 (6.8) 
0.30 
0.17 
- 

1373 (199) 
118 (17.1) 

- 

0.006 
0.001 

1573 (228) 

157 (22.8) 
128 (18.5) 

- 

- 

6.0 (3.3) 

20 (11) 

0.43 
2.85 (0.103) 
204 (29.6) 

118 (17.1) 
- 

41 (5.9) 
0.27 
0.12 
- 

1462 (212) 
86 (12.5) 

- 

0.009 
0.001 

2990 (434) 

285 (41.4) 
113 (16.4) 

- 

- 

9.1 (5.0) 

17.8 (9.9) 

0.39 
2.72 (0.10) 
121 (17.6) 

112 (16.2) 
- 

44 (6.4) 
0.20 
0.18 
- 

393 (57) 
22 (3.2) 

- 
0.008 
0.0002 

- 

- 
- 

- 

- 

4.1 (2.3) 

4.2 (2.4) 
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TABLE A.8 Properties of Typical Structural Metals 

Titanium Aluminum Steel 
Property (2024 T3) (AISI 1025) (MILT) 

Density, p, g/cm3 (lb/in3) 2.80 (0.101) 7.80 (0.282) 4.40 (0.159) 
Young’s modulus, E ,  GPa (Msi) 73 (10.4) 207 (30) 108 (15.7) 
Shear modulus, G, GPa (Msi) 26.6 (3.86) 79 (11.4) 42.4 (6.1) 
Poisson’s ratio, v 0.33 0.30 0.30 
Tensile strength, c, MPa (ksi) 414 (60) 394 (57) 550 (80) 
Compressive strength, F,, MPa (ksi) 414 (60) 394 (57) 475 (69) 
Shear strength, F,, MPa (ksi) 248 (36) 248 (36) 295 (43) 
Coefficient of thermal expansion, 
a, lO-‘/”C ( 10-‘/”F) 23 (13) 11 (6) 11 (6) 



TABLE A.9 Characteristic ProDerties of Sandwich Core Materials 

Aluminum Foam-Filled 
Divinycell Divinycell Divinycell Divinycell Balsa Wood Honeycomb Honeycomb Polyurethane 

Property H 8 0  HlOO H160 H 2 5 0  CK57 PAMG 5052 Style 20 FR-3708 

Density, p, kg/m3 (lb/ft3) 
In-plane modulus, 

E,, MPa (ksi) 
In-plane modulus, 
E2, MPa (ksi) 

Out-of-plane modulus, 
E,, MPa (ksi) 

Transverse shear modulus, 
G,3, MPa (ksi) 

In-plane compressive strength, 
F,,, MPa (ksi) 

In-plane tensile strength, 
F,,, MPa (ksi) 

In-plane compressive strength, 
F,,, MPa (ksi) 

Out-of-plane compressive strength, 
F,c, MPa (ksi) 

Transverse shear strength, 
F5, MPa (ksi) 

80 ( 5 )  

77 (11.2) 

77 (11.2) 

115 (16.7) 

40 (5.8) 

1.2 (0.17) 

2.3 (0.33) 

1.2 (0.17) 

1.5 (0.22) 

1.5 (0.22) 

100 (6.2) 

95 (13.8) 

95 (13.8) 

140 (20.3) 

50 (7.2) 

1.7 (0.25) 

2.7 (0.39) 

1.7 (0.25) 

2.2 (0.32) 

1.8 (0.26) 

160 (9.9) 

150 (21.7) 

150 (21.7) 

250 (36.2) 

75 (10.9) 

2.8 (0.41) 

4.5 (0.65) 

2.8 (0.41) 

3.5 (0.51) 

3.0 (0.43) 

250 (15.5) 

240 (34.8) 

230 (33.3) 

403 (58.4) 

115 (16.7) 

4.6 (0.67) 

7.2 (1.04) 

4.6 (0.67) 

5.7 (0.83) 

5.0 (0.72) 

150 (9.4) 

65 (9.4) 

65 (9.4) 

5200 (750) 

58.7 (8.5) 

0.78 (0.11) 

1.13 (0.16) 

0.78 (0.1 1) 

9.6 (1.39) 

3.7 (0.54) 

130 (8.1) 

8.3 (1.2) 

6.0 (0.87) 

2415 (350) 

580 (84) 

0.2 (0.03) 

1.6 (0.24) 

0.2 (0.03) 

11.8 (1.7) 

3.5 (0.50) 

128 (8) 

25 (3.7) 

7.6 (1.1) 

270 (39) 

8.5 (1.23) 

0.4 (0.06) 

0.5 (0.07) 

0.3 (0.05) 

1.4 (0.20) 

0.75 (0.1 1) 

128 (8) 

35 (5.1) 

35 (5.1) 

110 (15.9) 

10 (1.45) 

1.2 (0.17) 

1.1 (0.16) 

1.2 (0.17) 

1.7 (0.25) 

1.4 (0.20) 
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:ic Parameters of Unidirectional Lamina 

S 2 3 ( c U )  s33(c33)  s 4 4 ( 4 c 4 4 )  S55(4C55) I s66(4c66) 



Pip: P:P: 

PIP2 x 
(4P2 + n2Pl) 





Appendix 

c Answers to  Selected Problems 

CHAPTER 3 
3.3 

3.6 

3.11 

3.14 

3.17 

3.20 

3.22 

3.24 

3.26 

V,, = 0.5804 

1+5V, 7 = 1, P* = Pm- 
V m  

= 0, P* = Pm 

Mechanics of materials: E,  = 7.56 GPa 
Halpin-Tsai: E, = 8.13 GPa 

E,  = 21.86 GPa 

Mechanics of materials: G,, = 2.68 GPa 
Halpin-Tsai: G,, = 3.84 GPa 

5 = 13.29 

5 = 2.425 
G,, = 10.59 GPa (1.535 Msi) 

Cox: llr = 58.4 
Halpin: llr = 75.45 

Kevlarlepoxy: vf = 0.237 
Carbon nanotubelepoxy: V, = 0.035 

389 
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CHAPTER 4 

4.12 (c) 

4.14 = 16.42 GPa 
(Ex)e=450 = 16.62 GPa 

4.16 (v,)e,450 = 0.189 
(vq)e=450 G 0.205 

E - 2Gl2 
4.26 (v,),,,== at 0 = 45" 

E + 2Gj2 

E - 2(1 - v)G,, 
E + 2(1 - V)G,~ 

at 0 = 45" 4.28 (v,),, = 

4.29 qsx = -0.241 at 0 = 29.4" 
qsx = 0.189 at 0 = 62.8" 

4.33 E; = E~ + kEEl 

m2 2 

n2 
4.36 k G -- = -cot 0 

(b) ys = 0.167 x 
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4.43 El  = 61.82 GPa 
E,  = 11.15 GPa 
GI, = 5.32 GPa 

CHAPTER 5 
5.2 E l  = 154.2 GPa (22.3 Msi) 

F,, = 2264 MPa (328 ksi) 

5.4 El = 127 GPa (18.4 Msi) 
F,, = 180.7 MPa (26.2 ksi) 
The strength F,, increases linearly with E ,  up to the point where i$ = E:,, there- 
after, it decreases asymptotically to the value of 772 MPa. 

5.6 (Vf)min = 0.049 

5.8 EY = 142.4 GPa (20.6 Msi) 
E; = 81.88 GPa (11.87 Msi) 

5.10 (z~),,,~ = 259 MPa (37.5 ksi) 

5.12 E ,  = 12.16 GPa (1.76 Msi) 
B, = 352 MPa (51.0 ksi) 

5.15 Maximum stress criterion: F,, = 54.7 MPa (7.9 ksi) 
Maximum strain criterion: F,, = 87.8 MPa (12.7 ksi) 

5.17 F, = 427 MPa (61.9 ksi) 

CHAPTER 6 
6.1 oil, = 80 MPa; in-plane shear failure mode 

6.6 ( B , ) ~ ~ ~  = 103 MPa 

6.8 F, = 144 MPa, 8 = 38.3' 

6.12 F&,) = 40 MPa 

6.17 F , =  131 MPa 

6.20 F, = 252 MPa (Tsai-Hill); F, = 352 MPa (max. stress) 
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6.23 F, = 84 MPa 

6.24 ot; = 98.3 MPa 

6.32 Tsai-Wu: S,= 1.121 
Max. stress: S,= 1.014 

6.34 S,= 1.075 (for both Tsai-Wu and Tsai-Hill) 

6.38 F, = 253 MPa 

6.41 p = 3.14 MPa 

6.43 FF) = 192 MPa (Tsai-Wu) 
= 164 MPa (Hashin-Rotem) 
= 222 MPa (Max. stress) 

6.45 FYI = 900 MPa (Max. stress and Hashin-Rotem) 
= 850 MPa (Max. strain) 
= 540 MPa (Tsai-Wu) 
= 543 MPa (Tsai-Hill) 

6.47 Fo = 152 MPa (Max. stress) 
= 122 MPa (Tsai-Wu) 
= 106 MPa (Tsai-Hill) 

CHAPTER 7 
(a) Symmetric, balanced, B, = 0, A,  = A,  = 0 
(b) Asymmetric, balanced, A ,  = A,, = 0 
(c) Symmetric crossply, B ,  = 0, A,  = A,, = D, = D,, = 0 
(f) Antisymmetric crossply, B, = -By, all other B, = 0, A,  = A,  = D, = D,, = 0 
(h) Antisymmetric, A, = A,, = D, = D,, = 0, B,, = B,, = B,, = B,, = 0 
(i) Symmetric angle-ply, balanced B ,  = 0, A,  = A,, = 0 

7.2 

7.4 (a) Symmetric angle-ply, n = odd, B, = 0 
(b) Symmetric balanced angle-ply, B ,  = 0, A,  = A,, = 0 
(c) Antisymmetric angle-ply, A,  = A,, = D, = D,, = 0, B, = B ,  = B, = B,, = 0 
(d) Same as (c) 

h2 
2n 

7.6 B, = -Qxs(0) (see Eq. 4.67 for transformation of Q,,) 
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(El - Edt2 
4 0  - v,,v,,) 

7.10 B, =By,  = B ,  = B ,  = 

7.11 A ,  = 60.24 MN/m 
A,  = 17.53 MN/m 
A,  = 26.43 MN/m 
A,, = 20.56 MN/m 
A ,  = A,, = A ,  = A ,  = 0 

7.13 A,  = A ,  = 9.55E0t g 7.50E0t 
A ,  = 7.15E0t z 7.50E0t 
A,, = 7.75E0t g 7.50E0t 
A = A  = A  = A  = O  

xs ys sx sy 

B, = B, = B, = Bsy = 3.52E0t G 3.75E0t 
B = B  = B  = B  = O  = ry YY ss 

D, = Dyy = 3.18E0t3 E 2.50E0t3 
D, = 2.38E0t3 G 2.50E0t3 
D,, = 2.58E0t3 E 2.50E0t3 
D,, = Dys = Dsx = D, = 0 

7.19 r=7.67 

7.20 El = 160 GPa, G,,  = 7.06 GPa 

7.23 

7.25 9,= 1.210 

7.27 9, = 0.663 

7.29 Ex = 58.4 GPa, G, = 23 GPa, ti, = 0.27 

7.33 9, = 0.281 

7.35 No = 1,056 N/m 

7.37 (a) y0=-2&;E 

Ex = 23.9 GPa, GI, = 37.6 GPa, Vq = 0.706 

(b) ti,=tiyx= 1 

Mx = 1,955 E,, RN m/m 
Mx = 1,926 E,,, RN m/m 

7.41 
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CHAPTER 8 

8.1 a, = 8.19 x lO-‘/”C 
a2 = 55.8 x lO-‘/”C 

8.3 a, = 4.05 x 10-6/”C 
a2 = 4.35 x 10-6/Oc 

8.5 NF = N :  = 24.62t MPa 
NT= 0 

8.8 6, = -3.63 x lO-‘/”C 

8.10 r =  3.66 

8.12 a, = -0.85 x lO“/’’C 
&, = 5.24 x lO“/’’C 

8.16 Ac = 0.856% 
8.18 ole = 109.7 MPa, oZe = 16.5 MPa 

8.20 ol = -98.8 MPa 
o2 = 20.1 MPa 
2, = 0 

8.26 N,  = 10.91 kN/m 

8.27 N,  = 493 kN/m 

8.31 (b) Nx = N,  = 3.51 kN/m 
Mx = -My = -0.343 N m/m 

CHAPTER 9 
9.2 Maximum stress criterion: 

F’, = 438 MPa 
Fxc = 922 MPa 

El = 436 MPa 
Fxc = 1,282 MPa 

Tsai-Wu criterion: 
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9.4 (a) Fxt = 122 MPa, Fxl = 100 MPa 
(b) Fxl = 94 MPa, Fxl = 98 MPa 
(c) Fxl = 148 MPa, Fxr P 152 MPa 

9.6 (a) FXc = 167 MPa, Fxc = 178 MPa 
(b) F, = 95 MPa, FXc = 98 MPa 
(c) Fxc = 151 MPa, FXc = 152 MPa 

9.8 (a) Fs = 112 MPa, Fs = 99 MPa 
(b) Fs = 153 MPa, = 149 MPa 
(c) F, = 482 MPa, Fs = 468 MPa 

9.13 Fo = 76 MPa (by both Tsai-Wu and maximum stress criteria) 

9.15 F, = 483 MPa 

9.19 Fxl = 270 MPa 

9.21 F,, = 427 MPa, in-plane shear mode 

9.22 Maximum stress criterion: 
Fxl = 138 MPa, transverse tensile failure in 90" -ply 
Fxc = 901 MPa, longitudinal compressive failure in 0" -ply 

Tsai-Wu criterion 
Fxl = 132 MPa 
Fxc = 694 MPa 

9.24 F, = 189 MPa (Tsai-Wu) 
F, = 273 MPa (maximum stress) 

Transverse tensile failure 

9.26 (a) 

(c) 

ole = -qe = -20.9 MPa, T,, = -12.0 MPa 

Fx, = 276 MPa (maximum stress criterion) 
F, = 293 MPa (Tsai-Wu criterion) 

(b) CJ1 = 1.098 ex, 0 2  = -0.098 ex, 26 = -0.232 ex 

In-plane shear failure 

9.28 FFpF = 438 MPa, FLiLF = F:l = 1140 MPa 
(pL = 0.384 

9.30 FFPF = 311 MPa 
FuLF = 760 MPa 

(pL = 0.409 
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9.32 (d) 

9.34 (a) 6, = 51.9 MPa, o2 = 23.3 MPa, 26 = 22.4 MPa 
(b) ole = -qe = -20.9 MPa, T~~ = 12.0 MPa 
(c) (rl = 31 MPa, o2 = 44 MPa, 2, = 10.6 MPa 

9.36 h, = 5.59 mm by maximum stress criterion 
h, = 4.70 mm by Tsai-Wu criterion 

Transverse tensile failure 
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Homogeneity, definition of 19 

Hooke’s law. See Generalized Hooke’s law 

Hybrid composites 26 27 
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Ignition method 311 

IITRI test method. See Compressive testing 

Image analysis method 331–12 
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In-plane shear modulus 

 measurement of 322–29 

 prediction of 56–58 

In-plane shear strength 
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 prediction of 114–15 

Interactive tensor polynomial theory. See Tsai-Wu theory 

Interface/Interphase characterization 308–9 
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 fracture mechanics 284–86 
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Interlaminar shear strength, measurement of 331–34 

Interlaminar strength 120 282 

Interlaminar stresses 277–79 

 effects of stacking sequence 279–81 

 See also Edge effects 

Interlaminar tensile strength, measurement of 329–33 

Interphase 

 characterization of 308–9 

 definition of 1 

 role of  2 

Intralaminar shear strength. See In-plane shear strength 

Iosipescu shear test. See Shear testing 
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Kevlar/epoxy composites 

 coefficients of thermal expansion 210 

 properties of 377 379–80 

 thermal strains 210 

Kevlar fibers. See Aramid fibers 

Kink band. See Kink zone 

Kink zone  105–6 

L 

Lamina 

 definition of 26 

 properties of 29 

 See also Unidirectional lamina 

Lamina elastic behavior 

 macromechanics 63–92 
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Lamina elastic behavior (Cont.) 

 mathematical and engineering constants 71–76 

 micromechanics 43–60 

Lamina strength—Macromechanics 

 computational procedure 139–41 

 evaluation of failure theories 143–48 

 failure theories 122–48 

 Hashin-Rotem theory 135–37 

 maximum strain theory 126–27 

 maximum stress theory 123–25 

 Tsai-Hill theory 128–30 

 Tsai-Wu theory 130–35 

Lamina strength—Micromechanics 

 ineffective fiber length 102–5 

 in-plane shear 114–15 

 longitudinal compression 105–9 

 longitudinal tension 98–105 

 micromechanical failure analysis 116 

 out-of-plane behavior 115 

 transverse compression 113–14 

 transverse tension 110–13 

Laminate failure theories 271–76 

Laminate properties and characteristics 

 compliances 165–67 

 computational procedures for engineering properties 189–90 

 definition of 26 

 efficiency ratio of 265–67 287 

 engineering properties of 181–89 

 stiffnesses of 163–65 

 stiffness-strength ratio of 287 

 See also Multidirectional laminates 
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Laminates 

 antisymmetric 172 

 antisymmetric angle-ply 174–75 

 antisymmetric crossply 172–74 

 balanced 171–75 

 orthotropic 175–76 

 orthotropic with tetragonal symmetry 176–77 

 quasi-isotropic 177–79 

 symmetric 167–70 

 symmetric angle-ply 170 

 symmetric with isotropic layers 168–69 

 symmetric with specially orthotropic layers 169–70 

 textile  192–93 

Laminates with cracks 352–55 

 strength reduction of 353–54 

Laminates with holes 280-81 348–54 

 biaxial testing of 352–53 

 failure pattern of 352 

 strength reduction of 350–54 

Lamination residual stresses 227–29 

Layup, laminate 26 

Lithium aluminosilicate (LAS) 35 

Load-deformation relations 163–65 

Longitudinal compressive failure. See Longitudinal 

   compressive strength 

Longitudinal compressive strength 

 measurement of 318–22 

 prediction of 105–9 

Longitudinal modulus 

 of fiber 304–6 

 measurement of 316–18 

 prediction of 49–51 
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Longitudinal tensile failure. See Longitudinal tensile 

   strength 

Longitudinal tensile strength 

 of fiber 304–6 

 measurement of 316–18 

 prediction of 99–100 

M 

Macromechanics, definition of 28 

Manufacturing methods 36–40 

 autoclave molding 37 

 filament winding 37–38 

 resin transfer molding (RTM) 38–40 

 vacuum assisted RTM 39–40 

Material response 20–23 

Material symmetry 

 plane of 20 

 principal axes of 20 

Material types 18 

Matrix characterization 308 

Matrix cracking 102 260–65 

Matrix material 

 definition of 1 

 properties of 376 

 role of  2 

 stress-strain curves of 34–35 

 types of 33–35 

Matrix volume ratio 

 definition of 29 

 measurement of 312 

Matrix weight ratio 29 



Index Terms Links 

 

This page has been reformatted by Knovel to provide easier navigation. 

 

Maximum strain theory 126–27 

 failure envelope 127 

Maximum stress theory 123–25 

 failure envelope 124–25 

 off-axis strength 124–25 

Mechanics of materials approach 46 

Metal matrices 35 

Metal matrix composites 25 

 properties of 381 

Metals, properties of 382 

Microbuckling of fibers 105–6 

Micromechanics 

 definition of 27 

 of discontinuous-fiber composites 58–60 104 

 of lamina elastic constants 43–60 

 of lamina failure 98–116 

 of lamina hygrothermal properties 208–11 

 of progressive failure 260–65 

Micromechanics methods 43–49 

 bounding 46–48 

 mechanics of materials 44 46 

 self-consistent field 44–45 

 semiempirical (Halpin-Tsai) 48–49 

Mixed mode testing 339–41 

 Cracked-lap shear (CLS) test 339–40 

 edge delamination tension (EDT) test 339–40 

 mixed mode bending (MMB) test 340 

Mode I testing 335–37 

 double cantilever beam (DCB) specimen 335–36 359 

 height-tapered DCB (HTDCB) specimen 337 

 width-tapered DCB (WTDCB) specimen 336–37 
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Mode II testing 337–39 

 Arcan fixture 339 

 cantilever beam with enclosed notch (CBEN) 339 

 end-loaded split laminate (ELS) 339 

 end-notched cantilever beam (ENCB) test 339 

 end-notched flexure (ENF) test 339 

Mode III testing 341–42 

 doubly split DCB specimen 341–42 

 edge-cracked torsion (ECT) test 342 

Modulus reduction ratio 263–65 

Moiré technique 235 

Moisture concentration 

 effect on mechanical behavior 205–7 

 measurement of 314–16 

Moisture effects. See Hygrothermal effects 

Moment deformation relations 163–65 

Multidirectional laminates 

 carpet plots for engineering properties 191–92 

 carpet plots for strength 254–55 

 classical lamination theory 158 

 coefficients of thermal and moisture expansion 216–19 

 compliances 165–67 

 computational procedure for hygrothermoelastic 

   analysis 235–37 258–59 

 computational procedure for stress and failure analysis 252–53 

 design considerations 179–81 

 elastic behavior 158–98 

 engineering properties 181–84 

 force and moment resultants 161–63 

 load-deformation relations 163–65 

 modified lamination theory 193–96 
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Multidirectional laminates (Cont.) 

 safety factors 244–46 

 stiffnesses 163–65 

 strain-displacement relations 158–60 

 strength components 246–47 

 stress and failure analysis 243–95 

 types of failure 244 

N 

Notched laminates. See Laminates with cracks; 

   Laminates with holes 

O 

Off-axis uniaxial test 343–45 

Orthotropic laminates 175–77 

Orthotropy, definition of 20 

Out-of-plane loading 

 failure modes 115 

 shear moduli 327–28 358 

P 

Particulate composites 24 

Phenolic resin 34 

Photoelastic methods 28 281 350 354 

Physical characterization 330–16 

Plane stress 69–70 

Ply. See Lamina 

Ply discount method 268–70 
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Poisson’s ratio 

 of lamina 29 71–76 81–85 

 of laminates 181–84 186–92 

 measurement of 316–17 

 prediction of 50 

 reciprocity relations 74 82 

 of various types of materials 20–23 

 See also Engineering constants, relations for 

Polyester  33 376 

Poly-ether-ether-ketone (PEEK) 35 376 

Polyimide  33 376 

Polymeric matrices 33–35 376 

Polymer matrix composites 25 377–81 

Polyphenylene sulfide 35 

Polypropylene 35 

Polysulfone 35 

Porosity. See Void volume ratio 

Prepregs  35–36 

Principal coordinate axes for lamina 26 

Principal modulus ratio 287 

Principal strength ratio 287 

Progressive degradation model 348 352–53 355 

Progressive laminate failure 260–71 

Properties of composite materials 40–42 377–88 

Q 

Quasi-isotropic laminates 177–78 
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R 

Rail shear test 325–26 

Ranking of laminates 294–95 

Reinforcement 

 definition of 1 

 role of  2 

Residual stresses 111 127–229 

Resin transfer molding (RTM) 38–40 

Rule of mixtures 46 49 98–100 

S 

Safety factors 

 for lamina 139–41 

 for laminates 244–46 255–59 

Sandwich core materials, properties of 383 

Sandwich plates 196–98 

Sandwich test specimens 320–22 333 359–60 

Self-consistent field method 44–45 

Semiempirical methods 48–49 60 

S-glass/epoxy composites 

 coefficients of thermal expansion 210 

 properties of 377 

 thermal strains 210 

S-glass fibers 30–32 374–75 

Shear coupling coefficients 

 definition of 23 82 

 of lamina 182–85 

 of laminates 183–84 189–91 

Shear coupling effect 23 
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Shear coupling stiffnesses. See Laminate properties and 

   characteristics; Stiffnesses 

Shear lag analysis 58–59 104–5 262–65 

Shear modulus 

 of fiber 306 

 of laminates 182–83 186 189–92 

 measurement of 322–29 

 See also In-plane shear modulus 

Shear strength. See In-plane shear strength; Interlaminar 

   shear strength, measurement of 

Shear testing 322–29 

 [±45]s angle-ply specimen 322–23 

 10° off-axis test 323–25 

 Arcan test 328–29 

 double-notch shear test 333–34 

 Iosipescu test 328–29 334 

 measurement of in-plane shear properties 322–29 

 rail shear tests 325–26 

 short-beam shear test 331–33 

 textile composites of 357–58 

 torsion tests 326–28 

Short-fiber composites. See Discontinuous-fiber 

    composites 

Short sandwich beam (SSB) test 333 

Silicon carbide/aluminum composites 

 properties of 381 

 temperature effects 206 

Silicon carbide/ceramic composites 41 

 properties of 381 

Silicon carbide fibers 30–32 374–75 

Specially orthotropic material 66–67 
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Specific modulus. See Specific stiffness 

Specific stiffness 13 32 41 288–89 

Specific strength 13 32 41 

Stacking sequence 

 definition of 26 

 effects of 277 279–81 350–51 

Stiffness degradation. See Stiffness reduction factors; 

   Stiffness reduction of laminates 

Stiffnesses 

 bending 164–65 

 coupling 164–65 

 extensional 164–65 

 of general anisotropic material 63–66 

 inversion of 165–67 

 of isotropic material 71 

 of lamina 70 

 of laminates 164–65 

 of specially orthotropic material 66–67 

 transformation of 79 81 175–76 

 of transversely isotropic material 67–69 

Stiffness reduction factors 263 270 

Stiffness reduction of laminates 260–65 

Stiffness to strength ratio 287 

Strain concentration factor 110–11 

Strain-displacement relations 158–60 

Strain energy release rate 

 fracture mechanics 284–86 

 measurement of 335–42 

 See also Interlaminar fracture toughness 

Strain gage method 313–14 323–27 
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Strains 

 hygric  315 

 hygrothermal 212 

 in laminates 160 

 tensor  63–64 

 thermal 210 308 313 

 transformation of 77–78 

 ultimate 126–27 305 316 

Strain-stress relations. See Stress-strain relations 

Strain transformation 77–78 

Strength 

 basic parameters of lamina 120–21 

 biaxial  142–43 342–48 

 comparison between unidirectional and angle-ply 

   laminates 253–54 

 of composite lamina 120–48 

 of fibers 304–5 374–75 

 in-plane shear 114–15 322–24 

 interlaminar 120 282 

 of laminates 243–71 

 longitudinal 98–109 316–22 

 notched 350–55 

 transverse 110–14 316–19 

 of typical composites 377–81 

Strength reduction ratio of notched laminates 316–22 

Stress analysis of laminates 243–98 

Stress concentration factor 

 macromechanical (laminate) 349–51 

 micromechanical 110 115 

Stress concentrations, composites with 348–55 
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Stresses 

 hygrothermal 225–27 

 interlaminar 277–81 

 residual 227–31 

 tensor  63–64 

Stress-strain relations 

 of general anisotropic material 63–66 

 hygrothermal 216 

 hygrothermoelastic 213–15 

 of isotropic material 71 

 of orthotropic material under plane stress 69–71 

 of specially orthotropic material 66–67 

 of thin lamina 76–77 

 of transversely isotropic material 67–69 

Stress transformation 77–78 

Structural testing 359–60 

Symmetric balanced laminates. See Orthotropic laminates 

Symmetric laminates 167–70 

 angle-ply 170 

 isotropic layers and 168–69 

 specially orthotropic layers (crossply) and 169–70 

 stress and failure analysis of 244–51 

T 

Temperature, effect of 205–8 

Tensile testing 

 of fibers 304–6 

 measurement of lamina properties 316–18 

 ring specimen 317–18 

 specimen geometry 317 

 through-thickness testing 329–31 
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Testing. See Biaxial testing; Compressive testing; 

   Interlaminar fracture toughness; Interlaminar tensile 

   strength, measurement of; Shear testing; Tensile 

   testing; Testing of composite materials 

Testing of composite materials 303–64 

Test methods for unidirectional lamina 362 

Tetragonal symmetry 176–77 

Textile composites 

 failure criteria 137–38 

 in-plane compressive testing 356–57 

 in-pIane shear testing 357 

 in-plane tensile testing 355–56 

 interlaminar fracture toughness 359 

 laminates 192–93 

 test methods 355–59 

 through-thickness testing 357–59 

Thermal forces 214 218–20 

Thermal moments 214 219–20 

Thermal strains 210 307–8 313–14 

Thermal stresses. See Residual stresses 

Thermoelastic isotropy. See Hygrothermoelastic isotropy 

Thermoelastic stability. See Hygrothermoelastic stability 

Thermoplastics 35 

Thermoset polymers 33–35 

Thin-wall tubular specimen 346–48 

Through-thickness testing 329–34 

 compressive testing 331 

 interlaminar shear testing 331–33 

 tensile testing 329–31 

Torsion coupling stiffnesses. See Laminate properties and 

   characteristics; Stiffnesses 
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Torsion tube test 226–27 

Transformation 

 Computational procedure for 84 

 of elastic parameters (three-dimensional) 90–92 386–87 

 of elastic parameters (two-dimensional) 78–81 

 of engineering constants 83–87 

 of lamina stiffnesses and compliances 79–81 

 of laminate stiffnesses and compliances 175–77 

 of stress and strain (three-dimensional) 88–90 

 of stress and strain (two-dimensional) 77–78 

 of stress-strain relations 81 

Transverse compressive strength 

 measurement of 318–22 

 prediction of 113 

Transversely isotropic material 67–69 

Transverse modulus 

 measurement of 316–17 

 prediction of 51–56 

Transverse shear 

 effect of 193–96 

Transverse tensile strength 

 measurement of 316–17 

 prediction of 110–13 

Tsai-Hill criterion. See Tsai-Hill theory 

Tsai-Hill theory 128–30 

 off-axis strength 129 134 

Tsai-Wu criterion 

 for first ply failure 244–46 

 with hygrothermal stresses 255–56 
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Tsai-Wu theory 130–35 

 biaxial strength 142–43 

 failure envelope 135 

 lamina strength components 139–41 

 off-axis strength 134 

 safety factor 139 

U 

Ultimate laminate failure 244 265–71 

Ultimate strains, measurement of 305 316–17 

Unidirectional composites, properties of 40–42 377–81 

Unidirectional lamina 

 characterization of 316–29 

 coefficients of thermal and moisture expansion 208–11 

 determination of strength components 140–41 

 failure mechanisms 98–116 

 hygrothermal strains 212 

 macromechanical failure theories 122–48 

 macromechanical strength parameters 120–21 

 measurement of compressive properties 318–22 

 measurement of shear properties 322–29 

 measurement of tensile properties 316–18 

 micromechanics of failure and strength 98–116 

 off-axis strength 124–25 129 

 See also Lamina elastic behavior; Lamina 

   strength—Macromechanics; Lamina 

   strength—Micromechanics 
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V 

Vacuum-assisted resin transfer molding (VARTM) 39–40 

Vinylester  33 34 376 

Void volume ratio 

 definition of 29 

 measurement of 311–12 

W 

Warpage of laminates 232–33 

Woven carbon/epoxy 85–86 379–80 

Woven fabrics 33–34 

Woven glass/epoxy 379–80 

Woven Kevlar/epoxy 379–80 

X 

X-radiography 261 

Y 

Young's modulus 

 of fiber 304–6 

 of lamina 81–85 

 of laminates 181–92 

 measurement of 316–17 

 of off-axis lamina 343–45 

 prediction of 49–53 

 See also Engineering constants, relations for 




